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PREFACE 


This work has emerged from an undergraduate course in quantum mechanics 
which I have taught for the past number of years. The material divides naturally 
into two major components. In Part I, Chapters 1 to 8, fundamental concepts are 
developed and these are applied to problems predominantly in one dimension. In 
Part II, Chapters 9 to 14, further development of the theory is pursued together 
with applications to problems in three dimensions. 

Part I begins with a review of elements of classical mechanics which are 
important to a firm understanding of quantum mechanics. The second chapter 
continues with a historical review of the early experiments and theories of quan¬ 
tum mechanics. The postulates of quantum mechanics are presented in Chapter 3 
together with development of mathematical notions contained in the statements of 
these postulates. The time-dependent Schrodinger equation emerges in this 
chapter. 

Solutions to the elementary problems of a free particle and that of a particle 
in a one-dimensional box are employed in Chapter 4 in the descriptions of Hilbert 
space and Hermitian operators. These abstract mathematical notions are de¬ 
scribed in geometrical language which I have found in most instances to be easily 
understood by students. 

The cornerstone of this introductory material is the superposition principle, 
described in Chapter 5. In this principle the student comes to grips with the 
inherent dissimilarity between classical and quantum mechanics. Commutation 
relations and their relation to the uncertainty principle are also described, as well 
as the concept of a complete set of commuting observables. Quantum conserva¬ 
tion principles are presented in Chapter 6. 

Applications to important problems in one dimension are given in Chapters 7 
and 8. Creation and annihilation operators are introduced in algebraic construction 
of the eigenstates of a harmonic oscillator. Transmission and reflection coeffi¬ 
cients are obtained for one-dimensional barrier problems. Chapter 8 is devoted 
primarily to the problem of a particle in a periodic potential. The band structure of 
the energy spectrum for this configuration is obtained and related to the theory of 
electrical conduction in solids. 

Part II begins with a quantum mechanical description of angular momentum. 
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Fundamental commutator relations between the Cartesian components of angular 
momentum serve to generate eigenvalues. These commutator relations further 
indicate compatibility between the square of total angular momentum and only one 
of its Cartesian components. It is through these commutator relations that a dis¬ 
tinction between spin and orbital angular momentum emerges. Properties of angu¬ 
lar momentum developed in this chapter are reemployed throughout the text. 

In Chapter 10 the Schrodinger equation for a particle moving in three dimen¬ 
sions is analyzed and applied to the examples of a free particle, a charged particle 
in a magnetic field, and the hydrogen atom. 

In Chapter 11 the theory of representations and elements of matrix 
mechanics are developed for the purpose of obtaining a more complete description 
of spin angular momentum. A host of problems involving a spinning electron in a 
magnetic field are presented. The theory of the density matrix is developed and 
applied to a beam of spinning electrons. 

In Chapter 12 preceding formalisms are employed in conjunction with the 
Pauli principle, in the analysis of some basic problems in atomic and molecular 
physics. Also included in this chapter are brief descriptions of the quantum models 
for superconductivity and superfluidity. 

Perturbation theory is developed in Chapter 13. Among the many applica¬ 
tions included is that of the problem of a particle in a periodic potential, consid¬ 
ered previously in Chapter 8. Harmonic perturbation theory is applied in Ein¬ 
stein's derivation of the Planck radiation formula and the theory of the laser. The 
text concludes with a brief chapter devoted to an elementary description of the 
quantum theory of scattering. 

Problems abound throughout the text, and many of them include solutions. 
Figures are also plentiful and hopefully lend to the instructional quality of the 
writing. A small introductory paragraph precedes each chapter and serves to knit 
the material together. A list of symbols appears before the appendixes. 

Interspersed throughout the text, especially in the problems, one finds con¬ 
cepts from other disciplines with which the student is assumed to have some 
familiarity. These include, for example: dynamics, thermodynamics, elementary 
relativity, and electrodynamics. This policy follows the spirit of one of my 
cherished late professors, Hartmut Kalman: “Physics is not a sausage that one 
cuts into little pieces.” 

I trust that a mastery of the concepts and their applications as presented in 
this work will form a solid foundation on which to build a more complete study of 
quantum mechanics. 

Many individuals have been helpful in the preparation of this text. I remain 
indebted to these kind, patient, and well-informed colleagues: D. Heffernan, M. 
Guillen, E. Dorchak, D. Faulconer, G. Lasher, I. Nebenzahl, M. Nelkin, T. Fine, 
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R. McFarlane, C. Tang, K. Gottfried, and G. Severne. Sincere gratitude is ex¬ 
tended to my publisher, Frederick H. Murphy, for his undaunted patience and 
confidence in this work. 

During visits at the Universite Libre de Bruxelles and later at the Universite 
de Paris Xl-Centre d’Orsay, I was able to work on material related to this text. I 
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the intellectual freedom accorded me during these occasions. 
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PART 


ELEMENTARY PRINCIPLES AND 
APPLICATIONS TO PROBLEMS IN 

ONE DIMENSION 



CHAPTER 


1 

REVIEW OF CONCEPTS 
OF CLASSICAL MECHANICS 


1.1 Generalized or " Good ” Coordinates 

1.2 Energy, the Hamiltonian, and Angular Momentum 

1.3 The State of a System 

1.4 Properties of the One-Dimensional Potential Function 


This is a preparatory chapter in which we review fundamental concepts of classical 
mechanics important to the development and understanding of quantum mechanics. 
Hamilton's equations are introduced and the relevance of cyclic coordinates and con¬ 
stants of the motion is noted. In discussing the state of a system, we briefly encounter our 
first distinction between classical and quantum descriptions. The notions of forbidden 
domains and turning points relevant to classical motion, whichfind application in quantum 
mechanics as well, are also described. The experimental motivation and historical back¬ 
ground of quantum mechanics are described in Chapter 2. 


1.1 GENERALIZED OR “GOOD” COORDINATES 

Our discussion begins with the concept of generalized or good coordinates. 

A bead (idealized to a point particle) constrained to move on a straight rigid 
wire has one degree of freedom (Fig. 1.1). This means that only one variable (or 
parameter) is needed to uniquely specify the location of the bead in space. For the 
problem under discussion, the variable may be displacement from an arbitrary but 
specified origin along the wire. 
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fa FIGURE 1.1 A bead constrained to move on 
R a straight wire has one degree of freedom. 


A particle constrained to move on a flat plane has two degrees of freedom. Two 
independent variables suffice to uniquely determine the location of the particle in 
space. With respect to an arbitrary, but specified origin in the plane, such variables 
might be the Cartesian coordinates (x, y) or the polar coordinates (r, 9) of the particle 
(Fig. 1.2). 

Two beads constrained to move on the same straight rigid wire have two degrees 
of freedom. A set of appropriate coordinates are the displacements of the individual 
particles (x 1? x 2 ) (Fig. 1.3). 


y 


• (x, y ) 


+- 

X 


(a) 



FIGURE 1.2 A particle constrained to 
move in a plane has two degrees of freedom. 
Examples of coordinates are (x, y) or (r, 9). 
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x = 0 
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FIGURE 1.3 Two beads on a wire have two 
degrees of freedom. The coordinates x { and x 2 
denote displacements of particles 1 and 2, 
respectively. 



FIGURE 1.4 A rigid dumbbell in a plane has three degrees of free¬ 
dom. A good set of coordinates are : (x, y), the location of the center, 
and 9 , the inclination of the rod with the horizontal. 







GENERALIZED OR “ GOOD ” COORDINATES 5 


A rigid rod (or dumbbell) constrained to move in a plane has three degrees of 
freedom. Appropriate coordinates are: the location of its center (x, y) and the angular 
displacement of the rod from the horizontal, 0 (Fig. 1.4). 

Independent coordinates that serve to uniquely determine the orientation and 
location of a system in physical space are called generalized or canonical or good 
coordinates. A system with N generalized coordinates has N degrees of freedom. The 
orientation and location of a system with, say, three degrees of freedom are not 
specified until all three generalized coordinates are specified. The fact that good 
coordinates may be specified independently of one another means that given the 
values of all but one of the coordinates, the last coordinate remains arbitrary. Having 
specified (x, y) for a point particle in 3-space, one is still free to choose z independently 
of the assigned values of x and y. 


PROBLEMS 

1.1 For each of the following systems, specify the number of degrees of freedom and a set of good 
coordinates. 

(a) A bead constrained to move on a closed circular hoop that is fixed in space. 

(b) A bead constrained to move on a helix of constant pitch and constant radius. 

(c) A particle on a right circular cylinder. 

(d) A pair of scissors on a plane. 

(e) A rigid rod in 3-space. 

(f) A rigid cross in 3-space, 

(g) A linear spring in 3-space. 

(h) Any rigid body with one point fixed. 

(i) A hydrogen atom. 

(j) A lithium atom. 

(k) A compound pendulum (two pendulums attached end to end). 

1.2 Show that a particle constrained to move on a curve of any shape has one degree of freedom. 

Answer 

A curve is a one-dimensional locus and may be generated by the parameterized equations 

x - xfo), y = y(ri), z = z(rj) 

Once the independent variable q (e.g., length along the curve) is given, x, y, and z are specified. 

1.3 Show that a particle constrained to move on a surface of arbitrary shape has two degrees 
of freedom. 

Answer 

A surface is a two-dimensional locus. It is generated by the equation 


u{x. y. z) = 0 
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Any two of the three variables x, y, z determine the third. For instance, we may solve for z in the 
equation above to obtain the more familiar equation for a surface (height z at the point x, y), 

z = z(x, y) 

In this case, x and y may serve as generalized coordinates. 

1.4 How many degrees of freedom does a classical gas composed of 10 23 point particles have? 


1.2 ENERGY, THE HAMILTONIAN, AND ANGULAR MOMENTUM 


These three elements of classical mechanics have been singled out because they have 
direct counterparts in quantum mechanics. Furthermore, as in classical mechanics, 
their role in quantum mechanics is very important. 

Consider that a particle of mass m in the potential field V (x, y, z) moves on the 

trajectory 

x = x(f) 


( 1 . 1 ) 


y = y(t) 

z = z(r) 


At any instant t, the energy of the particle is 

(1.2) E = ±mv 2 + V(x, y, z) = im(x 2 + y 2 + z 2 ) + V(x, y, z) 

The velocity of the particle is v. Dots denote time derivatives. The force on the particle 
F is the negative gradient of the potential. 

o-3, F -- vv = -( e -r x v + ‘>r y , ' + ‘-rz v ) 


The three unit vectors (e*, e y9 e z ) lie along the three Cartesian axes. 

Here are two examples of potential. The energy of a particle in the gravitational 

force field, 

F = —e z mg = -Vmgz 


is 

( 1 . 4 ) E = im(x 2 + y 2 + z 2 ) + mgz 

The particle is at the height z above sea level. For this example, 

V = mgz 

An electron of charge q and mass m, between capacitor plates that are maintained 
at the potential difference <D 0 and separated by the distance d (Fig. 1.5), has potential 
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Z 




d — 0 

i- T 
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FIGURE 1.5 Electron in a uniform capacitor field. 


The displacement of the electron from the bottom plate is z. The electron’s energy is 

(1-5) E = ±m(x 2 + y 2 + z 2 ) + ^ z 

d 

In both examples above, the system (particle) has three degrees of freedom. The 
Cartesian coordinates (x, y, z) of the particle are by no means the only “good” 
coordinates for these cases. For instance, in the last example, we may express the 
energy of the electron in spherical coordinates (Fig. 1.6): 

(1-6) E = jm(r 2 + r 2 8 2 + r 2 <fi 2 sin 2 6) + r cos 9 

d 

In cylindrical coordinates (Fig. 1.7) the energy is 

(1.7) E = jm(p 2 + p 2 4> 2 + z 2 ) + ^2 z 

d 



(a) (b) 


FIGURE 1.6 Spherical coordinates. 
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(a) (b) 


FIGURE 1.7 Cylindrical coordinates. 


The hydrogen atom has six degrees of freedom. If {xu yu %i) are the coordinates 
of the proton and (x 2 , z 2 ) are the coordinates of the electron, the energy of the 

hydrogen atom appears as 

(1.8) E = iM(V + y ! 2 + i, 2 ) + jm(x 2 2 + y 2 2 + V) 


\/(^i _ x 2) 2 + (yi — y 2) 2 + ( z i _ z ^) 2 

(Fig. 1.8). The mass of the proton is M and that of the electron is m. In all the cases 
above, the energy is a constant of the motion. A constant of the motion is a dynamical 
function that is constant as the system unfolds in time. For each of these cases, 



FIGURE 1.8 The hydrogen atom has 
six degrees of freedom. The Cartesian 
coordinates of the proton and electron 
serve as good generalized coordinates. 


x 
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FIGURE 1.9 Angular momen¬ 
tum of a particle with momentum p 
about the origin O. 


whatever E is initially, it maintains that value, no matter how complicated the sub¬ 
sequent motion is. Constants of the motion are extremely useful in classical mechanics 
and often serve to facilitate calculation of the trajectory. 

A system that in no way interacts with any other object in the universe is called 
an isolated system. The total energy, linear momentum, and angular momentum of an 
isolated system are constant. Let us recall the definition of linear and angular momen¬ 
tum for a particle. A particle of mass m moving with velocity v has linear momentum 

(1-9) p = mv 

The angular momentum of this particle, measured about a specific origin, is 

(1-10) L = r x p 

where r is the radius vector from the origin to the particle (Fig. 1.9). 

If there is no component of force on a particle in a given (constant) direction, 
the component of momentum in that direction is constant. For example, for a par¬ 
ticle in a gravitational field that is in the z direction, p x and p y are constant. 

If there is no component of torque N in a given direction, the component of 
angular momentum in that direction is constant. This follows directly from Newton’s 
second law for angular momentum, 

(1.11) N = ^ 

dt 

For a particle in a gravitational field that is in the minus z direction, the torque on the 
particle is 


N = rxF = -rx e 2 mg 
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Z 



FIGURE 1.10 The torque r x F has no com¬ 
ponent in the z direction. 


The radius vector from the origin to the particle is r (Fig. 1.10). Since e z x r has no 
component in the z direction (e 2 • e z x r = 0), it follows that 

(1.12) L z = xp y - yp x = constant 

Since p x and p y are also constants, this equation tells us that the projected orbit in the 
xy plane is a straight line (Fig. 1.11). 



FIGURE 1.11 The projected motion in the xy plane is a straight 
line. Its equation is given by the constant z component of angular 
momentum: L z = xp y — yp x . 





Hamilton’s Equations 


The constants of motion for more complicated systems are not so easily found. 
However, there is a formalism that treats this problem directly. It is Hamiltonian 
mechanics. Consider the energy expression for an electron between capacitor plates 
(1.5). Rewriting this expression in terms of the linear momentum p (as opposed to 
velocity) gives 


(1.13) E(x, y, z, x, y, z) - H(x, y, z, p x , p y , Pz ) 


1 

2m 


( Px 2 + Py 2 + Pz 2 ) + 


d 


z 


The energy, written in this manner, as a function of coordinates and momenta is 
called the Hamiltonian, H. One speaks of p x as being the momentum conjugate to 
x; p y is the momentum conjugate to y\ and so on. 

The equations of motion (i.e., the equations that replace Newton’s second law) 
in Hamiltonian theory are (for a point particle moving in three-dimensional space) 


(1.14) 


dH 


dH 

- ^ 

— n 

__ 

dx 

Fx 

dp* 

dH 

— T) 

dH 

dy 

Py 

d Py 

dH 

— D 

8H 

dz 

rz 

dp z 


Cyclic Coordinates 

For the Hamiltonian (1.13) corresponding to an electron between capacitor plates, 
one obtains 


(1.15) 


8H _ 8H 
dx dy 


The Hamiltonian does not contain x or y. When coordinates are missing from 
the Hamiltonian, they are called cyclic or ignorable. The momentum conjugate to a 
cyclic coordinate is a constant of the motion. This important property follows 
directly from Hamilton’s equations, (1.14). For example, for the case at hand, we see 
that dH/dx = 0 implies that p x = 0, so p x is constant; similarly for p y . (Note that 
there is no component of force in the x or y directions.) The remaining four Hamilton’s 
equations give 


(1.16) 


Pz = - 




P x = mx, p y = my, p 2 = mi 


it 
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FIGURE 1.12 Motion of a particle in spherical co¬ 
ordinates with y and (j> fixed: v 6 — r0, p 6 = rmv e = 
mr 2 6. The moment arm is r. 


The last three equations return the definitions of momenta in terms of velocities. 
The first equation is the z component of Newton’s second law. (For an electron, 
q — - 1 4 1 . It is attracted to the positive plate.) 

Consider next the Hamiltonian for this same electron but expressed in terms of 
spherical coordinates. We must transform E as given by (1.5) to an expression involv¬ 
ing r, 9, (p, and the momenta conjugate to these coordinates. The momentum conjugate 
to r is the component of linear momentum in the direction of r. If e r is a unit vector in 
the r direction, then 

(1.17) p r = = e r -p = me,-v = mr 

The momentum conjugate to the angular displacement 9 is the component of angular 
momentum corresponding to a displacement in 9 (with r and <p fixed). The moment 
arm for this motion is r. The velocity is r9. It follows that 

(1.18) Pe = mr(rd) = mr 2 9 
(Fig. 1 . 12 ). 

The momentum conjugate to <p is the angular momentum corresponding to a 
displacement in <f> (with r and 9 fixed). The moment arm for this motion is r sin 9. The 
velocity is r<f> sin 9 (Fig. 1.13). The angular momentum of this motion is 

(1.19) p„, = mr 2 (p sin 2 6 

Since such motion is confined to a plane normal to the z axis, is the z component 
of angular momentum. This was previously denoted as L z in (1.12). 
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FIGURE 1.13 Motion of a particle 
with r and Q fixed: v<p = r sin 6 <j>. 
The moment arm is r sin 6 , = 

(r sin 9)mVf = mr 2 <j> sin 2 9. 


In terms of these coordinates and momenta, the energy expression (1.6) becomes 

(1.20) H(r , 6, <fi, Pr , p 9 , p,) = + ll- 2 + - - P /. 2 + ^ r cos 6 

2m 2mr 2 2mr sin 2 6 d 

Hamilton’s equations for a point particle, in spherical coordinates, become 

= 6 


( 1 . 21 ) 


dH 


dH 

86 ~ 

~Pe 

dpe 

8H 


dH 

dip ~ 


dp* 

dH 


dH 

dr 

Pr 

dp r 


= <P 


= r 


From the form of the Hamiltonian (1.20) we see that p is a cyclic coordinate. That is, 

dH 


(L22) 


dp 


= 0 = -/>* 


It follows that p 0 , as given by (1.19), is constant. Thus, the component of angular 
momentum in the z direction is conserved. The torque on the particle has no com¬ 
ponent in this direction. 



14 REVIEW OF CONCEPTS OF CLASSICAL MECHANICS 


Again the momentum derivatives of H in (1.20) return the definitions of momenta 
in terms of velocities. For example, from (1.20), 


(1.23) 


SH _ a _ P» 

3 — tf — 2 

op e mr 


which is (1.18). Hamilton’s equation for p r is 


(1.24) 


dH = . _ Pe 2 , P/ 
dr r mr 3 mr 3 sin 2 9 


d 


cos 9 


The first two terms on the right-hand side of this equation are the components of 
centripetal force in the radial direction, due to 9 and (p displacements, respectively. 
The last term is the component of electric force -e z q^ 0 /d in the radial direction. 
Hamilton’s equation for p e is 


(1.25) 


dH _ . _ p$ cos 9 
39 mr 2 sin 3 9 


+ 


d 


r sin 9 


The right-hand side is a component of torque. It contains the centripetal force factor 
due to the <p motion (p^/mr 3 sin 3 9) and a moment arm factor, r cos 9. At any 
instant of time this component of torque is normal to the plane swept out by r due to 
9 motion alone. 

A very instructive example concerns the motion of a free particle. A free particle 
is one that does not interact with any other particle or field. It is free of all interactions 
and is an isolated system. A particle moving by itself in an otherwise empty universe is 
a free particle. In Cartesian coordinates the Hamiltonian for a free particle is 

(1.26) H = — p 2 = — (p x 2 + p y 2 + Pz 1 ) 


All coordinates (x, y, z) are cyclic. Therefore, the three components of momenta are 
constant and may be equated to their respective initial values at time t = 0 . 

Px = Px( 0) 

(1.27) p y = Py{ 0) 

Pz = Pz( 0) 

Combining these with the remaining three Hamilton's equations gives 

mx = p*(0) 

(1.28) my = p,( 0 ) 

mi = p 2 ( 0) 
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These are simply integrated to obtain 


X (t) = E^l t + x(0) 


m 


(1.29) 


y(t) 


= EM t 


m 


+ y( 0 ) 


2 (f) = t + z( 0 ) 


m 


which are parametric equations for a straight line. 

Let us calculate the y component of angular momentum of the (free) particle. 


(1.30) L y = zp x — xp 
Canceling terms, we obtain 




2(0 ) + V-M t i Px (0) - 


t l 


X ( 0 ) + EM t ip z(0 ) 


m 


t 1 


( L31 ) Ly = mpM - X(0)p z (0) = L y ( 0) 

and similarly for L x and L z . It follows that 
(1-32) L = (L x , L y , L z ) = constant 

for a free particle. 

Investigating the dynamics of a free particle in Cartesian coordinates has given us 
immediate and extensive results. We know that p and L are both constant. The orbit 
is rectilinear. 

We may also, consider the dynamics of a free particle in spherical coordinates. 
The Hamiltonian is 


(1.33) 


H _Pr 2 Pe 2 
2 m 2 mr 2 


+ 


Pi 


2 mr 2 sin 2 6 


Only tp is cyclic, and we immediately conclude that p 0 (or equivalently, L z ) is constant. 
However, p r and p e are not constant. From Hamilton’s equations, we obtain 


(1.34) 


_ 2 _ 2 
p = p ?_ +_ 2 * _ 

mr J mr 5 sm 2 6 


P 4 2 cos 9 
mr 2 sin 3 8 


These centripetal terms were interpreted above. In this manner we find that the recti¬ 
linear, constant-velocity motion of a free particle, when cast in a spherical coordinate 
frame, involves accelerations in the r and 9 components of motion. These accelerations 



TABLE 1.1 Hamiltonian of a free particle in three coordinate frames 



Cl -N 


£ £ 


(N 


Cl 


£ 


M -S' 

cl Cl cl 


N 


Cl 


N 

Cl 
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coordinates 
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arise from an inappropriate choice of coordinates. In simple language: Fitting a 
straight line to spherical coordinates gives peculiar results. 

A comparison of the Hamiltonian for a free particle in Cartesian, spherical, and 
cylindrical coordinates is shown in Table 1.1. 

Canonical Coordinates and Momenta 

While the reader may feel some familiarity with the components of linear momen¬ 
tum (p x , p y , p z ) and angular momentum (p fl , p 0 ), it is clear that these intuitive notions 
are exhausted for a system with, say, 17 degrees of freedom. If we call the seventeenth 
coordinate q l7 , what is the momentum p 17 conjugate to q l7 ? There is a formal 
procedure for determining the momentum conjugate to a given generalized co¬ 
ordinate. For example, it gives p e = mr 2 0 as the momentum conjugate to 0 for 
a particle in spherical coordinates. This procedure is described in any book in 
graduate mechanics. 1 

The coordinates of a system with N degrees of freedom, (q u q 2 , ,..., q N \ and 

conjugate momenta (p u p 2 , p 3 , ..., p N ) are also called canonical coordinates and 
momenta. A set of coordinates and momenta are canonical if with the Hamiltonian, 
H(q u ■. •, q N , Pu • • •, Px, 0» Hamilton’s equations 

dH . dH . . , 

(1-35) ;r = 4z (/ = i.JV) 

oq x dpi 

are entirely consistent with Newton’s laws of motion. We have seen this to be the case 
for all the problems considered above. (Time-dependent Hamiltonians are con¬ 
sidered in Chapter 13.) 

PROBLEMS 

1.5 Show that the z component of angular momentum for a point particle 

- xp y - yp x 

when expressed in spherical coordinates, becomes 

L z - — mr 2 cj) sin 2 6 

(Hint: Recall the transformation equations 

z ~ r cos 6 
y = r sin 6 sin (j) 
x = r sin 6 cos </>.) 


See, for example. H. Goldstein. Classical Mechanics . Addison-Weslev, Reading, Mass., 1951. 
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1.6 (a) Calculate p r , p e , and p# as explicit functions of time for the following motion of a 
particle. 

y = y 0 , z = z 0 , x = v 0 t 


(b) For what type of free-particle orbit are the following conditions obeyed? 

(1) p r = 0 

(2) p„ = 0 

(3) P* = 0 

(4) A = Pe = P* = 0 

(c) Describe an experiment to measure p„ at a given instant, for the motion of part (a). 

1.7 Show that the energy of a free particle may be written 

H = P in + 2 ^ 


where L = r x p. [Hint: Use the vector relation 

L 2 = (r x p) 2 = r 2 p 2 - (r • p) 2 
together with the definition p r = (r • p )/r.] 

1.8 Show that angular momentum of a free particle obeys the relation 

2 


L 2 = L 2 + L 2 + L 2 = p e 2 + - 


P* 


sin 2 9 


(Hint: Employ the results of Problem 1.7.) 

1.9 A particle of mass m is in the environment of a force field with components 

F z = -Kz, F x = 0, F y = 0 


with K constant. 

(a) Write down the Hamiltonian of the particle in Cartesian coordinates. What are the 
constants of motion? 

(b) Use the fact that the Hamiltonian itself is also constant to obtain the orbit. 

(c) What is the Hamiltonian in cylindrical coordinates ? What are the constants of motion ? 

1.10 Suppose that one calculates the Hamiltonian for a given system and finds a coordinate 
missing. What can be said about the symmetry of the system? 

1.11 A particle of mass m is attracted to the origin by the force 

F - -Kr 

Write the Hamiltonian for this system in spherical and Cartesian coordinates. What are the 
cyclic coordinates in each of these frames? [Hint: The potential for this force, V(r\ is given by 
F = — Kr = -VK(r).] 

1.12 A “spherical pendulum” consists of a particle of mass m attached to one end of a weightless 
rod of length a. The other end of the rod is fixed in space (the origin). The rod is free to rotate 
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about this point. If at any instant the angular velocity of the particle about the origin is <o, its energy 

E = \ma 2 io 2 = |/a ) 2 

The moment of inertia is /. What is the Hamiltonian of this system in spherical coordinates? 
{Hint: Recall the relation L = loo.) 


1.3 THE STATE OF A SYSTEM 

To know the values of the generalized coordinates of a system at a given instant is to 
know the location and orientation of the system at that instant. In classical physics we 
can ask for more information about the system at any given instant. We may ask for 
its motion as well. The location, orientation, and motion of the system at a given 
instant specify the state of the system at that instant. For a point particle in 3-space, 
the classical state V is given by the six quantities (Fig. 1.14) 

(1.36) T = (x, y, z, x, y, z) 

In terms of momenta, 

(1.37) r = (x, y, z, p X9 p y , p z ) 

More generally, the state of a system is a minimal aggregate of information about the 
system which is maximally informative. A set of good coordinates and their corre¬ 
sponding time derivatives (generalized velocities) or corresponding momenta (canoni¬ 
cal momenta) always serves as such a minimal aggregate which is maximally infor¬ 
mative and serves to specify the state of a system in classical physics. 

The state of the system composed of two point particles moving in a plane is 
given by the eight parameters 

(1*38) r = (x ls yi, X 2 , y 2 > Px i> Py p Px2' Py 2) 



X 


FIGURE 1.14 The classical state of a free particle is given by 
six scalar quantities (x, y, 2 , p x , p y , p 2 ). 
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Just as the set of generalized coordinates one assigns to a given system is not 
unique, neither is the description of the state T. For instance, the state of a point 
particle moving in a plane in Cartesian representation is 

(1.39) r = (x, y, p x ,p y ) 

In polar representation it is 

(1-40) T = 0, 0, p ri p e ) 


All representations of the state of a given system in classical mechanics contain 
an equal number of variables. If we think of T as a vector, then for a system with N 
degrees of freedom, T is 2/V-dimensional. In classical mechanics change of represen¬ 
tation is effected by a change from one set of canonical coordinates and momenta 
(, q , p) to another valid set of canonical coordinates and momenta (q\ p'). 

F(*?i, ■ ■ * ^ Pu • * •) Pn ) • • • > Qn * P i > • • • > Pn) 

One form of canonical transformation results simply from a change in coordinates. 
For example, the transformation from Cartesian to polar coordinates for a particle 
moving in a plane effects the following change in representation: 


r(x, y, p x , p y ) -> T(r, 6, p r , p e ) 


Representations in Quantum Mechanics 

Next, we turn briefly to the form these concepts take in quantum mechanics. The 
specification of parameters that determines the state of a system in quantum mechanics 
is more subtle than in classical mechanics. As will emerge in the course of development 
of this text, in quantum mechanics one is not free to simultaneously specify certain 
sets of variables relating to a system. For example, while the classical state of a free 
particle moving in the x direction is given by the values of its position x, and momen¬ 
tum p x , in quantum mechanics such simultaneous specification cannot be made. 
Thus, if the position x of the particle is measured at a given instant, the particle is left 
in a state wherein the particle’s momentum is maximally uncertain. If on the other 
hand the momentum p x is measured, the particle is left in a state in which its position 
is maximally uncertain. Suppose it is known that the particle has a specific value of 
momentum. One may then ask if there are any other variables whose values may be 
ascertained without destroying the established value of momentum. For a free 
particle one may further specify the energy £; that is, in quantum mechanics it is 
possible for the particle to be in a state such that measurement of momentum definitely 
finds the value p x and measurement of energy definitely finds the value E. Suppose 
there are no further observable properties of the free particle that may be specified 
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simultaneously with those two variables. Consequently, values of p x and E comprise 
the most informative statement one can make about the particle and these values may 
be taken to comprise the state of the system of the particle 

T = r(p x9 E) 

As remarked above, if the particle is in this state, it is certain that measurement of 
momentum finds p x and measurement of energy finds E . Such values of p x and E are 
sometimes called good quantum numbers. As with their classical counterpart, good 
quantum numbers are an independent set of parameters which may be simultaneously 
specified and which are maximally informative. 

For some problems in quantum mechanics it will prove convenient to give the 
state in terms of the Cartesian components of angular momentum: L x , L y , and L 2 . 
We will find that specifying the value of L 2 , say, induces an uncertainty in the accom¬ 
panying components of L x and L y , so that, for example, it is impossible to simul¬ 
taneously specify L z and L x for a given system. One may, however, simultaneously 
specify L z together with the square of the magnitude of the total momentum, L 2 . For 
a particle moving in a spherically symmetric environment, one may also simul¬ 
taneously specify the energy of the particle. This is the most informative 1 statement 
one can make about such a particle, and the values of energy, L 2 and L z , comprise a 
quantum state of the system. 

(1.41) r = (£, L 2 , L z ) 

The values of £, L 2 , and L z are then good quantum numbers. That is, they are an 
independent set of parameters which may be simultaneously specified and which are 
maximally informative. 

Just as change in representation, as discussed above, plays an important role in 
classical physics, so does its counterpart in quantum mechanics. A representation in 
quantum mechanics relates to the observables that one can precisely specify in a 
given state. In transforming to a new representation, new observables are specified in 
the state. For a free point particle moving in 3-space, in one representation the three 
components of linear momentum p x , p y , and p z are specified while in another repre¬ 
sentation the energy p 2 /2m, the square of the angular momentum L 2 , and any com¬ 
ponent of angular momentum, say L 2 , are specified. In this change of representation, 

(1.42) T(p x ,p y ,p z )^T{E,L 2 ,L z ) 

When treating the problem of the angular momentum of two particles (Lq and 
L 2 , respectively) in one representation, (Lj 2 , L 2 2 , L Z1 , L Z2 ) are specified while in 
another representation, (L x 2 , L 2 2 , L 2 , L z ) are specified. Here we are writing L for 


1 More precisely. T includes the parity of the system. This is a purely quantum mechanical notion and will be discussed 
more fully in Chapter 6 
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the total angular momentum of the system L = L, + L 2 . In this change of represen¬ 
tation, 


(L43) 


ra! 2 , l 2 2 , l z1 , l 22 ) -» ra, 2 , L 2 2 , L 2 , L 2 ) 


Finally, in this very brief introductory description, we turn to the concept of the 
change of the quantum state in time. In classical mechanics, Newton’s laws of motion 
determine the change of the state of the system in time. In quantum mechanics, the 
evolution in time of the state of the system is incorporated in the wave (or state ) 
function and its equation of motion, the Schrodinger equation. Through the wave- 
function, one may calculate (expected) values of observable properties of the system, 
including the time development of the state of the system. 

These concepts of the quantum state—its evolution in time and change in 
representation—comprise principal themes in quantum mechanics. Their under¬ 
standing and application are important and are fully developed later in the text. 


PROBLEMS 

1.13 Write down a set of variables that may be used to prescribe the classical state for each of 
the 11 systems listed in Problem 1.1. 


Answer ( partial ) 

(e) A rigid rod in 3-space: Since the system has five degrees of freedom, the classical state 
of the system is given by 10 parameters. For example, 

T = {x, y, z, 6 , 0, x, y, z, 0, (f)} 

[Note: The quantum state is less informative. For example, such a state is prescribed by five 
variables (x, y, z, 0, 4>). Another specification of the quantum state is given by five momenta 
(Pxi Py^PziPe, P<t >)■ However, simultaneous specification of, say, x and p x is not possible in quantum 
mechanics.] 

1.14 (a) Use Hamilton’s equations for a system with N degrees of freedom to show that H is 
constant in time if H does not contain the time explicitly. [Hint: Write 


dH dH " (dH . dH \ 
dr dt + i=I ^ + dp t 


(b) Construct a simple system for which H is an explicit function of the time. 

1.15 For a system with N degrees of freedom, the Poisson bracket of two dynamical functions 
A and B is defined as 
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(a) Use Hamilton’s equations to show that the total time rate of change of a dynamical 
function A may be written 


dA dA 
dt dt 


{A,H} 


where H is the Hamiltonian of the system. 

(b) Prove the following: (1) If A(q, p) does not contain the time explicitly and {A, H } = 0, 
then A is a constant of the motion. (2) If A does contain the time explicitly, it is constant if dA/dt = 
{H,A}. 

(c) For a free particle moving in one dimension, show that 


A = x 


Pt_ 

m 


satisfies the equation 


dA 

dt 




so that it is a constant of the motion. What does this constant correspond to physically? 

1.16 How many degrees of freedom does the compound pendulum depicted in Fig. 1.15 have? 
Choose a set of generalized coordinates (be certain they are independent). What is the Hamiltonian 
for this system in terms of the coordinates you have chosen? What are the immediate constants 
of motion? 

1.17 How many constants of the motion does a system with N degrees of freedom have? 
Answer 

Each of the coordinates {q t } and momenta {p,} satisfies a first-order differential equation in time 
(i.e., Hamilton’s equations). Every such equation has one constant of integration. These comprise 
2 N constants of the motion. 



FIGURE 1.15 Compound pendulum com¬ 
posed of two masses connected by weight¬ 
less rods of length a. The motion is in the 
plane of the paper. (See Problem 1.16.) 



1.4 PROPERTIES OF THE ONE-DIMENSIONAL 
POTENTIAL FUNCTION 


Consider a particle that is constrained to move in one dimension, x. The particle is in 
the potential field V(x) depicted in Fig. 1.16. What is the direction offeree at the point 
x = A? We can calculate the gradient (in the x direction) and conclude that the 
direction of force at A is in the + x direction. There is a simpler technique. Imagine 
that the curve drawn is the contour of a range of mountain peaks. If a ball is placed at 
A, it rolls down the hill. The force is in the +x direction. If placed at B (or C), it 
remains there. If placed at D, it rolls back toward the origin; the force is in the -x 
direction. This technique always works (even for three-dimensional potential 
surfaces) because the gravity potential is proportional to height 2 , so the potential 
surface for a particle constrained to move on the surface of a mountain is that same 
surface. 

The one-dimensional spring potential, V = Kx 2 /2, is depicted in Fig. 1.17. If 
the particle is started from rest at x = A, it oscillates back and forth in the potential 
well between x = + A and x = —A. 

Motion described by a potential function is said to be conservative . For such 
motion, the energy 

(1.44) E = T + V 

is constant. In terms of the kinetic energy T, 


(1.45) 



Forbidden Domains 

From (1.45) we see that if V > £, then T < 0 and the velocity becomes imaginary. In 
classical physics, particles are excluded from such domains. They are called forbidden 
regions. Again consider a one-dimensional problem with potential F(x) shown in 
Fig. 1.18. The constant energy E is superimposed on this diagram. Segments AB and 
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FIGURE 1.16 Arbitrary poten¬ 
tial function. 
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FIGURE 1.17 Spring potential. 


CD are forbidden regions. Points A, B , C, and D are stationary or turning points. 
Since E — V at these points, T = 0 and x — 0. Suppose that a particle is started from 
rest from the point C. What is the subsequent motion? The particle is trapped in the 
potential well between B and C. It accelerates down the hill, slows down in climbing 
the middle peak, then slows down further in climbing to B , where it comes to rest and 
turns around. This periodic motion continues without end. 



The one-dimensional potential depicted in Fig. 1.18 can be effected by appro¬ 
priately charging and spacing a linear array of plates with holes bored along the axis. 
The potential depicted in Fig. 1.18 is seen by an electron constrained to move along 
this (x) axis. 


PROBLEMS 


1.18 A particle constrained to move in one dimension (x) is in the potential field 


F(x) = 


K 0 (x - a)(x - b) 
(x - c) 2 


(0<a<b<c<oo) 
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(a) Make a sketch of V. 

(b) Discuss the possible motions, forbidden domains, and turning points. Specifically, if 
the particle is known to be at x = - oo with 


E = 



(b - 4a + 3c) 


at which value of x does it reflect? 

1.19 A particle of mass m moves in a “central potential,” V(r\ where r denotes the radial dis¬ 
placement of the particle from a fixed origin. 

(a) What is the (vector) force on the particle ? Recall here the components of the V operator 
in spherical coordinates. 

(b) Show that the angular momentum L of the particle about the origin is constant. 
(Hint: Calculate the time derivative of L = r x p and recall that p = mt) 

(c) Show that the energy of the particle may be written 


E = 



+ 


L 2 

2mr 2 


+ V(r) 


(d) From Hamilton’s equations obtain a “one-dimensional” equation for p r , in the form 

Pr = - J r KffOO 


where V eff denotes an “effective” potential that is a function of r only. 

(e) For the case of gravitational attraction between two masses (A/, m), V— - GmM/r , 
where G is the gravitational constant. Make a sketch of K eff versus r for this case. Use this sketch to 
establish the conditions for circular motion (assume that M is fixed in space) for a given value of L 2 . 

1.20 Complex variables play an important role in quantum mechanics. The following two 
problems are intended as a short review. 

If 


= I I exp (/aj) 

X = \x \ ex p (icc 2 ) 

show that 


I+ Xl 2 = IfAl 2 + \X\ 2 + 2|^|cos(a 1 - a 2 ) 


1.21 Use the expansion 


e l6 — cos 6 + i sin 8 
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to derive the following relations. 

(a) cos (0 X + 6 2 ) = cos cos 0 2 - sin sin 6 2 

(b) sin (9 1 + 9 2 ) - cos 9 : sin 6 2 + sin cos 6 2 

(c) 2 sin cos 0 2 — sin (0i “ ^ 2 ) + sin (0i + ^ 2 ) 

(d) 2 cos 6 1 cos 0 2 — cos (0i + ^ 2 ) + cos (0i — 02 ) 

(e) 2 cos 2 0=1 + cos 20 

(f) 2 sin 2 0=1- cos 20 

( g ) e * - 1 = 2ie im sin (0/2) 

(h) ile* 1 + e i$2 \ 2 = He idi + e i62 )(e Wl + e Wl )* = 1 + cos (6 l - 0 2 ) 



CHAPTER 2 

HISTORICAL REVIEW: 
EXPERIMENTS AND THEORIES 


2.1 Dates 

2.2 The Work of Planck. Blackbody Radiation 

2.3 The Work of Einstein. The Photoelectric Effect 

2.4 The Work of Bohr. A Quantum Theory of Atomic States 

2.5 Waves versus Particles 

2.6 The de Broglie Hypothesis and the Davisson-Germer Experiment 

2.7 The Work of Heisenberg. Uncertainty as a Cornerstone of Natural Law 

2.8 The Work of Born . Probability Waves 

2.9 Semiphilosophical Epilogue to Chapter 2 


The following sections summarize experiments and theories formulated during the early 
decades of the century . These observations and theories comprise the genesis of quantum 
mechanics. The important concept of the wavefunction is introduced and the Born 
interpretation of this function in terms of probability density is described. A more 
formal presentation of the postulates of quantum mechanics appears in Chapter 3 . 


2.1 DATES 

Physics at the turn of the century was in a state of turmoil. There was a Pandora’s 
Box of experimental observations which, on the grounds of otherwise firmly estab¬ 
lished classical theory, was totally inexplicable. One by one all these perplexing 
questions were answered—with the drama and flair of a story told by a masterful 
raconteur. Out of the turmoil came a new philosophy of science. A new way of thinking 
was called for. At the very core of natural law lay subjective probability—not objective 
determinism. 

What were some of these perplexing observations? Light exhibits interference 
and therefore may be assumed to be a wave phenomenon. However, if we try to ex- 
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plain the photoelectric effect (light hitting a metal surface ejects electrons) on the 
basis of the wave nature of light, we obtain erroneous results. It is found that the 
energy of an emitted electron is dependent only on the frequency of the incident 
radiation, not on the intensity as might be expected from the classical theory of light. 

In 1911 it was established by Rutherford that an atom has a positive central 
core and satellite electrons. Hydrogen, for instance, has a proton at its center and one 
outer electron. But such a circulating (and therefore accelerating) electron radiates 
and soon should collapse into the nucleus. So why do we not see a burst of ultraviolet 
radiation emitted as the electron spirals into the nucleus? Why is the frequency 
spectrum of light emitted from an atom a discrete line spectrum and not a con¬ 
tinuous spectrum? 

Another dilemma lay in the observations of the spectrum of radiant energy in 
a cavity whose walls are maintained at a fixed temperature. Theory (on the basis of the 
wave nature of light) was unable to account for the observed frequency distribution of 
radiant energy. 

The very rapid development of events that occurred in the first three decades 
of this century, which removed the enigmas posed by these experiments, were as 
follows: 


1901 Planck 
1905 Einstein 
1913 Bohr 
1922 Compton 

1924 Pauli 

1925 de Broglie 

1926 Schrodinger 

1927 Heisenberg 

1927 Davisson and Germer 
1927 Born 


Blackbody radiation 
Photoelectric effect 
Quantum theory of spectra 
Scattering photons off electrons 
Exclusion principle 
Matter waves 
Wave equation 
Uncertainty principle 

Experiment on wave properties of electrons 
Interpretation of the wavefunction 


In the remainder of this chapter we will outline these topics in more detail, 
except for the work of Schrodinger, which is formally presented in Chapter 3, and the 
work of Pauli, which is presented in Chapter 12. The Compton effect is discussed in 
Problem 2.28. 


2.2 THE WORK OF PLANCK. BLACKBODY RADIATION 

Place a closed, evacuated container (with a small window in the wall) in an oven of 
uniform temperature. Wait until all components of the experiment reach the same 
temperature (thermal equilibrium). At a sufficiently high temperature, visible light 
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emerges from the window of the container cavity. The cavity contains radiant energy, 
which is in thermal equilibrium with the cavity walls. Suppose that the total radiant 
energy per unit volume in the cavity (at any instant) is U . How much of this energy is 
in electromagnetic waves with frequency between v and v + dv? Let us call the 
answer u(v) dv. The function u(v) then gives the energy per frequency interval per 
unit volume. The total energy per unit volume in the radiation field in the cavity is 


/» 00 

(2.1) U = u(v) dv 

Jo 

The radiation is called blackbody radiation because it is assumed that any light 
falling on the window is totally absorbed. The window acts as a perfect radiator and a 
perfect absorber. This property is characteristic of ideal black surfaces. At any given 
temperature, no object emits or absorbs radiation more efficiently than does an (ideal) 
blackbody. 

The experimentally observed curve of w(v) is shown in Fig. 2.1. Classical electro¬ 
dynamic and thermodynamic theory give two properties of the spectral distribution 
of a radiation field in equilibrium at the temperature T. The Rayleigh-Jeans (1900) 
approximation 

( \ _ ^ l T 
U Rj( v ) ~ ^3 


is appropriate for low frequencies. In this formula k B is Boltzmann’s constant, 

k B = 1.381 x 10” 16 erg/K 


and c is the speed of light. While this approximation is valid at low frequencies, it is 
seen to diverge at larger frequencies, where as shown in Fig. 2.1, the correct spectral 
distribution falls off to zero. Wien’s law (1893) specifies that u, as a function of wave¬ 
length A = c/v, is of the form 


u w (A) 


W{AT) 


where W is an arbitrary function of the product of wavelength A and temperature T. 
Although this formula is valid over the whole spectrum of wavelengths, it is incomplete 
in that W(AT) is undetermined. The complete explicit form for the spectral distribu¬ 
tion u cannot be obtained from classical physics. A quantum hypothesis must be 
invoked. Such was the assumption made by Planck to obtain a uniformly valid formula 
for w(v). It implied that energy of radiation with frequency v exists only in multiples of 
hv, where h is a constant of nature (Planck’s constant). A quantum of radiation of 
energy hv is called a photon . 

( 2 . 2 ) 


E = hv 
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FIGURE 2.1 Spectrum of blackbody radiation. The curves have been distorted to bring out some important 
features. In reality the curve at 10,000 K is about 37,000 times higher than the curve at 300 K. Also, the 
radio and microwave domain is only about 1/30,000 of the v axis depicted. 

The correct formula for u(v) which results is (see Problems 2.36 and 2.37) 

. , %nhv 3 1 

(2.3) U ( v ) — c 3 e hv/k B T j 

h = 6.626 x 10~ 27 erg-s 

This expression precisely matches the experimental curves shown in Fig. 2.1. 


PROBLEMS 


2.1 (a) Show that for photons of frequency v and wavelength X: 

(1) dv=-cdX/X 2 

(2) u(X)dX = -u(v)dv 

(3) u{X) dX = u(v)c dX/X 2 

(b) Show that the Rayleigh-Jeans spectral distribution of blackbody radiation, u RJ (v), 
is of the form required by Wien’s law, 


Uw(X) — 


W{XT) 


(c) Obtain the correct form of Wien’s undetermined function W(XT) from Planck’ 
formula. 
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Radiation field 


Solid angle subtended 
by the area A about 
the point r 





wall 







FIGURE 2.2 The power radiated by an electromagnetic field in equilibrium at temperature T is due to 
photons that lie in a hemisphere of radius c, centered at the hole. (See Problem 2.2.) 


2.2 A spherical enclosure is in equilibrium at the temperature T with a radiation field that it 
contains. Show that the power emitted through a hole of unit area in the wall of enclosure is 


P = icU 


Answer 

Let the cavity be very large, so that its walls can be considered to be flat. The energy that flows 
through a hole in the wall, of unit area, in 1 s is the power radiated. This energy is due to photons 
that lie in a hemisphere of radius c, centered at the hole (Fig. 2.2). The energy in the volume 
element dr about the point ris Udr. Owing to the isotropy of the radiation field, the amount of this 
energy that passes through the hole is U dr times the ratio of solid angle Q subtended by the area 
of the hole about the point r, to 4/r, the total solid angle about the point r. 


dP = — U dr 
4n 


e r * AU dr U cos 9 


U d<p cos 6 d cos Or 2 dr 
4nr 2 

The radiation energy that passes through the hole in 1 s from all volume elements in the hemisphere 
is the total power radiated per unit area. 

r 11 /*2n ,*1 


dP = ~r~ I d(p cos cos 0 dr = \cl) 

hemisphere ^0 2 q Jq 
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2.3 Show that the energy density U(T) of a radiation field in equilibrium at the temperature T is 
directly proportional to T 4 . The corresponding expression for the emitted power is 

P = oT 4 


where a is the Stefan-Boltzmann constant 

n 2 L 4 

g =-^-r = 0.567 x 10“ 4 erg/s-cm 2 -K 4 

60 Pc 2 B/ 

[Hint: Nondimensionalize the integration over (2.3) through the variable x = hv/k B T.'] 

2.4 Use (2.3) to prove Wien’s displacement law 

A max T = constant = 0.290 cm K 

The wavelength A max is such that u(A max ) is maximum. [Him: Differentiate u(k) with respect to 
the variable x = hc/kTX and set equal to zero.] 

2.5 From the sketch of u versus v given in Fig. 2.1, make a sketch of u versus A, where vA = c. 

2.6 What is the photon flux (photons/cm 2 s) at a distance of 1 km from a light source emitting 
50 W of radiation in the visible domain, with wavelength 6000 A? 

2.7 The average energy in a unit volume in the v frequency mode of a blackbody radiation field is 

hv 

= e hv/k B T _ j 

What does < U > reduce to in the limit (a) v -► 0? (b) T -> co ? 

2.8 As discussed above, the radiation field interior to a closed cavity whose walls are in thermal 
equilibrium (i.e., at the same temperature) with the radiation field is called blackbody radiation. 
Prove that blackbody radiation has the following properties by showing that if any of these 
properties are not true, a device can be constructed which violates the second law of thermo¬ 
dynamics. 

(a) The flux of radiation is the same in all directions. (The radiation field is isotropic.) 

(b) The energy density is the same at all points inside the cavity. (The radiation field is 
homogeneous .) 

(c) The energy density interior to the cavity is the same (function of frequency) at a given 
temperature, regardless of the material of the cavity wall. 

2.9 Prove that the radiation emitted by the surface of an ideal blackbody at the temperature T 
is the same as that which travels in one direction inside a closed isothermal cavity at the same 
temperature. 

Answer 

Immerse an ideal black cube inside the isothermal container. The radiation that falls on any face 
of the cube is completely absorbed. For equilibrium to be maintained, the radiation emitted must 
be balanced by that absorbed, so that the radiation emitted is precisely that which flows into the 
face. 
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If, on the other hand, the cube is not ideally black, equilibrium is maintained by balancing the 
absorbed radiation by the reflected plus emitted radiation. Since energy density in the cavity is 
the same as in the case above (both experiments are at the same temperature), the radiation emitted 
by the nonblack surface is less intense than that emitted by the ideally black surface. 

2.10 One of the theories of the origin of the universe is that it was contained in a primeval fireball 
which began its expansion about 10 10 years ago. As it expanded, it cooled. Measurements of the 
energy spectrum of cosmic photons suggest a (blackbody) temperature of 3 K. At what frequency 
is maximum energy observed ? 

2.11 Suppose that you are inside a blackbody radiation cavity which is at temperature 7 
Your job is to measure the energy in the radiation field in the frequency interval 10 14 to 89 x 
10 14 Hz. You have a detector that will do the job. For best results, should the temperature of the 
detector 7' be T > 7, T = 7, 7' < 7, or 7' = 0; or is the temperature of the detector irrelevant 
to the measurement? 


2.3 THE WORK OF EINSTEIN. THE PHOTOELECTRIC 
EFFECT 

The experimental setup that exhibits the photoelectric effect is depicted in Fig. 2.3. 
The observation is as follows. A metal plate (e.g., copper) is irradiated with light of a 
given frequency. Electrons are ejected from the photo cathode and current is registered 
in the ammeter A. As the potential on the collecting plate is made more negative, the 
current diminishes, until finally at the potential F stop , current ceases. The energy that 
an electron must have in order to climb the potential hill imposed by the negative bias 



Ammeter 


FIGURE 2.3 Photoelectric experiment. 
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FIGURE 2.4 Typical data showing en¬ 
ergy of most energetic electrons as a func¬ 
tion of frequency v in the photoelectric 
experiment. 


V is eV. Only the most energetic electrons reach the plate near K stop . At F stop the 
electrons with maximum kinetic energy E have been repelled. Then 

(2.4) E = e K stop 

At a given frequency v, one makes a measurement of E and plots a point on an E 
versus v graph (Fig. 2.4). If the intensity of light is increased while v is held fixed, E 
remains constant. On the other hand, when v is increased, E increases. A typical 
collection of data is shown in Fig. 2.4. 

To explain this effect Einstein hypothesized that light is composed of localized 
bundles of electromagnetic energy called photons. At frequency v, the energy of a 
photon is hv. When striking the metal surface the photon interacts with an electron 
and ejects it from the metal. Let us consider the Sommerfeld model of a conductor 
(Fig. 2.5). The conductor is composed of fixed positive sites (e.g., Cu 2+ ions in copper) 
and free electrons. The positive ions generate a potential well in which the electrons 
are trapped. The electrons have energy from 0 to E F , the Fermi energy. The minimum 
work required to remove an electron from the metal is W — E r , which is called the 
work function, <P. The depth of the well is W. 

Electrons distribute themselves in accordance with the Pauli exclusion principle. 
This principle precludes more than one electron existing in the same quantum state. 
For example, the distribution of electron energies shown in Fig. 2.5 is maintained at 
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FIGURE 2.5 Sommerfeld 
model for energy distribution 
of electrons in a metal. 
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0 K. At this temperature electrons fall to lowest allowable energies. They cannot all 
fall to the single lowest level, owing to the Pauli principle. Once this level is occupied, 
the next electron must seek the next higher level. The maximum value of energy so 
reached is the Fermi energy E F . 

Suppose that a photon of energy hv hits an electron and ejects it with kinetic 
energy E. It is easiest to remove the electron at the top of the Fermi sea. The energy E 
of such an electron ejected by a photon of energy hv is given by 

(2.5) E = hv - <D 

If we plot E versus v from this equation, we obtain the curve shown in Fig. 2.4. Note 
that the slope of the curve is Planck’s constant /i, and the v intercept gives the work 
function (of the photocathode metal). If 0> = fcv th , v th is called the threshold frequency. 
A few typical values are: 


Metal 

v th (Hz) 

E f (eV) 

Silver 

1.14 x I0 15 

5.5 

Potassium 

0.51 x I0' 5 

2.1 

Sodium 

0.56 x 10 15 

3.1 


Millikan in 1916 used the photoelectric experiment to obtain a value of Planck’s 
constant, h [see (2.3)]. 


Contact Potential 

The preceding description may also be used to explain the phenomenon of contact 
potential , the finite potential that develops between two dissimilar metals which are 
brought into contact with each other. To describe this effect we consider a parallel- 
plate capacitor with one plate made of metal A and the other made of metal B. 
When the plates are isolated and displaced far from each other, the common zero in 
potential of both metals corresponds to zero free-particle kinetic energy (Fig. 2.6a). 

Now let the metals be brought into contact with each other. Electrons then 
“fall” from the Fermi level of metal A, which has the smaller work function, to the 
deeper-lying Fermi level of metal £, until the tops of the two electron energy distribu¬ 
tions are equalized. Having lost electrons, metal A is left electropositive with respect 
to metal B and a potential difference exists between the plates (Fig. 2.6b). 

This description leads to the conclusion that the contact potential difference 
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Zero free-particle 
kinetic energy 




FIGURE 2.6 The difference in work functions causes electrons to 
fall to the lower Fermi level thereby creating a contact potential, 
(a) The metals far removed from each other, (b) The metals in con¬ 
tact with each other. The sloping curve represents the potential seen 
by an electron. 


V c between two metals should be well approximated by the difference in work 
functions: 

eV c = 

The validity of this relation is borne out by experiment. 


PROBLEMS 

2.12 (a) A monochromatic point source of light radiates 25 W at a wavelength of 5000 A. A 
plate of metal is placed 100 cm from the source. Atoms in the metal have a radius of 1 A. Assume 
that the atom can continually absorb light. The work function of the metal is 4 eV. How long is it 
before an electron is emitted from the metal ? 

(b) Is there sufficient energy in a single photon in the radiation field to eject an electron 
from the metal? 

2.13 The photoelectric threshold of tungsten is 2300 A. Determine the energy of the electrons 
ejected from the surface by ultraviolet light of wavelength 1900 A. 

2.14 The work function of zinc is 3.6 eV. What is the energy of the most energetic photoelectron 
emitted by ultraviolet light of wavelength 2500 A? 

2.15 Photoelectrons emitted from a cesium plate illuminated with ultraviolet light of wave¬ 
length 2000 A are stopped by a potential of 4.21 V. What is the work function of cesium? 




2.4 THE WORK OF BOHR. A QUANTUM THEORY 
OF ATOMIC STATES 

Consider a discharge tube filled with hydrogen gas. At sufficient voltage the gas glows. 
If the light is examined in a spectroscope, it is seen that only a discrete set of fre¬ 
quencies—a line spectrum—is emitted. Bohr was able to account for the discrete 
emission spectra in an analysis based on two postulates: 

(1) Hydrogen exists in discrete energy states. These states are characterized 
by discrete values of the angular momentum as given by the relation 

(2.6) <£ p d d6 = nh 


with n an integer greater than zero. In these states the atom does not radiate. The line 
integral follows the electron in one complete orbit about the nucleus. 

(2) When an atom undergoes a change in energy from E n to E m1 electromagnetic 
radiation (a photon) is emitted at a frequency v given by 

(2.7) hv = E n — E m 

Let us recall how condition (2.6) leads to a discrete set of energies {£„}. The 
energy of a (stationary) hydrogen atom whose electron is moving in circular motion is 


( 2 . 8 ) 


F i 2 * 2 Pe 2 

E = t mv -= 


r 2mr 2 

The radius r obeys the centripetal condition 


(2-9) 

so that, with (2.6), 

( 2 . 10 ) 

( 2 . 11 ) 


mv 


Pe _ 
mr 2 

n 2 h 2 
me 2 


__ 

Pe 

mr 


n 2 h 2 


mr 


h EE 


2n i 


These are the quantized values of r at which the electron persists without radiating. 
The values of the energy at these radii are 


( 2 . 12 ) 


F _ Pe 
2 mr 2 


n 2 h 2 (me 2 


2m \n 2 h 1 


U 

Z2 
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FIGURE 2.7 Bohr spectrum. 


where U is the Rydberg constant: 

(2.13) R = = 2.18 x 10' 11 erg = 13.6eV 

2 n 


The negative quality of the energy reflects the fact that we are dealing with bound 
states. When n = 1, the atom is in the ground state and has energy, — R. To ionize the 
atom when it is in this state takes + R ergs of energy. The value of r when the atom 
is in the ground state is 


(2.14) 


r x = a 0 


me 2 


= 5.29 x 10 9 cm 


This is a fundamental length in physics. It is called the Bohr radius. 

When the electron and proton are infinitely far removed and at rest, r n — go. 
From (2.11) we see that this corresponds to n = oo. In this state E n = 0; there is no 
kinetic energy and no potential energy. If the electron is given a tap, it becomes a 
free particle. The composite system of proton plus electron then has positive energy 
(kinetic only), with all (unquantized) positive values of energy allowed (Fig. 2.7). 

The quality of the emission spectra of hydrogen is generated by the values for 
E n (2.12) and the second postulate (2.7). The frequencies so generated (with some minor 
refinements, e.g., accounting for the motion of the proton) agree to a high degree of 
accuracy with the data. Characteristically, the spectrum divides into various series 
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E 



FIGURE 2.8 First two series of emission spectrum for hydrogen. Wavelengths of radiation are given in 
units of microns (10 ~ 4 cm). 

of lines: Lyman, Balmer , Paschen , and so on. The Lyman series is comprised of 
frequencies generated by transitions to the ground state: 

(2-15) hv L = £„-£, (n > 1) 

The Balmer series is generated by transitions to the second excited state: 

(2.16) hv B = E n — E 2 (n > 2) 

and so forth (Fig. 2.8). 

PROBLEMS 

2.16 (a) Consider the spherical pendulum described in Problem 1.12. Use the Bohr formula (2.6) 
to obtain the quantum energies of this system. Note the identity p 6 = L. 

(b) Suppose that the pendulum is comprised of a proton attached to a weightless rod of 
length a = 2 A. What is the ground rotational state of this system (in eV)? (See Problem 10.39.) 

2.17 (a) What is the formula for the frequency v of radiation emitted when the hydrogen atom 
decays from state n to state m'? Give your answer in terms of [R t n , n\ and h only. 

(b) What is the corresponding formula for the wavelength A emitted in the same transition ? 
Now your formula will contain the additional constant c, the speed of light. 
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2.18 The angular momentum of an isolated system is constant (when referred to any origin). 
Derive an expression for the angular momentum p 9 carried away by a photon emitted when a 
hydrogen atom decays from the state n to the state ri (in the Bohr model). 

2.19 In classical electromagnetic theory an accelerating charge e radiates energy at the rate 



a 2 e 2 


ergs/s 


The acceleration is a and c is the speed of light. At time t = 0, a hydrogen atom has a radius 1 A. 
Assuming classical circular motion: 

(a) What is a initially? 

(b) What is the initial frequency of radiation that the atom emits? 

(c) How long does it take for the radius to collapse from 1 A to 0.5 A? (Assume that a is 

constant.) 

(d) What is the frequency of radiation at the radius 0.5 A? 

2.20 The dimensionless number 


he 137.037 


is called the fine-structure constant. 

(a) Show that the Rydberg constant may be written U = ja 2 mc 2 . 

(b) If the rest-mass energy of the electron is me 2 = 0.511 MeV, calculate IR in eV. 

(c) Obtain an expression for the Bohr energies E„ in terms of a and me 2 . 


2.5 WAVES VERSUS PARTICLES 

Suppose that a disturbance propagates from one point in space to another point in 
space. What is propagating, waves or particles? A principle distinguishing charac¬ 
teristic is that waves exhibit interference, particles do not. 

Consider the two-slit experiment shown in Fig. 2.9. A continuous spray of 
particles is fired from the source S. They strike the wall or pass through the two 
slits A and B. An intensity I x (number/unit area ■ second) emerges from A and an 
intensity I 2 emerges from B. When striking the screen, the two streams of particles 
superimpose and the net intensity measured is 

(2.17) I = h + 1 2 

This is nothing more than the statement that numbers of particles add. 

Now consider the same experimental setup, but instead of a source of particles, 
let S represent a source of waves, say water waves (Fig. 2.10). Waves are characterized 
by an amplitude function such that the absolute square of this function gives the 

intensity I : 

(2.18) 1 = I'AI 2 
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FIGURE 2.9 Particle double-slit experiment. Particle intensities add. 


(Absolute values are taken for complex amplitudes.) Let the two propagating wave 
disturbances have (complex) scalar (as opposed to vector) amplitudes (/^(r, t) and 
i// 2 (r, f), respectively. These functions have the representations 

(2.19) = l'A 1 k'“ I , ^2 = I 2 1 e '* 2 

where a. is the phase of the wave, which in general is also a function of (r, t). The 
intensities of these waves are 

(2.20) /1 = l<Ai I 2 , h = I <A 2 1 2 




FIGURE 2.10 Wave double-slit experiment. Amplitudes add. 
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At a common value of r and r, the two wave amplitudes superimpose to give the resul¬ 
tant amplitude: 

(2.21) ip = *Ai + p 2 

The corresponding resultant intensity is 

(2.22) / = \4>\ 2 = |^, + ip 2 \ 2 = (<Pi + *A 2 )(<Ai + <Pi)* 

= 1 «Ai I 2 + l«A 2 l 2 + I >A i <A 2 1 [y (e " ~ a2> + e - i(a, - ai) ] 

= /2 ~h /2 ~t~ 2^// 1 1 2 cos (oc^ 1 X 2 ) 

Comparing this with the resultant intensity / for the particle case (2.17), we note that 
the wave intensity carries the additional term 

(2.23) A = 2 Jlj 2 cos (a { - a 2 ) 

This is an interference term. As the y component of r traverses the screen in Fig. 2.10, 
A oscillates and gives a pattern of the form depicted. 

Hence, we have uncovered an operational, distinguishing characteristic 
between particles and waves. Waves exhibit interference, particles do not. Consider 
the example of a propagating electric field £(r, t). The intensity of the wave (energy 
flux) is proportional to the time average of \£\ 2 . If two electric waves and $ 2 are 
superimposed, the new value of the electric field becomes 

(2.24) £ - + $ 2 

The intensity is proportional to the time average of squared amplitude, \ £' 1 + £ 2 \ 2 - 
So we have the following important rule: when two noninteracting beams of 
particles combine in the same region of space , intensities add; when waves interact , 
amplitudes add . The intensity is then proportional to the time average of the absolute 
square of the resultant amplitude. 


PROBLEMS 

2.21 In a given wave double-slit experiment, a detector traces across a screen along a straight 
line whose coordinate we label y. If one slit is closed, the amplitude 

Pi = y/-le- y 2 / 2 e l{wt - ay] 


is measured. If the other slit is closed, the amplitude 

t jj 2 = 

is measured. What is the intensity pattern along the y axis if both slits are open? 



2.6 THE DE BROGLIE HYPOTHESIS AND THE 
DAVISSON-GERMER EXPERIMENT 


In preceding sections we have seen that for a consistent explanation of certain 
experiments it is necessary to ascribe particle (photon) behavior to light. The energy of 
such a photon of frequency v is E — hv. Its momentum is 


(2.25) 



hv 

c 


This formula can also be written in terms of wavelength A. The relation between A 
and v for light is particularly simple. It is 

(2.26) 2v = c 

In terms of wavenumber k (cm -1 ) and angular frequency go, 

(2.27) go = 2ttv, 

Equations (2.25) appear as 

(2.28) E = ha), p = Wr, 


k = 


27T 

T 


GO = ck 


h = 


2 71 ) 


The last of these three equations is called a dispersion relation . It reveals a linear 
dependence between go and k. The significance of this is that the phase velocity 
(co/fc) of a monochromatic wave of frequency go is independent of go or k. It is the 
constant c (speed of light). If a wave packet composed of a collection of waves of dif¬ 
ferent wavelengths (or, equivalently, different wavenumbers) is constructed, it 
propagates with no distortion (dispersion). All component waves have the same speed, 
c. 

The first two equations of (2.28) reveal that photons, which are in essence 
particles, are identified by two wave parameters: wavenumber k and frequency go. 
Now in what sense is a photon different from other more familiar particles (e.g., 
electrons, protons, etc.)? A photon is special in that it has zero rest mass and travels 
only at the speed of light. The more familiar particles with finite rest mass also have 
wave properties. For a (nonrelativistic) particle of kinetic energy 


(2.29) 


E = 



2m 


the wavelength for the corresponding (“matter") wave is 

(2.30) A = - or p = hk 

P 


44 



THE DE BROGLIE HYPOTHESIS AND THE DAVISSON-GERMER EXPERIMENT 45 


which we see from (2.25) and (2.26) is equally relevant to photons. Equation (2.30) is, 
in essence, the de Broglie hypothesis. It ascribes a wave property to particles. While 
the Planck hypothesis, which assigned a particle quality to electromagnetic waves, 
had strong experimental motivation, the de Broglie hypothesis, when first introduced 
in 1925, had little. Such motivation lay to a large degree in the mystery that sur¬ 
rounded the Bohr recipe for the hydrogen atom. What was the physical basis of the 
first rule for stationary orbits (2.6)? For circular orbits of radius r, with electron 
momentum p, this rule gives 

(2.31) 2nrp = nh 

In terms of the de Broglie wavelength A, the last equation reads 

(2.32) 2nr = nX 

The stationary orbits in the Bohr model have an integral number of wavelengths 
precisely fitting the circumference (Fig. 2.11). This is the classical criterion for the 
existence of (standing) waves on a circle. 

Thus, we see that the de Broglie hypothesis returns the stationary orbit radii of 
the Bohr theory. This result lends support to the idea that the electron has something 
“wavy” associated with it, this property being characterized by the de Broglie wave¬ 
length (2.30). It was not until two years later (1927) that M. Born suggested what is 
believed today to be the correct interpretation of this wave property (see Section 2.8). 

If electrons (in some respect) propagate as waves, they should exhibit inter¬ 
ference. This is the essence of the Davisson-Germer experiment (1927). Reflect a beam 
of electrons with well-defined momentum (therefore, wavelength) off a crystal 



FIGURE 2.11 De Broglie wavelength X and the 
n = 4 Bohr orbit of the hydrogen atom. 
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FIGURE 2.12 Reflection of plane waves from a lattice. 
Conditions stated are for constructive interference, with n 
an integer. 


surface whose ion sites are separated by a distance a (the lattice constant) which is of 
the order of the de Broglie wavelength of the electrons. In the actual experiment, 
low-energy (~200-eV) electrons were reflected from the face of a nickel crystal 
(a = 3.52 x 10” 8 cm). An interference pattern was observed which could most 
consistently be interpreted as the diffraction of plane waves (with de Broglie wave¬ 
length) by the regularly spaced atoms of the crystal (Fig. 2.12). 

To bring out the full physical interpretation of these results we will consider a 
simpler experiment in which the same principles are involved. We revert to the two- 
slit configuration depicted in Fig. 2.10. The source S is able to eject single electrons 
with well-defined momenta 1 p = hk. This is a vector normal to the diffracting wall. 
The distance between S and the diffracting wall is large compared to the distance 
between slits. The screen is composed of scintillation material. When an electron hits 
it, there is a localized flash at the point of impact. 

In any single run of this experiment, one sees a single localized flash on the screen. 
There is no interference pattern. If we record the number and location (idealized to one 
dimension, y) of these flashes, the results of 5 runs are shown in Fig. 2.13a; 10 runs in 
Fig. 2.13b; 50 runs in Fig. 2.13c; 10,000 runs in Fig. 2.13d. The solid curve is the theo¬ 
retically calculated diffraction pattern obtained with the de Broglie wavelength. 

The electrons begin to distribute themselves in an interference pattern. It follows 
that if we change the source to eject a current pulse containing many electrons, the 
scintillation plate will show an interference pattern. 

Similarly, for a source of light we can use a detection plate made of many 
photomultipliers. If the source emits a single photon, a single pulse from one of the 
photomultiplier tubes is registered. There is no diffraction pattern. A single particle 
under any circumstance always gives a single localized “flash.” Wherein lies the 
wave quality of particles? Clearly, it is centered in a statistical interpretation of data. 


1 The consistency of this arrangement with the uncertainty principle is discussed in the next section. 




(a) 



(b) 



(0 



(d) 


FIGURE 2.13 Number and location of flashes in electron double-slit experiment depicted in Figure 2.10. 
Each point is an average of flashes over a unit interval. The solid curve is the theoretical interference pattern 
corresponding to the de Broglie wavelength. 
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Such description was first presented by Born in 1927. Before turning to this analysis, 
we will give a brief account of a discovery of Heisenberg, which was to throw the 
well-established philosophical dogma of the seventeenth to nineteenth centuries into 
disarray. 


PROBLEMS 

2.22 A photon of energy hv collides with a stationary electron of rest mass m. Show that it is not 
physically possible for the photon to impart all its energy to the electron. 


Answer 

We must do this problem relativistically. Let us assume that the photon does give up all its energy 
to the electron. Conservation of energy and momentum then give 

hv + me 2 — myc 2 


— = my pc 
c 


where 


P = -, y = (1 — p z ) l!2 , m = rest mass 
c 


The speed of the electron after collision is v. Eliminating hv from the conservation equations gives 

yfi = y - l 

whose only (real) solution is p = 0 (y = 1). This is a contradiction. 

2.23 Show that the de Broglie wavelength of an electron of kinetic energy E(eV) is 

12.3 x 10“ 8 

A =-£172- cm 


and that of a proton is 


0.29 x 10“ 8 

eF 2 


cm 


2.24 At what speed is the de Broglie wavelength of an a particle equal to that of a 10 keV photon? 

2.25 Show that in order to associate a de Broglie wave with the propagation of photons (electro¬ 
magnetic radiation), photons must travel with the speed of light c and their rest mass must be 
zero. (Do relativistically.) 


Answer 

For a de Broglie wave associated with a particle of rest mass m, 


p myv 
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For a photon with rest mass m, 


c he he 

v hv myc 2 


Equating these relations gives 


v = c 

which gives a noninfinite mass, ym, only for m = 0. 

2.26 The relativistic kinetic energy T of a particle of rest mass m and momentum p - ymv is 


T = Jp 2 c 2 + m 2 c 4 — me 2 


(a) Show that 

T = me 2 (y — 1) 

(b) Show that in the limit ft < 

T = \mv 2 + 0(P 4 ) 

(c) Show that the relativistic expression for T above gives the correct energy-momentum 
relation for a photon if m = 0. 

(d) What is the total relativistic energy, E (i.e., including rest-mass energy) of a particle of 
mass m? 

(e) What is the total relativistic energy of a particle moving in a potential field K(x)? 
What is the corresponding Hamiltonian, H(p , x)? 

Answers (partial) 

(d) E = ymc 2 = Jp 2 c 2 + m 2 c A . 

(e) E = ymc 2 + K(x); H = yj p 2 c 2 + m 2 c 4 + V(x). 

2.27 Assuming the sun to be a black body with a surface temperature of 6000 K, (a) calculate the 
rate at which energy is radiated from it. (b) Determine the loss in solar mass per day due to this 
radiation. 

2.28 In 1922, A. H. Compton applied the photon concept of electromagnetic radiation to 
explain the scattering of x rays from electrons. In the analysis it is assumed that a photon of 
energy hv and momentum hv/c = h/X is incident on a stationary but otherwise free electron of 
rest mass m. The photon scatters from the electron. Its new momentum, h/X\ makes an angle 6 
with the incident (old) momentum. The momentum of the recoiling electron makes an angle (f> 
with the incident momentum (Fig. 2.14). If the system of electron and photon is an isolated system, 
its energy and total momentum are constant. Conservation of energy reads 


hv + me 2 = hv' + myc 2 
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Incident photon 
Energy = hv 
Momentum: 

P x = hv/c 

Py=0 


Electron 
at rest 

Energy = me 2 
Momentum = 0 


Scattered photon 
Energy = hv' 
Momentum: 
p' x =(h!\’) cose 
Py = (/t/A')sin0 


_iri_ 


) Recoil electron 
1 Energy = ymc 2 
Momentum: 
p' x ~ myfic cos 0 

p' - my$c sin 0 


FIGURE 2.14 Angles 6 and tj> in the Compton scattering of photons from electrons. (See Problem 2.28. 


Conservation of momentum (the whole collision occurs in a plane) gives 

j = myfic cos (j> + j cos 0 


0 = -myPc sin <j> + j sin 6 

Using these three conservation equations, derive the Compton effect equation for the difference 
in wavelengths: 

X - X = X c (\ - cos 0) 


X c = the Compton wavelength = — = 2.43 x 10 10 cm 

me 


2.29 The “classical radius of the electron,” r 0 , is obtained by setting the potential e 2 jr 0 equal 
to the rest-mass energy of the electron, me 2 . 
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Show that successive powers of the fine-structure constant 


are measures of the Bohr radius to the Compton wavelength; and of the Compton wavelength 
to the classical radius of the electron. That is, show that 

a 0 : % c \ r 0 = 1 : a : a 2 


2.7 THE WORK OF HEISENBERG. UNCERTAINTY AS A 

CORNERSTONE OF NATURAL LAW 

It is an essential feature of Newton’s second law that given the initial coordinates 
and velocity of a particle, r(0) and r(0), respectively, and knowing all the forces on the 
particle, the orbit r(f) is uniquely determined. The same holds true for a system of 
particles. This is the essence of determinism. Laplace, in the eighteenth century, took 
the implications of the latter statements to their extreme: the entire universe consists 
of bodies moving through space and obeying Newton’s laws. Once the interaction 
between these bodies is precisely known and the position and velocities of all the bodies 
at any given instant are known, these coordinates and velocities are determined 
(through Newton’s second law) for all time. 

Quantum mechanics was to bring down the walls of this deterministic philos¬ 
ophy. The instrument of destruction was the Heisenberg uncertainty principle. 
What Heisenberg put forth in 1925 implied the following: if the momentum of a particle 
is known precisely, it follows that the position (location) of that same particle is 
completely unknown. Quantitatively, if an identical experiment involving an electron 
is performed many times, and in each run of the experiment the position (x) of the 
electron is measured, then although the experimental setup is identical (same electron 
momentum) in each run, measurement of the position of the electron does not give the 
same result. Let the average of these measurements be <x>. Then we can form the mean- 
square deviation 

(2.33) (Ax) 2 ee <(x - <x» 2 > 

The standard deviation is labeled Ax. If Ax is small compared to some typical length 
in the experiment, one is more certain to find the value x = <x> in any given run. If 
Ax is large, it is not certain what the measurement of x will yield (Fig. 2.15). For this 
reason Ax is also called the uncertainty in x. 
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P(x)dx = probability of finding an 
electron in the interval 
x, x + dx 




FIGURE 2.15 (a) Large uncertainty in x: (Ax) 2 = <x 2 > - <x> 2 . (b) Small uncertainty in x- 

Similarly, one may speak of an uncertainty in any physically observable 
quantity: magnetic field energy £, momentum p, and so forth. 

(2.34) ba x = y/<xa x - <^» 2 >, &», = ■■■ 

AE = V<(£ - <£» 2 > 

Ap x = sf dPx ^ Pxy') x A Py 

Heisenberg’s uncertainty relation for momentum p x and position x (parallel 
components) appears as 

(2.35) AxA p x > h 

If it can be said with certainty what the position of a particle is (Ax = 0), then there 
is total uncertainty regarding the momentum of the particle (A p x = oo). Observable 
parameters obeying a relation such as (2,35) are called complementary variables. 
Examples include: (1) coordinates and momenta (x, p x ); (2) energy and time (£, r); 
and (3) any two Cartesian components of angular momentum (L x> L y ). Later in the 
text a formal technique is presented to determine if two observables are comple¬ 
mentary (as opposed to compatible ). 

When an electron (or photon) exists within a well-defined locality of space 
(momentum is ill defined), it acts very much like a particle. This is the case since 
in a double-slit experiment such a localized disturbance would only go through one 
slit; and we can therefore follow it in time, so it is very much like a true particle. When 
the electron does not exist in a well-defined locality of space, its momentum can be 
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defined more precisely. Under such circumstances the wave character of the electron 
manifests itself. We cannot follow it. A whole wave is propagating. Nevertheless, it 
should be borne in mind that when a scintillation screen is put across its path one gets 
a single flash—although one has little idea of when or where the event will occur. 


PROBLEMS 

2.30 Consider a particle with energy E = p 2 /lm moving in one dimension (x). The uncertainty in 
its location is Ax. Show that if Ax A p > h , then A£ A t > h, where (p/m) At = Ax. 

2.31 The size of an atom is approximately 10“ 8 cm. To locate an electron within the atom, one 
should use electromagnetic radiation of wavelength not longer than, say, 10“ 9 cm. (a) What is the 
energy of a photon with such a wavelength (in eV)? (b) What is the uncertainty in the electron’s 
momentum if we are uncertain about its position by 10“ 9 cm? 


2.8 THE WORK OF BORN. PROBABILITY WAVES 

When discussing the double-slit wave diffraction experiment and the Davisson- 
Germer experiment, we found it appropriate to introduce an amplitude function 
the square of whose modulus, \ij/\ 2 , was set equal to the intensity (2.18) of the wave. 

Born suggested in 1927 that, when referred to the propagation of particles, 
\ij/\ 2 is more appropriately termed a probability density. The function ij/ is called the 
wavefunction (also the state function or state vector) of the particle. Quantitatively, 
the Born postulate states the following (in Cartesian space). The wavefunction for a 
particle ij/(x, y, z , t) is such that 

(2.36) | ip\ 2 dx dy dz = P dxdydz 

where P dx dy dz is the probability that measurement of the particle’s position at the 
time t finds it in the volume element dx dy dz about the point x, y, z. 

This statement is quite consistent with the discussions above relating to the 
interference of photons or electrons. In all cases an interference pattern exhibits 
itself when an abundance of particles is present. The wavefunction \p generates the 
interference pattern. Where |i^| 2 is large, the probability that a particle is found 
there is large. When enough particles are present, they distribute themselves in the 
probability pattern outlined by the density function \\j/\ 2 . 

The rules of quantum mechanics (Chapter 3) give a technique for calculating 
the wavefunction {// to within an arbitrary multiplicative constant. The equation one 
solves to find is called the Schrodinger equation. This is a homogeneous linear 
equation. Suppose that we solve it and obtain a function ij/. Then A\f/ is also a solution, 
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where A is any constant. The Born postulate specifies 1 A. For problems where it can 
be said with certainty that the particle is somewhere in a given volume V, 

(2.37) | | ip | 2 dx dy dz = 1 

Jv 


This is a standard property that probability densities satisfy under most conditions. 
It is the mathematical expression of the certainty that the particle is in the volume V. 

As an example, consider the following one-dimensional problem. A particle 
that is known to be somewhere on the x axis has the wavefunction 

(2.38) = Ae ia, e- Xil2a2 

The frequency oj and length a are known constants. The (real) constant A is to be 
determined. Since it is certain that the particle is somewhere in the interval - co < 
x < + oo, it follows that 

/»oo oo 

(2.39) 1= dx = A 2 \ g-Kofg+'w'g-* 2 /" 2 dx 

* — 00 * — oo 


= A 2 a 


e ^ drj = A 1 a y Jn 


- oo 


The nondimensional variable rj = x/a. This calculation gives 

1 


(2.40) 


A = 


a ll2 n 1/4 


The normalized wavefunction is therefore 
(2.41) ^ = 

For the stated problem, \ i{/\ 2 as obtained from (2.41) is the correct probability density. 


PROBLEMS 

2.32 The wavefunction for a particle in one dimension is given by 

\<P l \ = A l e-> 21 * 

Another state that the particle may be in is 

|iA 2 I = A 2 ye- y2ls 

A third state the particle may be in is 

ItM = A,(e- >2li + ye-^ ls ) 

1 If A is complex it may be determined only to within an arbitrary phase factor, e' a . where a is a real number. 
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Normalize all three states in the interval - co < y < + co (i.e., find A u A 2 , and A 3 ). Is the 
probability of finding the particle in the interval 0 < y < 1 when the particle is in the state \j/ 3 
the same as the sum of the separate probabilities for the states i/q and ip 2 ? Answer the same 
question for the interval - 1 < y < +1. 

2.33 The energy density (ergs/cm 3 ) of electromagnetic radiation is proportional to £■ 2 , where £ 
is the electric field. Present an argument to demonstrate that £ 2 dr is a measure of the probability 
of finding a photon in the volume element dr. Assume a monochromatic radiation field. 

2.34 Suppose that in a sample of 1000 electrons, each has a wavefunction 

ip = e~ cos nx 

Measurements are made (at a specific time, t = 0 to determine the locations of electrons in the 
sample. Approximately how many electrons will be found in the interval —?< x < £? A graphical 
approximation is adequate. 

2.35 A beam of monochromatic electromagnetic radiation incident normally on a totally 
absorbing surface exerts a pressure on the surface of 


where £ is the amplitude of the electric field vector. If P = 3 x 10 6 dyne/cm 2 and the wavelength 
of radiation is A = 8000 A, what is the photon flux (cm” 2 /s) striking the surface? 


2.9 SEMIPHILOSOPHICAL EPILOGUE TO CHAPTER 2 

The wavefunction \jj affords information related to experiments on, say, an electron. 
Consider once again the double-slit experiment of Fig. 2.10. Again, we suppose that the 
source is able to fire single electrons with well-defined momenta. There is a corre¬ 
sponding (propagating) wavefunction i^(r, t) which is diffracted by the slits. When 
measurements are made, the scintillation screen gives a single flash (for a single 
electron). If we calculate \ if/\ 2 at the screen, we find an interference pattern. What is 
the significance of this pattern? Suppose that the electron is a bullet. We can play a 
quantum mechanical Russian roulette. The game is to stand at the screen so that the 
bullet misses you. The first thing to do is solve the Schrodinger equation and 
calculate \ \j/\ 2 at the screen. Stand where it is minimum. But this, of course, does not 
guarantee that the bullet does not find its mark. The laws of nature do not provide a 
more definite knowledge of the electron’s trajectory. 

Now when a pulse of electrons (assume that they are all independent of one 
another) is fired at the slits, the scintillation screen registers an interference pattern. 
Eventually (i.e., when a sufficient number are fired), the electrons begin to follow the 
dictates of \ij/\ 2 and fall into place (Fig. 2.13). It is interesting that all the information 
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in if/ cannot be extracted from an experiment on one electron. To get this information 
one has to do many experiments, each of which involves many more than one electron. 

At this point the reader may well ask: If electrons are particles, why not follow 
their trajectories through the slits (an electron can only go through one slit at a time) 
and onto the screen? One could then add the intensities of particles stemming from 
each individual slit and obtain the (noninterference) pattern depicted in Fig. 2.9. Well, 
we can do exactly that, and the interference pattern does vanish. In the process of 
“watching” the electrons, the interference is destroyed. 

This is seen as follows. Let us see if we can discern which slit the electron goes 
through. The uncertainty in measurement of its y coordinate must obey the inequality 

(2.42) Ay « i 

If the interference pattern is not to be destroyed, the uncertainty in an electron's 
y momentum Ap y , induced by encounter with a photon, must be substantially smaller 
than that which would displace the electron from a maximum in the interference 
pattern to a neighboring minimum. With the aid of Fig. 2.16 this condition is 

(2-43) Ap y < ^ p x = Y d 

In the latter equality we have recalled the de Broglie relation (2.30). 

The first inequality for A y, (2.42), enables one to observe which slit the electron 
goes through. The second inequality for Ap^, (2.43), guarantees the preservation of the 
interference pattern. Combining these two inequalities gives the relation 

(2.44) A yA Py « £ 

which is in contradiction to the Heisenberg uncertainty principle. 

We conclude that if it is possible to observe which slit electrons go through, 
their interference pattern is destroyed. In observing the positions of the electrons, 
their wave quality (e.g., interference-producing mechanism) diminishes. When the 
light (whose photons are illuminating the electrons’ path) is switched off, the inter¬ 
ference pattern reappears. 

In general, we may note the fundamental rule that quantum mechanics does not 
delineate the trajectory of a single particle. One may calculate the probability that an 
electron is in some region of space, but this is again a probability and not a guarantee 
that the electron will be found there. To realize this probability, one must in principle 
observe many experiments on the same system with identical initial conditions obeyed 
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FIGURE 2.16 First maximum at 0 = 0; second maximum at sin 9 ^ 9 — Xjd . The angle between the first 
minimum and the second maximum = 812 — \j2d. 


in each experiment. Average results then fall to the dictates of quantum mechanics. In 
this regard Einstein 1 has remarked that quantum mechanics is incapable of describing 
the behavior of a single system (such as an electron). 

Hidden Variables 

There is another, somewhat philosophical school of thought (due primarily to Bohm 
and de Broglie 2 ) which holds that the impossibility of quantum mechanics to predict 
with certainty the outcome of a given measurement on an individual system stems 
from one’s inability to know the exact values of certain hidden variables relating to the 
system. In this description, the wavefunction is viewed as a mathematical object which 
contains all the information one possesses regarding an incompletely known system. 
Quantum formulas should emerge as averages over the hidden parameters in much 


1 P. A Schhpp. ed., Albert Einstein Philosopher-Scientist , Harper &. Row. New "Vork, 1959. 

: D Bohm Phvs Ret, 85 166. 180 (1952): L. de Broqlte , Physic ten et Pensew. Albin Michel. Paris. 1953. For further 
discussion and reference, see J. S. Bell. Re,. Mod. Phvs. 38. 447 (1966). F. J. Belinfante. A Surrey of Hidden-Variable 
Theories. Pergamon Press. New York. 1973 
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the same way as the laws of classical physics do in fact follow in averaging over the 
quantum equations. 1 

Bethe 2 has argued that the existence of such hidden variables for an electron 
would imply electronic degrees of freedom which are not specified in atomic physics. 
However, the success of the present theory in formulation of the periodic table 
indicates that this is not the case (i.e., no further degrees of freedom exist). 3 

In Chapter 3 we discuss the postulates of quantum mechanics. These are clear- 
cut formal statements whose mastery enables the student to treat many problems in 
the quantum mechanical domain. In addition, a deeper understanding is gained of 
some of the questions raised in this semiphilosophical epilogue. 

PROBLEMS 

2.36 In deriving the Planck radiation formula (2.3), one first sets 

w(v) - hvn(v) 

where n(v) dv is the density of photons in the frequency interval v, v + dv. An expression for h(v) 
is obtained through the relation 


h(v) = g{v)f BE (v) 

where g(v) dv is the density of modes (i.e., vibrational states) in the said frequency interval and/ B£ , 
the Bose-Einstein factor, gives the average number of photons per mode at the frequency v. Use 
Planck’s hypothesis to obtain the expression 

^e( V ) = e hv/k B T _ ! 

[The calculation of g(v) is considered in Problem 2.37.] 

Answer 

We seek the average number of photons per mode at the frequency v. At this frequency the modes 
of excitation of the radiation field have energies hv , 2hv. 3/iv,.... Let us assume that the probability 
that the Nth energy mode is excited is given by the Boltzmann distribution 

p(N) = e- Nx l £ e~ Nx 

I N = 0 


X = 


hv 


k B T 


1 This relation between quantum and classical mechanics is called Ehrenfest'sprinciple and is discussed fulK in Chapter 6. 

2 H. A. Bethe and R. W. Jackiw, Intermediate Quantum Mechanics . 2nd ed., W. A. Benjamin. New York. 1968 

3 Experimental evidence obtained bv S. Freedman and J. Clauser, Phys. Rev. Lett. 28. 938 (1972). also appears to point 
against a hidden-variable theory. 
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There are N photons of frequency v in the Nth mode. Averaging over N gives 


fBE = <N> = 1 NP(N) 

N 


= ^Ne~ Nx 

N 


N 


d 

dx 




-Nx 


d 

di 


In 


5 , 1 

— In- 

dx \-e~ x 


d 

dx 


In (1 - e~ x ) 


1 

“V - 1 

2.37 In Problem 2.36 we noted that the number of photons per unit volume in the frequency 
interval v, v 4- dv , is given by 


«(V) = »(v)/«(^) 

(a) Calculate the density of states g(v\ assuming that the blackbody radiation field 
consists of standing waves in a cubical box with perfectly reflecting walls. 

(b) Obtain the Rayleigh-Jeans law for the radiant energy density assuming the 

classical equipartition hypothesis for the electromagnetic field: that is, each mode of vibration 
contains k B T ergs of energy. 

(c) Make a sketch of and compare it to the Planck formula for u(v). In what fre¬ 

quency domain do the two theories agree? 

(d) What property of the vibrational energy levels of the radiation field (at a given 
frequency) allows the classical description (i.e., u RJ ) to be valid? 

Answers (partial) 

(a) The spatial components of a standing electric field in a cubical box of volume V = L\ 
with perfectly reflecting walls, are 

S x — A cos k x x sin k y y sin k z z 
i y = B sin k x x cos k y y sin k 2 z 
S 2 = C sin k x x sin k y y cos k 2 z 

These fields have the required property that the tangential component of S vanishes at all six walls 
provided that 


k x L = n x n, k y L = n y n , 


k z L — n 2 n 
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where n x , n y , and n z assume positive integer values. There is a mode of vibration for each triplet 
of values ( n x , n y , n z ). We seek the number of such modes in the frequency interval v, v + dv. First 
note that for each mode the square sum 


m = n x 2 + n y 2 + n z 2 = — ( k x + k 2 + k z 2 ) 




is proportional to the square of v, the frequency of vibration ( 2nv = ck ). Next consider Cartesian 
n space with axes n x , n y , and n z . Each point in this space corresponds to a mode of vibration. It is 
clear that all points which fall on a spherical surface of radius (2LvJc) correspond to modes at the 
frequency v. It follows that the number of modes in the frequency interval v, v + dv , is given by the 
volume in n space of a spherical shell of thickness dn and radius n (Fig. 2.17): 

Vg(v) dv = 2 x | x 4nn 2 dn — nn 2 dn 

The factor 2 enters because of the two possible polarizations of an electric field in a given mode. 
The factor | is due to the fact we wish only to consider positive frequencies so that only that 



FIGURE 2.17 Cartesian n space for the enumeration of standing electromagnetic wave states in a box 
of edge length L. All points that fall in the shell of thickness dn and radius (ILvJc) correspond to modes with 
frequencies in the interval v, v + dv. (See Problem 2.37.) 
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portion of the shell in the first octant is counted. This gives the desired result: 


0 (v) = 



2 


(b) If there is k B T energy per mode, the spectral energy density is 


U RJ 


87TV 2 


k B T 


2.38 For a gas of N noninteracting particles (an ideal gas) in thermodynamic equilibrium at 
temperature T and confined to volume V, the pressure P is given by 

pv = N( Px v x y 

The momentum of a particle is p and v is its velocity. The average is taken over all particles in the 
gas. Show that for a gas of photons, this relation gives 

PV = jE 


while for a gas of mass points it gives 


PV — |£ 

The total energy of the gas is E. (Note: The principle of equipartition of energy ascribes equal 
portions of energy, on the average, to each degree of freedom of a particle. Thus, if the average 
energy of a mass particle is e, then < jmv x 2 > = e/3.) 

2.39 Theenergy density U = £/Kofa blackbody radiation field is a function only of temperature, 
U - U(T). Using this fact together with the result of the last problem, E - 3PK, show that 
Stefan’s law, U = (4a/c)T 4 , follows from purely thermodynamic arguments, thereby establishing 
the law as a classical result. 


Answer 

The first two laws of thermodynamics give 

T dS = dE + PdV 


The second law defines the entropy S, while the first law gives the conservation of energy statement 
in the form: heat added = increase in internal energy + work done. Using the given relations 
permits this equation to be rewritten 


V 4 U 

dS = -dV + -~dV 
t 3 r 


We recognize this equation to be in the form 


dS 


dS 

dU 


dU + 


as 

dV 


dV 


V 


V 
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It follows that 

dV/T _4 dU(T)/T 

V ( T ) 3 dU y 

which integrates to the desired result. 

2.40 An adiabatic process is one in which a system exchanges no heat with its environment. 

(a) What form does the first law of thermodynamics assume for an adiabatic process? 

(b) Using the form obtained in part (a), show that for an adiabatic expansion of a black- 
body radiation field, 

FT 3 = constant 

(c) Consider that the primeval fireball described in Problem 2.10 contains mass M = pV 
and radiation energy £ = t/K, where V is volume. Show that in an expanding universe, the radia¬ 
tion density U decreases faster than the mass density p. Thus, although it is believed that radiation 
density of the primeval fireball far exceeded its mass density, the fact that in our present universe 
mass density dominates over radiation density is seen to be consistent with an adiabatically 
expanding universe in which Stefan's law holds. 

Answers ( partial ) 

(a) Since dS — 0 for an adiabatic process, the first law becomes 

dE + PdV = 0 

(b) Hint: To find P = P(T\ use E = 3 PV in conjunction with Stefan's law. 

(c) Hint: Compare p(V) at constant M with U(V) adb . 

2.41 Two plates of an ideal parallel-plate capacitor are made of platinum and silver, respectively. 
When the plates are brought to the displacement 10“ 3 cm, electrons “tunnel” through 1 the 
potential barrier, thereby creating a contact potential. What is the electric field (V/cm) between 
the plates? Which metal is left positive? 

2.42 As described in Section 2.3, in a sample of metal at absolute zero, electrons completely fill 
the lowest levels such that no more than one electron occupies each state. All levels are filled 
from zero energy to E F , the Fermi energy (see Fig. 2.5). Let g(E) dE represent the number of 
energy states that are available for occupation in the interval £, E 4- dE , per unit volume. Since 
each state from 0 to E F is occupied, the number of free electrons, «, per unit volume is given by the 
number of available states per unit volume in this interval. That is, 

C Ef 

g(E) dE 

For free electrons, the density of states g(E) (introduced in Problem 2.37 for electromagnetic waves) 
is given by 

8^/271 m m E in 


The mechanism of quantum mechanical tunneling is described in Section 7.7. 
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(a) Using the expressions above, obtain an explicit formula for E F for a metal with n free 
electrons per unit volume. 

(b) Given that £ f (Cu) = 7.0 eV and E F ( Na) = 3.1 eV, use your formula to obtain the 
density (cm -3 ) of Cu and Na nuclei, respectively, in samples at absolute zero. (The periodic chart 
is given in Table 12.2.) 

Answer ( partial) 

(a) E t = (h 2 /2m)(3n/8n) w . 



CHAPTER 3 

THE POSTULATES OF 
QUANTUM MECHANICS. OPERATORS, 
EIGENFUNCTIONS, AND EIGENVALUES 


3.1 Observables and Operators 

3.2 Measurement in Quantum Mechanics 

3.3 The State Function and Expectation Values 

3.4 Time Development of the State Function 

3.5 Solution to the Initial-Value Problem in Quantum Mechanics 


In this chapter we consider four basic postulates of quantum mechanics , which when 
taken with the Born postulate described in Section 2.8 , serve to formalize the rules of 
quantum mechanics. Mathematical concepts material to these postulates are developed 
along with the physics. The postulates are applied over and over again throughout the 
text. We choose the simplest problems first to exhibit their significance and method of 
application—that is , problems in one dimension. 

3.1 OBSERVABLES AND OPERATORS 
Postulate I 

This postulate states the following: To any self-consistently and well-defined observ¬ 
able in physics (call it A\ such as linear momentum, energy, mass, angular momen¬ 
tum, or number of particles, there corresponds an operator (call it A) such that 
measurement of A yields values (call these measured values a) which are eigenvalues 
of A. That is, the values, a , are those values for which the equation 


an eigenvalue equation 


(3.1) 


A (p = acp 
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TABLE 3.1 Examples of operators 


D = d/dx 

A = —d 2 /dx 2 ~ — D 2 
M = d 2 /dx dy 

1 = operation that leaves q> unchanged 

F — multiplication by F(x) 

& = division by the number 3 
0 = operator that annihilates cp 

P = operator that changes <p to a specific polynomial of <p 
G = operator that changes cp to the number 8 


Dcp(x) — dcp{x)/dx 
Acp(x) = -d 2 cp(x)/dx 2 
Mcp(x , y ) — d 2 (p{x y y)Jdx dy 
Icp - q> 

Q(p(x) = Ji dx'(p(x) 

F<p{x) = F(x)cp(x) 

Bjp(x) = i<jo(x) 

Q(p = 0 

P(p = (p 2, — 3 cp 2 ~ 4 
G(p = 8 


has a solution <p. The function cp is called the eigenfunction of ^corresponding to the 
eigenvalue a. 

Examples of mathematical operators, which are not necessarily connected to 
physics, are offered in Table 3.1. (Labels such as D, G, and M are of no special signifi¬ 
cance.) An operator operates on a function and makes it something else (except for the 
identity operator 7). 

Let us now turn to operators that correspond to physical observables. Two very 
important such observables are the momentum and the energy. 

The Momentum Operator p 

The operator that corresponds to the observable linear momentum is 

(3.2) p = -ihV 

What are the eigenfunctions and eigenvalues of the momentum operator? Consider 
that the particle (whose momentum is in question) is constrained to move in one 
dimension (x). Then the momentum has only one nonvanishing component, p x . The 
corresponding operator is 

(3.3) p x =- ih f 

dx 

The eigenvalue equation for this operator is 

(3.4) —ih — (p = p x (p 

OX 

The values p x represent the only possible values that measurement of the x component 
of momentum will yield. The eigenfunction <p(x) corresponding to a specific value of 
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momentum (pj is such that |<p| 2 dx is the probability of finding the particle (with 
momentum p x ) in the interval x, x + dx. Suppose we stipulate that the particle is a 
free particle. It is unconfined (along the x axis). For this case there is no boundary 
condition on (p and the solution to (3.4) is 

(3.5) cp = A exp = Ae ikx 

where we have labeled the wavenumber k and have deleted the subscript x. 

(3.6) k = £ 

n 

The eigenfunction given by (3.5) is a periodic function (in x). To find its wavelength A, 
we set 

(3 7) e ikx _ e ik(x+x) 

1 - e lkA = cos kX + i sin kX 


which is satisfied if 

(3.8) cos k * = 1 

sin kX = 0 

The first nonvanishing solution to these equations is 

(3.9) kX = 2n 
which (with 3.6) is equivalent to the de Broglie relation 

(3.10) p = h - 

We conclude that the eigenfunction of the momentum operator corresponding to the 
eigenvalue p has a wavelength that is the de Broglie wavelength h/p. 

In quantum mechanics it is convenient to speak in terms of wavenumber k 
instead of momentum p. In this notation one says that the eigenfunctions and eigen¬ 
values of the momentum operator are 

(3.11) cp k = Ae ikx , p = hk 

The subscript k on (p k denotes that there is a continuum of eigenfunctions and eigen¬ 
values, hk, which yield nontrivial solutions to the eigenvalue equation, (3.4). 



The Energy Operator H 

The operator corresponding to the energy is the Hamiltonian /?, with momentum p 
replaced by its operator counterpart, p. For a single particle of mass m, in a potential 
field T(r), 

(3.12) H = + V(r) = - — V 2 + V(r) 

v 7 2m 2m 

The eigenvalue equation for H, 

(3.13) H<p( r) = E<p( r) 

is called the time-independent SchrOdinger equation. It yields the possible energies E 
which the particle may have. Again consider the free particle. The energy of a free 
particle is purely kinetic, so 


(3.14) 


H = — = - — V 2 
2m 2m 


Constraining the particle to move in one dimension, the time-independent Schrodin- 
ger equation becomes 

h 2 d 2 


(3.15) 

In terms of the wave vector 

(3.16) 

(3.15) appears as 

(3.17) 


2m dx‘ 


k 2 = 


2mE 


<Pxx + = 0 


The subscript x denotes differentiation. For a free particle there are no boundary 
conditions and we obtain 1 

(3.18) (p = Ae ikx + Be~ ikx 

This is the eigenfunction of H which corresponds to the energy eigenvalue 

h 2 k 2 


(3.19) 


E = 


2m 


We have found above (3.11) that the momentum of a free particle is hk. This is clearly 
the same hk that appears in (3.19), since for a free particle 

- 2 h 2 k 2 


(3.20) 


E 2m 


2m 


1 The solution to (3.17) with boundary conditions imposed is discussed in Section 4.1. 
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Note also that the eigenfunction of H (3.18), with B = 0, is also an eigenfunction of p 
(3.11). That H and p for a free particle have common eigenfunctions is a special case of 
a more general theorem to be discussed later. 1 The following simple argument 
demonstrates this fact. Let 

(3.21) p<p = hk<p 

Let us see if <p is also an eigenfunction of H (for a free particle). 


(3.22) 


r> P ^ P( hk( P) hk A 


iMr 

2m 


<P 


It follows that <p is also an eigenfunction of H. 

Both the energy and momentum eigenvalues for the free particle comprise a 
continuum of values: 


(3.23) 

That is, these are valid eigenvalues for any wavenumber k. The eigenfunction (of both 
H and p) corresponding to these eigenvalues is 

(3.24) <p k = Ae ikx 

If the free particle is in this state, measurement of its momentum will definitely 
yield hk , and measurement of its energy will definitely yield ( h 2 k 2 /2m ). 

Suppose that we measure its position x; what do we find? Well, where is the 
particle most likely to be? Again we call on the Born postulate. If the particle is in the 
state <p k , the probability density relating to the probability of finding the particle in the 
interval x, x + dx, is 

(3.25) \<p k \ 2 = \A\ 2 = constant 

The probability density is the same constant value for all x. That means we would be 
equally likely to find the particle at any point from x=— co to x = + co. This is a 
statement of maximum uncertainty which is in agreement with the Heisenberg 
uncertainty principle. In the state cp k , it is known with absolute certainty that 
measurement of momentum yields hk. Therefore, for the state <p k , A p = 0, whence 
Ax = oo. 

We mentioned in Section 2.7 that E and t are complementary variables; that is, 
they obey the relation A E At > h. Specifically, this means that if the energy is 
uncertain by amount A£, the time it takes to measure E is uncertain by At > h/AE. 
Now for the problem at hand, in the state q > k , it is certain that measurement of E yields 
h 2 k 2 /2m. 



1 The commutator theorem, Chapter 5 
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Therefore, A E = 0. To measure E we have to let the particle interact with some sort of 
energy-measuring apparatus, say a plate with a spring attached to measure the 
momentum imparted to the plate when the particle hits it head on. Well, if the plate 
with attached spring is placed in the path of the particle, how long must we wait 
before we detect something? We can wait 10“ 8 s—or we can wait lO 10 yr. The uncer¬ 
tainty At is infinite in the present case, since there is an infinite uncertainty in Ax. 


PROBLEMS 

3.1 For each of the operators listed in Table 3.1 (D. A. Af, etc.), construct the square, that is, 

D\ A 2 . 

Answer ( partial ) 


I 2 ip — I(p = ip 


Q 2 ip = Q \ dx'(p(x') ~ f dx f dx'(p(x r ) 
Jo J 0 ‘■'0 


F 2 (p = F 2 (p 
B 2 (p - ^(p 

P 2 <p = P(P<p) = ( cp 3 - 3 (p 2 - 4) 3 - 3(<p 3 - 3<p 2 

3.2 The inverse of an operator A is written A ~'. It is such that 

A ~ 1 A ip ~ lip = (p 


- 4) 2 - 4 


Construct the inverses of D, /, F, B, 0, G, provided that such inverses exist. 

3.3 An operator 6 is linear if 

0(aip j + bip 2 ) = aOip j + bOip 2 

where a and b are arbitrary constants. Which of the operators in Table 3.1 are linear and which are 
nonlinear? 

3.4 The displacement operator Q is defined by the equation 

9f(x) = f(x + 0 


Show that the eigenfunctions of Q are of the form 


(fie = e fx g(x) 


where 

g(x + 0 = g(x) 

and f is any complex number. What is the eigenvalue corresponding to ipfl 

3.5 An electron moves in the x direction with de Broglie wavelength 10“ 8 cm. 

(a) What is the energy of the electron (in eV)? 

(b) What is the time-independent wavefunction of the electron 0 



3.2 MEASUREMENT IN QUANTUM MECHANICS 


Postulate II 

The second postulate 1 of quantum mechanics is: measurement of the observable A 
that yields the value a leaves the system in the state <p a , where (p a is the eigenfunction 
of A that corresponds to the eigenvalue a. 

As an example, suppose that a free particle is moving in one dimension. We do 
not know which state the particle is in. At a given instant we measure the particle's 
momentum and find the value p = hk (with k a specific value, say 1.3 x 10 10 cm - A ). 
This measurement 2 leaves the particle in the state q> k , so immediate subsequent 
measurement of p is certain to yield hk , 

Suppose that one measures the position of a free particle and the position 
x = x f is measured. The first two postulates tell us the following. (1) There is an 
operator corresponding to the measurement of position, call it x. (2) Measurement 
of x that yields the value x' leaves the particle in the eigenfunction of x corresponding 
to the eigenvalue x'. 

The operator equation appears as 

(3.26) x<5(x — x') = x'<5(x — x') 


Dirac Delta Function 

The eigenfunction of x has been written 3 S(x - x') and is called the Dirac delta 
function. It is defined in terms of the following two properties. The first are the 
integral properties 


(3.27) 


/: 




x') dx' = f(x) 


f* OO 

<5(x — x') dx = 1 

d — CO 


1 1 his postulate has been the source of some discussion among physicists. For further reference, see B S DeWitt. Phvs 
Today 23, 30 (September 1970). 

Measurement is taken in the idealized sense. More formal discussions on the theory of measurement may be found in 
K. Gottfried, Quantum Met ham c s. W. A Benjamin. New York, 1966; J. Jauch, Foundations of Quantum Mechanics , 
Addison-Wesley, Reading. Mass., 1968. and E. C. Kemble, The Fundamental Principles of Quantum Mechanics with 
FJementary Applications , Doser. New York, 1958. 

More accurately one says that <5(* - *') is an eigenfunction of Je in the coordinate representation. This topic is returned 
to in Section 7.4 and in Appendix A. 
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or equivalently, in terms of the single variable y 


(3.28) 


f(y)S(y) dy = /(0) 

- oo 


<5(y) dy = 1 


The second defining property is the value 

(3.29) <5(y) = 0 (for y / 0) 

A sketch of <5(y) is given in Fig. 3.1. Properties of <5(y) are usually proved with the aid 
of the defining integral (3.27). For instance, consider the relation 

(3.30) y<5'(y) = -<5(y) 

To establish this relation we employ a test function f(y) and perform the following 
integration by parts. 


(3.31) 



f(y)y#(y) d y 


° d f°° d 

-(f y S)dy- 5 — (yf) dy 
n dy v co dy 

j* <5(y)^y J- +/jdy = - j <5(y)/(y) dy 


which establishes (3.30). 

The student should not lose sight of the fact that x, when operating on a function 
/(x), merely represents multiplication by x. For example, x/(x) = x/(x). It is only 
with regard to its own eigenvalue problem that x assumes a somewhat more abstract 
quality. These topics will be returned to in Chapter 11 and discussed further in 
Appendix A. 



FIGURE 3.1 Dirac delta function S(y). 
The curve is distorted to bring out essential 
features. A more accurate picture is ob¬ 
tained in the limit e -► 0. 



PROBLEMS 


3.6 Establish the following properties of < 5 ( 3 /). 

(a) c5(y) = 

(b) S'(y)=S'(-y) 

(c) yS(y) = 0 

(d) * aj ,) = fl - l $(y) 

(e) 5(y 2 - a 2 ) = (2a)“ ‘[5(j - a) + 5(y + a)] 

(f) f d(a-y)S(y-b)dy = S(a-b ) 

J -QO 

(g) f(y) %.y - a) = f(a) 5(y - a) 

(h) yd'(y)=-5(y) 

(0 f g(y) <5[/(j/) - a] dy = 

J df/dy y=yo 

f(yo) = a 

3.7 Show that the following are valid representations of <5(y): 

f oo 

e 1 ** dk 


(b) nS(y) = lim- 

rj—* co y 

Note: In mathematics, an object such as <5(y); which is defined in terms of its integral properties, is 
called a distribution. Consider all *(y) defined on the interval (- 00 , 00 ) for which 

lxty)l 2 dy < °o 

- CO 


Then two distributions, 5 X and <5 2 , are equivalent if for all x(y), 

/*00 /*CO 

X <5, dy = X s 2 dy 

* - co * - 00 

When one establishes that a mathematical form such as exp (iky) dy is a representation of 
<5(y), one is in effect demonstrating that these two objects are equivalent as distributions. 

3.8 Show that the continuous set of eigenfunctions {3(x — x')} obeys the “orthonormality” 
condition 


<5(x — x') d(x — x") dx = S(x' — x") 

* - 00 

3.9 (a) Show that <5C/x) = 0. 

(b) Evaluate 3(y/x 2 — a 2 ). 
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3.3 THE STATE FUNCTION AND EXPECTATION VALUES 


Postulate III 

The third postulate of quantum mechanics establishes the existence of the state 
function and its relevance to the properties of a system: The state of a system at any 
instant of time may be represented by a state or wave function \j/ which is continuous 
and differentiable. All information regarding the state of the system is contained in 
the wavefunction. Specifically, if a system is in the state r), the average of any 
physical observable C relevant to that system at time t is 

(3.32) <c> = jVci/Mir 

(The differential of volume is written dr.) The average, <C>, is called the expectation 
value of C. 

The physical meaning of the average of an observable C involves the following 
type of (conceptual) measurements. The observable C is measured in a specific 
experiment, X. One prepares a very large number (N) of identical replicas of X. The 
initial states \p(r, 0) in each such replica are all identical. At the time t, one measures C 
in all these replica experiments and obtains the set of values C u C 2 , ..., C N . The 
average of C is then given by the rule 

(3.33) <C> = 1 £c, (N > 1) 

The postulate stated above claims that this experimentally calculated average (3.33) 
is the same as that given by the integral in (3.32). Another way of defining <C> is in 
terms of the probability PfC,). This function gives the probability that measurement of 
C finds the value C t . For <C>, we then have 

(3.34) <C> = X QP(C,) 

all C 

This is a consistent formula if all the values C may assume comprise a discrete set (e.g., 
the number of marbles in a box). In the event that the values that C may assume 

comprise a continuous set (e.g., the values of momentum of a free particle), <C> 

becomes 

(3.35) <C> = | CP(C ) dC 

The integration is over all values of C. Here P(C) is the probability of finding C in the 
interval C, C + dC. 

The quantity <C> is also called the expectation value of C because it is repre¬ 
sentative of the value one expects to obtain in any given measurement of C. This will 
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be especially true if the deviation of values of C from the mean value <C> is not large. 
As discussed in Section 2.7, a measure of this spread of values about the value <C> is 
given by the mean-square deviation AC, defined through 


0-36) (AC) 2 = <(C - <C» 2 > = <C 2 > - <C> 2 


In order to become familiar with the operational use of postulate III, we work 
out the following one-dimensional problem. A particle is known to be in the state 


(3.37) 


t) — A exp 


— (x — X 


4a' 


oil' 


exp 


IP o* 


exp ( ico 0 t) 


The lengths x 0 and a are constants, as are the momentum p 0 and frequency co 0 . The 
(real) constant A is determined through normalization. This then ensures that iis a 
numerically correct probability density. 


(3.38) 



A 2 a 




2 a = 1 


A 2 


1 



The nondimensional “dummy ” variable rj and constant rj 0 are such that 


n = 


x ~ x 0 
a 


(3.39) 


x = a(rj + rj 0 ) 
*o 


*7o = 


a 


Having obtained A, we may now calculate the expectation of x: 


(3.40) 


f* 0O /*oo 

<x> = if/*xip dx = \j/*xt// dx 

*3-00 J - oo 

l ° 2 J e ~" 2/2 ^ + '/o) <*/ = arjo^aA 1 J 


= A 2 - 


,-^h 


dt] 


which, with the normalization condition (3.38), gives 
(3.41) <x> = at] 0 = x 0 
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FIGURE 3.2 Gaussian probability density with variance a 2 . The variance measures the spread of P(x) 
about the mean, <x> = x 0 . In quantum mechanics the square root of variance a is called the uncertainty in x 
and is denoted as Ax, so for the case under discussion, 

a = Ax = - <x> 2 


[Note that integration of the odd integrand r] exp ( — q 2 ) in (3.40) vanishes.] That x 0 
is the proper value for <x> is evident from the sketch of | ij/ 1 2 shown in Fig. 3.2. 

If we call 


(3.42) \\J/\ 2 dx = P(x) dx 

the probability of finding the particle in the interval x, x 4- dx , then 

1*00 

(3.43) <x> = xP(x) dx 

*> ~ 00 


This is consistent with definition (3.35). 
The probability density 


PM = 


a 


exp 
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-(* - *o ) 2 
2 a 2 


is called the Gaussian or normal distribution, and a 2 is called the variance of x. It is a 
measure of the spread of P(x) about the mean value 

<*> = *0 

As shown in Problem 3.10, the variance of x is the same as the mean-square deviation, 
(Ax) 2 . 

(Ax) 2 = <x 2 > - <x> 2 = a 2 + x 0 2 - Xq 2 = a 2 
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If it is known that a particle is in the state \j/(x) at a given instant of time, and that in 
this state, <x> = x 0 , one may then ask: With what certainty will measurement of x 
find the value x 0 ? A measure of the relative uncertainty is given by the square root of 
the variance, Ax. If this value is large (compared to <x», one may say with little 
certainty that measurement will find the particle at x 0 . If, on the other hand, Ax is 
small, one is more certain that measurement will find the particle at x = x 0 . In 
quantum mechanics Ax is called the uncertainty in x, introduced previously in Section 
2.7. 

Next, we calculate the expectation of the momentum for a particle in the state i p, 
(3.37). 


(3.44) 


<P> = 


\p*p\p dx ~ j* i p*^ — ih dx 


= A 2 a j* (p Q + A t\ e n 2 n ^ = p Ja 2 ci 


,-rj 2 /2 


dr\ 


= P o 

It follows that the parameter p 0 which appears in the state function \p is the average 
value of p . In any given measurement of p, any of a continuum of values can be 
obtained. Only in the event that ip is an eigenfunction of p would measurement of p 
yield one definite value (i.e., the eigenvalue corresponding to the said eigenfunction). 


PROBLEMS 

3.10 For the state ip, given by (3.37), show that 


(Ax) 2 = a 2 


Argue the consistency of this conclusion with the change in shape that 1 1 p \ 2 suffers with a change in 
the parameter a . 

3.11 Calculate the uncertainty Ap for a particle in the state i p given by (3.37). Do you find your 
answer to be consistent with the uncertainty principle? (In this problem one must calculate <p 2 >. 
The operator p 2 = —h 2 d 2 /dx 2 .) 

3.12 Let s be the number of spots shown by a die thrown at random. 

(a) Calculate <s>. 

(b) Calculate As. 

3.13 The number of hairs (N t ) on a certain rare species can only be the number 2' (/ = 0, 1, 2,...). 
The probability of finding such an animal with 2' hairs is e~ l /ll What is the expectation, <N>? 
What is A 



3.4 TIME DEVELOPMENT OF THE STATE FUNCTION 


Postulate IV 

The fourth postulate of quantum mechanics specifies the time development of the 
state function \p(r, t): the state function for a system (e.g., a single particle) develops in 
time according to the equation 

(3.45) ih ^ iA(r, 0 = 0 

ot 

This equation is called the time-dependent Schrodinger equation. 1 The operator H is 
the Hamiltonian operator. For a single particle of mass m, in a potential field K(r), it is 
given by (3.12). If H is assumed to be independent of time, we may write 

(3.46) H = H{ r) 

Under these circumstances, one is ^ble to construct a solution to the time-dependent 
Schrodinger equation through the technique of separation of variables. We assume a 
solution of the form 


(3.47) 

Substitution into (3.45) gives 

(3.48) 


*A(r, t) = <p(r)T(t) 


<P 


The subscript t denotes differentiation with respect to t. Equation (3.48) is such that 
the left-hand side is a function of t only, while the right-hand side is a function of r only. 
Such an equation can be satisfied only if both sides are equal to the same constant, call 
it E (we do not yet know that E is the energy). 

(3.49) Hq>(r) = Eq>( r) 


(3.50) 


d iE 

dt + n 


T(t) = 0 


The first of these equations is the time-independent Schrodinger equation (3.13). 
This identification serves to label £, in (3.49), the energy of the system. That is, £, as it 
appears in this equation, is an eigenvalue of H. But the eigenvalues of H are the 
allowed energies a system may assume, and we again conclude that E is the energy of 
the system. 


1 A formulation of the Schrodinger equation that has its origin in the classical principle of least action has been offered 
b> R. P Feynman. Rei. Mod. Ph\s 60 . 367 (1948). An elementary description of this derivation may be found in 
S. Borovsitz. Quantum .Mechanics* W A Benjamin, New York. 196 7 
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The second equation (3.50) is simply solved to give the oscillating form 

( iEt 

(3.51) T(f) = A exp I — 

Suppose that we solve the time-independent Schrodinger equation and obtain 
the eigenfunctions and eigenvalues 

(3.52) H<p n = E„(p„ 

For each such eigensolution, there is a corresponding eigensolution to the time- 
dependent Schrodinger equation 

(3.53) *A n (r, 0 = d(p„(T) exp 

In equations (3.52) and (3.53) the index n denotes the set of integers n = 1,2,-This 

notation is appropriate to the case where solution to the time-independent 
Schrodinger equation gives a discrete set of eigenfunctions, {<p„}. Such is the case for 
problems that pertain to a finite system, such as a particle confined to a finite domain 
of space. We will encounter this property in Chapter 4 when we solve the problem of a 
bead constrained to move on a straight wire strung between two impenetrable walls. 

In the one-dimensional free-particle case treated in Section 3.2, one obtains a 
continuum of eigenfunctions (p k (x) and, correspondingly, a continuum of eigenvalues. 
E k . To repeat, these values are 

(3.54) Htp k = E k q> k 

h 2 k 2 

(3.55) (p k = A exp ( ikx ), E k = 

For each such time-independent solution, there is a solution to the time-dependent 
Schrodinger equation 

(3.56) iA*(x, 0 = Ae i,kx ~ ut> 
where we have labeled 

(3.57) heo = E k 

The structure of the solution (3.56) is characteristic of a propagating wave. More 
generally, any function of x and t of the form 

(3.58) f(x, t) = f{x - vt ) 

represents a wave propagating in the positive x direction with velocity v. To see this, 
we note the following property of/: 

(3.59) fix + v At, t + At) = fix , r) 
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At any given instant f, one may plot the x dependence of / (Fig. 3.3). If t increases to 
t + A t, this curve is displaced to the right (as a rigid body) by the amount v At. We 
conclude from these arguments that the disturbance / (3.58) propagates with the 
wave speed v. 

Now let us return to the free-particle eigenstate, (3.56), and rewrite it in the form 


(3.60) 


t) = A exp 


ik 


to \ 



Comparison with the waveform (3.58) indicates that (1) \j/ k is a propagating wave 
(moving to the right), and (2) the speed of this wave is 


(3.61) 


to h(D p 2 /2m _ p _ v CL 
k hk p 2m 2 


The velocity v CL represents the classical velocity of a particle of mass m and momentum 
p. Thus we find that the wave speed of the state function of a particle with well-defined 
momentum, p = hk , is half the classical speed, v CL = p/m . 

This discrepancy is due to the following fact. Suppose that we calculate the 
probability density corresponding to the state given in (3.56). We obtain the result that 
it is uniformly probable to find the particle anywhere along the x axis. This is not a 
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FIGURE 3.4 Wave packet at a given 
instant of time t . 


typical classical property of a particle. The state function that better represents a 
classical (localized) particle is a wave packet. The shape of such a function is sketched 
in Fig. 3.4. Such a state may be constructed as a sum of eigenstates of the form given in 
(3.56) (a Fourier series). The velocity with which the packet moves is called the group 
velocity, 1 


(3.62) 


<3 co 
~dk 


For a wave packet composed of free-particle eigenstates, v g takes the value 

dhoj d(h 2 k 2 /2m) _ hk _ p 
@•63) Vg h dk hdk mm 

= V CL 

The value of k that enters the formula for v g is the value about which there is a 
superabundance of i// k component waves. These topics will be more fully developed in 
Chapter 4. For the moment we are concerned only with the identification given in 
(3.63). 


PROBLEMS 

3.14 Describe the evolution in time of the following wavefunctions: 

i p x — A sin cot cos k(x + ct) 

\p 2 = A sin (10 -5 kx) cos k(x — ct) 

\p 5 — A cos k(x - ct) sin [10" 5 /c(x - ctj] 

3.15 What is the expectation of momentum <p> for a particle in the state 

ip(x, t) = Ae~ {xla)2 e~ L<A>t sin kxl 


1 The concepts of phase and group velocities are returned to in Section 6.1. 



3.5 SOLUTION TO THE INITIAL-VALUE PROBLEM 
IN QUANTUM MECHANICS 


Functions of Operators 

The time-dependent Schrodinger equation permits solution of the initial-value prob¬ 
lem: given the initial value of the state function t j/(r, 0), determine t/dr, t). We will 
formulate the solution to the problem for a time-independent Hamiltonian. The more 
general case is given as an exercise (Problem 3.18). 

First we rewrite (3.45) in the form 

3 ill 

(3.64) — iKr, 0 + y iM r > 0 = 0 

Next, we multiply this equation (from the left) by the integrating factor U~ 1 

(3.65) U~ 1 = exp 


which is the inverse of 
(3.66) 


0 = exp 


itff 

~Y 


This function of the operator, H , is itself an operator. It is defined in terms of its Taylor 
series expansion. 

* , (itH\ itH 1 (itH\ 2 

( 3 . 67 ) w--«p hr H + t + 2T hr + " 


More generally for any operator A, the function operator / (A) is defined in terms of a 
series in powers of A. A few examples are provided in the problems. 

Let us return to the problem under discussion. Multiplying the time-dependent 
Schrodinger equation through by the integrating factor (3.65), one obtains the 
equation 


(3.68) 


d_ 

di 



= 0 


Integrating over the time interval (0, t ) gives 


(3.69) 


exp 


r ’ 0 - 'K r ’ °) = 0 
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Multiplying this equation through by U gives the desired result: 

(3.70) 

Here we have used the fact that 

(3.71) UU' 1 = exp 

where / is the identity operator. 

Suppose that in solution (3.70) we choose the initial state to be an eigenstate of 
H. Call it (p„, so that 

(3.72) Wr, 0) = (p„(r) 

H(p n = E n (p n 

By virtue of the theorem presented in Problem 3.16, 

( itH\ ( iE n t\ 

</ar, t) = exp I - — j<p n = exp I - — J<p„ 

(3.73) = e-^vJtr) 

ha>n = E„ 

This is the solution of the time-dependent Schrodinger equation, derived in Section 3.4 
by the technique of separation of variables. The solution given in (3.70) is more 
general. It exhibits the development of an arbitrary initial state i/f(r, 0) in time. It will 
be used extensively in the chapters to follow, where the student will gain a more 
workable understanding of the equation. 

As a final topic of discussion in this chapter we note the following. Suppose that 
a system is in an eigenstate of the Hamiltonian at t = 0, described by (3.72). At this 
(initial) time the expectation of an observable A is 

(3.74) <A>, = 0 = J'/'*(''> 0)ii/<r, 0) dr = J cp„*A(p n dr 




What is </4) at a later time, t > 0? The state of the system at t > 0 is given by (3.73): 

(3.75) \j/ n (r, t ) = e‘“"'<p n ( r) 
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so that at t > 0 (assuming that dA/dt = 0), 


(A) t = {//*( r, t)A\j/(r, t) dr = e + lWnt e li ° nt <p n *A(p n dr 


(3.76) 


<P*A<p n dr = (A) t = o 


</4) (>0 = </4> t = 0 in a stationary state 


The expectation of any observable is constant in time, if at any instant in time the sys¬ 
tem is in an eigenstate of the Hamiltonian. For this reason eigenstates of the Hamil¬ 
tonian are called stationary states. 


(3.77) 


\p n (r, t) = e ia}nt (p n ( r) a stationary state 


In the first three sections of this chapter we encountered functions relevant to a 
system which are eigenfunctions of operators corresponding to observable properties 
of that same system. In what sense are these eigenfunctions related to the state function 
of the system? From postulate II we know that ideal measurement of A leaves the 
system in the eigenstate of A corresponding to the value of A that was found in 
measurement. Thus, the state function of the system immediately after measurement 
is this same eigenstate of A. The state function then evolves in time according to 
(3.70). 


PROBLEMS 

3.16 Let the eigenfunctions and eigenvalues of an operator A be {c p n } and {u„}, respectively, 
so that 


A<p n = a n (p n 


Let the function f(x) have the expansion 


/(*) = 


CO 


I b, 


X 


t 


Show that (p n is an eigenfunction of f(A) with eigenvalue f(a„). That is, 


f(A)(p n = f(a n )<p n 
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3.17 If p is the momentum operator in the x direction, and fix) is an arbitrary “well-behaved” 
function, show that 


exp 


itp 

h 


f(x) = f(x + C) 


The constant ( represents a small displacement. In this problem the student must demonstrate 
that the left-hand side of the equation above is the Taylor series expansion of the right-hand side 
about C = 0. 

3.18 If H is an explicit function of time, show that the solution to the initial-value problem 
(by direct differentiation) is 


*A(r, 0 = exp 



iA(r, 0) 


You may assume that H(t)H(r') = //(f')H(f). 


3.19. What is the effect of operating on an arbitrary function fix) with the following two 
operators? 

(a) 0! = id 2 /dx 2 ) - 1 + sin 2 id 3 /dx 3 ) + cos 2 id 3 /dx 3 ). 

(b) 6 2 = cos (Id/dx) + 2 sin 2 (d/dx) + f dx. 

d a 

3.20 (a) The time-dependent Schrddinger equation is of the form 



- HiP 


Consider that a is an unspecified constant. Show that this equation has the following property. 
Let H be the Hamiltonian of a system composed of two independent parts, so that 

Hix u X 2 ) = HfXy) + H 2 (X 2 ) 


and let the stationary states of system 1 be ipy(x u f) and those of system 2 be \p 2 ix 2i t). Then the 
stationary states of the composite system are 


\pix u x 2 ) - i/z^Xj, t)\p 2 ix 2 , t) 


That is, show that this product form is a solution to the preceding equation for the given composite 
Hamiltonian. 

Such a system might be two beads that are invisible to each other and move on the same 
straight wire. The coordinate of bead 1 is Xj and the coordinate of bead 2 is x 2 . 

(b) Show that this property is not obeyed by a wave equation that is second order in time, 
such as 


a 


2 


d 2 ip 

Ji 2 


= H\p 


(c) Arguing from the Born postulate, show that the wavefunction for a system composed 
of two independent components must be in the preceding product form, thereby disqualifying 
the wave equation in part (b) as a valid equation of motion for the wavefunction ip. 
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Answer ( partial ) 

(c) If the two components are independent of each other, the joint probability density 
describing the state of the system is given by 

This, in turn, guarantees that the probability density associated with component 1, 


= ^l 2 (*U*2) dx 2 


is independent of the form of P 2 (x 2 ) (and vice versa). The product form for P l2 is guaranteed by 
the product structure for the wavefunction i//(x,, x 2 ). 

3.21 It is established in Problem 3.20 that for the joint probability for two independent systems 
to be consistently described by the time-dependent SchrOdinger equation, this equation must be 
of the form 


dip 



= Hip 


where a is some number. Show that for this equation to imply wave motion, a must be complex. 
You may assume that H has only real eigenvalues. 


Answer 

Following development of the general solution (3.70), we find that the given equation implies the 
solution 

t H\ 

—) 0 ) 

Since H has only real eigenvalues, the time dependence of \p( r, t) is nonoscillating. It modulates 
i/f(r, 0) in time and does not give propagation. Thus, if a is real, \p cannot represent a propagating 
wave. (Note: The fact that a is complex implies that ip is complex. These last two problems 
illustrate the necessity of complex wavefunctions in quantum mechanics.) 


*A(r, t) = exp 



CHAPTER 4 

PREPARATORY CONCEPTS. 
FUNCTION SPACES AND 
HERMITIAN OPERATORS 


4.1 Particle in a Box and Further Remarks on Normalization 

4.2 The Bohr Correspondence Principle 

4.3 Dirac Notation 

4.4 Hilbert Space 

4.5 Hermitian Operators 

4.6 Properties of Hermitian Operators 


In this and the following two chapters , we continue development of physical principles 
and mathematical groundwork important to quantum mechanical descriptions. Included 
in the present chapter are the notions of Hilbert space and Hermitian operators. First , we 
obtain wavefunctions relevant to a particle in a one-dimensional box. These , together 
with previously derived free-particle wavefunctions, then serve as simply understood 
references for subsequent descriptions of Hilbert space and Hermitian operators. 


4.1 PARTICLE IN A BOX AND FURTHER REMARKS 
ON NORMALIZATION 

In chapter 3 we solved the quantum mechanical free-particle problem. We recall that 
the free-particle Hamiltonian generates a continuous spectrum of eigenvalues, 
h 2 k 2 /2m , and eigenfunctions, <p k = A exp (ifcx), as given in (3.55). 

The second one-dimensional problem we wish to treat is that of a point mass m, 
constrained to move on an infinitely thin, frictionless wire which is strung tightly 
between two impenetrable walls a distance L apart (see Fig. 4.1). The corresponding 
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potential has the values 
(4.1) 


V(x) =oo (x < 0, x > L) 
V(x) = 0 (0 <x< L) 


(domain 1) 
(domain 2) 


and is depicted in Fig. 4.2. This configuration is known as the one-dimensional box. 1 
The Hamiltonian for this problem is the following operator: 


(4.2) 


(4.3) 


fi 1 = -h 00 = oo 

2m 

ft - p2 

Hl ~2m 


(x < 0, x > L) 


(0 < x < L) 


(domain 1) 


(domain 2) 


In domain 1 the time-independent Schrodinger equation gives q> = 0. For any 
finite eigenenergy £, in this domain the time-independent Schrodinger equation reads 

(4.4) H t q> = E<p 

Since <p and E are finite, the right-hand side is finite. Therefore, the left-hand side 
is finite and q> must vanish in this domain. 

The fact that q> = 0 in domain 1 implies that there is zero probability that the 
particle is found there (| q>\ 2 = 0). This is in agreement with the discussion in Chapter 1 
on “forbidden domains.” These, we recall, are,domains where E < V. Certainly, this 
is the case in domain 1 for any finite energy E . 


1 A mathematically more accurate description of the one-dimensional box is: an infinitesimally thin, flat sheet of infinite 
extent and finite mass which moves between two walls of infinite extent. The two walls and sheet are all parallel and 
the velocity of the sheet is normal to the walls. Every point in space is then characterized by one coordinate, the 
normal displacement of the sheet from either of the walls. 
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V(x), 


* 

Domain 1 

r * 

* 4 

Domain 2 

Domain 1 

0 

L x 


FIGURE 4.2 Potential corresponding to the one¬ 
dimensional box. 


In domain 2 the time-independent Schrodinger equation is 


(4.5) 


h 2 S 2 

2mdx 2<Pn ~ En<Pn 


The subscript n is in anticipation of a discrete spectrum of energies E n and eigen¬ 
functions q> n . 

Since (p„ is a continuous function, it must have the values 


(4.6) 


<PJL 0) = <p„(L) = 0 


First we rewrite (4.5) in the form 


(4.7) 



+ k 2 q> n = 0 


(4.8) k 2 = ^ 

This is merely a change of variables from energy E n to wavenumber k n . The solution 
to (4.7) appears as 

(4-9) <p n = A sin k„x + B cos k n x 

The boundary conditions (4.6) give 

(4*10) B = 0 

(4.11) Asmk n L = 0 

The second of these equations serves to determine the eigenvalues k n . 

(4.12) k n L = nn, n = 0, 1, 2,... 

This is seen to be equivalent to the requirement that an integral number of half¬ 
wavelengths, w(A/2), fit into the width L. 
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The spectrum of eigenvalues and eigenfunctions is discrete. To find the constant 
A in (4.11), we normalize <p„. 


(4.13) 


JV 

f 

JO 


i-*±r 

nn Jc 2 


The dummy variable 6 = nnx/L. 

It follows that the eigenenergies E n and normalized eigenfunctions cp n for the 
one-dimensional box problem are 


(4.14) 


E n = n 2 Et 

_ A 2 A, 2 h 2 n 2 

n i 

2m 2mL 2 



(4.15) 


The eigenstate corresponding to n = 0 is q> = 0. This, together with the solution in 
domain 1, gives q> = 0 over the whole x axis. There is zero probability of finding the 
particle anywhere. This is equivalent to the statement that the particle does not exist in 
the n = 0 state. Another argument that disallows the n = 0 state follows from the 
uncertainty principle. The energy corresponding to n = 0 is E = 0. Since the energy in 
domain 2 is entirely kinetic, this, in turn, implies that the particle is in a state of absolute 
rest (A p = 0), an illegitimate state of affairs for a particle constrained to move in a 
finite domain. 

The eigenenergies and eigenfunctions given by (4.14) and (4.15), together with 
the corresponding probability densities \<p n \ 2 , are sketched in Fig. 4.3. 

The Arbitrary Phase Factor 

In concluding this section we note the following important fact. As described in Section 
3.3, the wavefunction ^ gives information about a system through calculation of 
averages of observable properties of that system, according to the rule 

<C> = jij/*Ci//dx 

This equation, as well as the normalization condition 

* 

dx = 1 


I' 
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(a) 


(b) 


^3 


IAAA. 

X 


^vr\, 



(c) 


FIGURE 4.3 (a) Eigenenergies for the one-dimensional box problem. (b) Eigenstates for the one-dimensional 
box problem: 



(c) Probability densities for the one-dimensional box problem: 


Pn = 


<Pn I 



nnx 

~L 


are invariant under the transformation ij/ -► where a is any real number. That is, a 
wavefunction is determined only to within a constant phase factor of the form e ia . 
Although associated with all wavefunctions, this arbitrary quality has no effect upon 
any physical results. 1 


PROBLEMS 

4.1 What are the eigenfunctions and eigenvalues for the one-dimensional box problem described 
above if the ends of the box are at -L/2 and +L/2? 

4.2 For what values of the real angle 6 will the constant C = {{e i9 - 1) have no effect in calcula¬ 
tions involving the modulus | C\p | ? 

1 On the other hand, component phase factors for a composite wavefunction such as that discussed in Section 2.5 do 
contribute to measurable effects, such as interference. 



4.2 THE BOHR CORRESPONDENCE PRINCIPLE 


Let us now consider the classical motion of a particle in a one-dimensional box. 
As described previously, this configuration is effected by a bead sliding with no friction 
on a taut wire strung between two impenetrable walls a distance L apart. If the particle 
is given a velocity v, its motion (between collisions with the wall) is 

x — x 0 + vt 

Now suppose that the initial position x 0 is completely unknown. What is the proba¬ 
bility P dx of finding the particle in the interval x, x + dx, at a subsequent time? 
The answer is: the fraction of time dt/T it spends in this interval. 


(4.16) 


P dx 


dt v dt 
__ — __ 


dx 

T 


so that 

(4.17) P = j = constant 

L j 


It is uniformly probable to find the particle at any position on the wire. If we make a 
large number of replicas of this one-dimensional system, measurement (at random 
times) of the coordinate x of the bead will find all values (0 < x < L) occurring 
equally often (Fig. 4.4). 


PM i 


i 

L 


PnMl 


(a) 


L x 


» 


AAA 


lit 


(b) 





FIGURE 4.4 (a) Classical probability density for the one-dimensional box. (b) Quantum mechanical 

probability density 

- w «\ 2 

for the one-dimensional box problem, for the case n > 1. The probability P n vanishes n + 1 times in the 
interval (0, L). 
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On the other hand, in the quantum mechanical case, if the particle is in the state 
<p 3 , say, the probability density P is peaked at x = (L/6, L/2,5L/6); see Fig. 4.3. In 
this case, measurement on an abundant number of replica systems finds the particle 
spending much of its time in the neighborhood of these three values of x. This 
situation is quite different from the classical case described above. Suppose we move 
to higher quantum states. At what values of x is the probability density P peaked? 
The solution is left to Problem 4.3, where one obtains that | cp n \ 2 is peaked at the values 

(4.18) = j = 0,1,2,... 

2 n 

As n becomes very large, the probability density oscillates with so large a 
frequency that it begins to assume a uniform quality. For any n, one can divide 
the interval (0, L) into n strips of equal width Ax such that in each strip the prob¬ 
ability |<p„| 2 Ax of finding the particle is equal. For the classical case the number 
of such strips is infinite. In the quantum mechanical case, the same situation is 
approached in the limit n -► oo. 

One encounters this transition to classical physics from the quantum mechanical 
domain in many problems. Bohr was the first to analyze this transition and offered the 
general rule that a quantum mechanical result must reduce to its classical counterpart 
in the classical domain. Since classical formulas do not contain ft, such a transition 
should be realized in the limit that ft becomes small. For many problems this limit is 
attained in passing to high quantum numbers (n -> oo). This rule is called the Bohr 
correspondence principle . 

Classical physics includes the dynamics of macroscopic bodies. An aggregate 
of particles (e.g., a gas) obeys classical laws when the de Broglie wavelength, A, of a 
typical particle is small compared to all relevant lengths. For example, if the density 
of particles (number/cm 3 ) is n , the gas obeys classical statistics if A <£ n ~ 1/3 (the mean 
distance between particles is n ~ 1/3 ). In the classical limit, fluctuations about the average 
become small and the probabilities indigenous to quantum mechanics reduce to 
certainties. 

A rule of thumb in this area is that any quantum mechanical result that does not 
contain ft is in essence a classical result. The first (fortuitous) example of this rule was 
Rutherford’s classical calculation of the Coulomb cross section, relevant to the 
scattering of charged particles. The correct quantum mechanical calculation of this 
parameter is found not to contain ft. Rutherford’s classical calculation yields the 
same result. 

More examples of the correspondence principle will arise in the course of 
development of the text. Coulomb scattering is further described in Section 14.4. 



PROBLEMS 

4.3 For the one-dimensional box problem, show that P = \<p„\ 2 is maximum at the values 
x = Xj given by 

2 ■ j | 

X ^ 2 2iT L ’ 


4.3 DIRAC NOTATION 


In this section we introduce a notation that proves to be an invaluable tool in cal¬ 
culation, called the Dirac notation. It gives a monogram to the integral of the product 
of two state functions, tp(x) and <p(x), which appears as 

(4.19) <«/'k>=(* < p*(x)(p(x)dx 

In Dirac notation, the integral on the right is written in the form shown on the left. 

More generally, the integral operation denotes: (1) take the complex 

conjugate of the object in the first slot (tj/ -» *//*) and then, (2) integrate the product 
(i p*(p). This operation has the following simple properties. If a is any complex number 
and the functions and cp are such that 


(4.20) 

the following rules hold: 



<pdx < oo 


(4.21) 

(4.22) 

(4.23) 

(4.24) 

(4.25) J(*, + * 2 )* 


<lM a<p} = a<i/f |<p> 

<<j» + ^ I = + (<p I 

1 + <Pz) dx 


= <^1 + I *Pl + <P2> = «^11 + <^2 IXI<Pl> + l<?2» 

= <iM<Pl> + <l/tll<P2> + <^2l</>l> + <<A2l<P2> 


The object < \j/ | (called a “ bra vector ”) has an inevitable fate. Eventually, it is integrated 
in a product form with a (“ket vector”) |<p>, to form the “bra-ket,” <i/'|<p>. 

Dirac notation is not complicated. The properties above tell the whole story. 
We move next to function spaces, where (</> 1 1 //> assumes a geometrical quality. 
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4.4 Write the following equations for the state vectors/, g , and so on, in Dirac notation. 


(a) 

m 

= g(x). 


(b) 

c = 

| g*(x')h(x') 

dx'. 

(c) 

/(*) 

= X <Pn(x) I 

n * 

<l>„*( x ')f( x ')d x '. 

(d) 

6 = 

( l/(x) J dx'q> 

*(X'). 

(e) 

~ f(x) = h(x) J 

h*(x')g( X ')d X '. 


4.5 Consider the operator 0 = |<p><iA| and the arbitrary state function/(x). Describe the 
following forms. 

(a) </|<5. 

(b) 0|/>. 

(c) <f\0\f). 

(d) </|(5|<p>. 

Answer (partial ) 

(a) </1 6 is the bra vector C<^ |, where the constant C = </|<p> = f*<p dx. 

4.4 HILBERT SPACE 

In this section we introduce the concept of a space of functions. Specifically we will 
deal with a Hilbert space. This serves the purpose of giving a geometrical quality to 
some of the abstract concepts of quantum mechanics. 

We recall that in Cartesian 3-space a vector V is a set of three numbers, called 
components (V x ,V y , V 2 ). Any vector in this space can be expanded in terms of the three 
unit vectors e*, e y9 e z (Fig. 4.5). Under such conditions one terms the triad e x ,e y ,e z , 
a basis. 

(4.26) V = e x V x + e y V y + e z V z 

The vectors e*, e y , e z are said to span the vector space. 

The inner (“dot”) product of two vectors (U and V) in the space is defined as 

(4.27) V-U = V X U X + V y U y + V Z U Z 

The length of the vector V is y/V m V. 
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FIGURE 4.5 Vector V in Cartesian 3-space and its 
components (V x9 V y , V z ). The orthogonal triad (e x , e y , e z ) 
spans the space. 


A Hilbert space is much the same type of object. Its elements are functions instead 
of three-dimensional vectors. The similarity is so close that the functions are some¬ 
times called vectors. A Hilbert space § has the following properties. 

1. The space is linear. A function space is linear under the following two 
conditions: (a) If a is a constant and cp is any element of the space, then 
a<p is also an element of the space, (b) If cp and ^ are any two elements of 
the space, then <p + ^ is also an element of the space. 

2. There is an inner product , <^|<p>, for any two elements in the space. For 
functions defined in the interval a < x < b (in one dimension), we may take 

(4.28) ((PM} = I* (p*^dx 

J a 

3. Any element of § has a norm (“length”) that is related to the inner product 
as follows: 

(4.29) (norm of <p) 2 = || <p || 2 = (<p \ <p> 

4. § is complete. Every Cauchy sequence of functions in § converges to an 
element of §. A Cauchy sequence {<p H } is such that || <p n — <p t || -► 0 as n and / 
approach infinity. (See Problem 4.24.) Loosely speaking, a Hilbert space 
contains all its limit points. 
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An example of a Hilbert space is given by the set of functions defined on the 
interval (0 < x < L) with finite norm 


(4.30) 


\\<p\\ 2 = f </>*<pdx < oo 

bi 

Jo 



Another example is the space of functions commonly referred to by mathematicians 
as “L 2 space.” This is the set of square-integrable functions defined on the whole 
x interval. 


(4.31) 


poo 


ll<pll 2 = <p*(pdx < oo 

V - 00 

§2 


Let us see how the preceding concept of inner product (4.28) is similar to the 
definition of the inner product between two finite-dimensional vectors (4.27). To 
see this we interpret the function cp(x) as a vector with infinitely many components. 
These components are the values that q> assumes at each distinct value of its inde¬ 
pendent variable x. Just as the inner product between U and V is a sum over the 
products of parallel components, so is the inner product between cp and i/r a sum over 
parallel components. This sum is nothing but the integral of the product of <p and xj/. 
The reason we complex-conjugate the first “vector” is to ensure that the “length” 
(square root of the inner product between a “vector” <p and itself) of a vector <p is real. 

Thus we see that Hilbert space is closely akin to a vector space. Mathematicians 1 
call it that—an infinite-dimensional vector space (also: a complete, normed, linear 
vector space). Elements of this space have length and one can form an inner product 
between any two elements. The vector quality of Hilbert space can be pushed a bit 
further. We recall that if two vectors U and V in three-dimensional vector space are 
orthogonal to each other, their inner product vanishes. In a similar vein two vectors 
in Hilbert space, <p and \j/, are said to be orthogonal if 

(4.32) <<p|*A> = 0 

Furthermore, we recall that the three unit vectors e x ,e y , and e z “span” 3-space. 
Similarly, there is a set of vectors that “spans” Hilbert space. For instance, the 
Hilbert space whose elements all have the property given by (4.30) is spanned by the 
sequence of functions {<?„}, which are the eigenfunctions of the Hamiltonian relevant 


1 A more mathematically accurate presentation of function spaces may be found in C. Goffman and G. Pedrick, First 
Course in Functional Analysis , Prentice-Hall, Englewood Cliffs, N J., 1965. Another book in this area, but more directly 
related to quantum mechanics, is T. F. Jordan, Linear Operators for Quantum Mechanics, Wiley, New York, 1969. 
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Projection of ^ 

onto = < ^ 3 1 \p > Projection of 



FIGURE 4.6 Projection of <p onto an orthonormal set of eigenfunctions in Hilbert space. 

to the one-dimensional box Problem (4.15). This means that any function q> in this 
Hilbert space may be expanded in a series of the sequence {q> n }. 

oo 

(4.33) <p(x) = 'Z a »<Pn(x) 

n — 1 

The geometrical interpretation of this relation is depicted in Fig. 4.6. The 
coefficient a n is the projection of q> onto the vector <p n . To see this, first we state a fact 
to be illustrated in the next section. The basis vectors {<p n } comprise an orthogonal set. 
That is, 

(4.34) <(p«\<Pn ) = 0 (« ^ n ') 

Furthermore, <p n is a unit vector; that is, it has unit “length” 

(4-35) = ll<pj| 2 = 1 

These latter two statements may be combined into the single equation 

(4.36) <<P„l<iP„-> = 

The symbol 5 m „■ is called the Kronecker delta and is defined by 

(4.37) S„ „- = 0 for n # n', S„ = 1 for n = n' 

Any sequence of functions that obeys (4.36) is called an orthonormal set. 
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To show that a n is the projection of cp into <p n , we first rewrite (433) in Dirac 
notation. 

(4.38) l<P> = Xl a „<P»> 

n 

Then we multiply from the left by <<?„' | and use the relation (436). 

OnO> =£ On'I <*»<?,,> 

n 

(4-39) = E^OJ %> = £«.$...• = 4.- 

n n 

<*«■ = <<P«’ I <jo> 

The coefficient a„. is the inner product between the basis vector cp„- and the vector cp. 
Since q> n > is a “unit” vector, a n < is the projection of cp onto (p n > (Fig. 46). The student 
should recognize (433) to be a discrete Fourier series representation of <p , in terms 
of the trigonometric sequence (415). 


Delta-Function Orthogonality 

We will continue with the use of the labels and § 2 to denote the two Hilbert 
spaces defined by (430) and (431), respectively. As stated previously, the sequence 
{<p n } given by (415) “spans” The sequence {<p„} is a basis of What are the vectors 
which span The answer is: the eigenfunctions of the momentum operator p , 


(4.40) 


<Pk(x) = 



e 


ikx 


Let us see if this (continuous) set of functions is an orthogonal set. Toward these ends 
we form the inner product 


(4.41) 


0*1 </V> = Y n f ” e>X{k ~ k)dx = w - k) 


It follows that the inner product between any two distinct eigenvectors of the operator 
p vanishes. 

Any function in § 2 may be expanded in terms of the eigenvectors {<p k }. Since 
this sequence comprises a continuous set, the expansion is not a discrete sum as in 
(433), but an integral. If <p(x) is any element of § 2 , then since {<p k } spans this space, 
one may write 

1*00 

<j»(x) = I b(k)(p k (x)dk 


(4.42) 
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This is the Fourier integral representation of q>(x). Again, the coefficient of ex¬ 
pansion b(k ) is the projection of <p(x) onto cp k . To exhibit this fact, we first rewrite the 
last integral in the form 


(4.43) 



dk\b(k)cp k } 


Again, if this equation is compared to (4.38), we see how the sum over discrete a n 
values is replaced by an integration over the continuum of b(k ) values. If we now multi¬ 
ply (4.43) from the left with there results 


(4.44) = f dk(cp k -\b(k)cp k ) = f dkb(k)((p k .\(p k y 

J - 00 J — CO 

= r dkb(k)S(k' - k) = b(k') 

J - oo 


The coefficient of expansion b(k’) is the inner product between <p w and <p , hence it 
may be termed a projection of (p onto cp k .. But cp k . does not appear to be a “unit” 
vector. Indeed, the vector <p k is infinitely long. 

1 f°° 

(4.45) ||^|| 2 = <<p k \<p k > = S( 0) = — J = oo 

Although this disqualifies the set {<p k } for membership in § 2 , they nevertheless span 
the space. They comprise a valid set of basis vectors and the projection of any function 
in § 2 onto any member of the basis {<p k } gives a finite result. If q> is any function in 
§ 2 , then 

(4-46) <(p k \<p> < oo 

The functions {cp k } may, through proper renormalization, be cast in a form which 
allows them to be members of § 2 * (See Problem 4.6.) 


PROBLEMS 


4.6 Consider the functions 


<Pk = 


1 


e ikx 


defined over the interval (- L/2, + L/2). 

(a) Show that these functions are all normalized to unity and maintain this normaliza¬ 
tion in the limit L -► oo. 

(b) Show that these functions comprise an orthogonal set in the limit L -> oo. 
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4.7 State to which space each of the functions listed belongs, or § 2 . 

(a) /j = (x 5 - x 4 - Lx 4 + Lx 3 )/(x - 2L) 

(b) / 2 = (sin x)e~ xl 

(c) f 3 = Vln[x(x - L) + 1 ] 

(d) / 4 = sin 2 wc[x(x — L) + 1 ], n = 0 , 1 , 2 ,... 

( e ) fs = e iax {x 2 + a 2 ) -1 

(f) / 6 =x ‘° e -* 2 

(g) /? = 1 /sin kx 

4.8 The function 

<?(x) = x(x - 

is in Calculate the coefficients of expansion, a„, of this function, in the series representation 
(4.33), in terms of the constants L and k. Use the basis functions (4.15). 

4.9 Two vectors \p and (p in a Hilbert space are orthogonal. Show that their lengths obey the 
Pythagorean theorem, 

l|iA + <pll 2 = IliHI 2 + Ml 2 

4.10 Consider a free particle moving in one dimension. The state functions for this particle are 
all elements of § 2 * Show that the expectation of the momentum < p x > vanishes in any state that is 
purely real (ip* = ip). Does this property hold for <//>? Does it hold for <x>? 


4.5 HERMITIAN OPERATORS 

The average of an observable A for a system in the state \p(x , t) is given by (3.32). In 
Dirac notation this equation appears as (in one dimension) 

(4.47) C4> = jV*(x, t)dx = 

Since t is a fixed parameter in this equation, we may conclude that the formula gives 
the expectation of A at the time t. Now one may ask: What are the possible state 
functions for a particle moving in one dimension at a given instant of time? The answer 
is: any function in § 2 . For example, the particle could be in any of the following states 
at some specified time: 

Ce ikx iD 

(4.48) ij/i = Be~ x ! al , ^2 = —, = ^== 

x V x + a 

where B, C, and D are normalization constants. Again consider the observable A. 
If the average of this observable is calculated in any of these states (that is, any 
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member of $ 2 )> the result must be a real number. This is a property that we demand an 
operator have if it is to qualify as the operator corresponding to a physical observable. 
The object must be real for all i p in $ 2 . When working with the one-di¬ 

mensional box problem, <ij/\ A^ must be real for all ij/ in For example, if ft is the 
operator corresponding to energy, then 

(4.49) <£> = | /fy> = _ p |L ^ dx 

Jo 2m dx 2 

must be real for any state function \// in 

These observations give rise to the following rule: In quantum mechanics one 
requires that the eigenvalues of an operator corresponding to a physical observable 
be real numbers. In this section we discuss the class of operators that have this property. 

They are called Hermitian operators and are a cornerstone in the theory of quantum 
mechanics. 


The Hermitian Adjoint 

To understand what a Hermitian operator is, we must first understand what the 
Hermitian adjoint of an operator is. Consider the operator A. The Hermitian adjoint of 
A is written A\ Under most circumstances, it is an entirely different operator from A. 
For instance, the Hermitian adjoint of the complex number c is the complex conjugate 
of c. That is, 

(4.50) c t = c * 

How is the Hermitian adjoint defined? First, let us agree that an operator is defined 
. over a specific Hilbert space, $. Also if A is the operator and \J/ is any element of §, 
then Ail/ is also in $. For any two elements of this space, say i//, and ij/ n , we can form 
the inner product 

( 4 -5i) < i/'ll Ai)/ n y 

Suppose there is another operator, A*, also defined over §, for which 

< 4 - 52 ) aV,l<A n > = <t,\Ail/ n > 

Suppose further that this equality holds for all if/ t and ij/ n in §. Then A f is called the 
Hermitian adjoint of A. To find the Hermitian adjoint of an operator A, we have to 

find the object A f that fits (4.52) for all \j/i and i //„. Consider A = a, a complex number. 
Then 


(4.53) 


<aVil^»> = <W ail/„y = = <.a*i!/ l 
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Equating the first and the last terms, we see that a f 
sider the operator 


(4.54) 



a*. As a second example, con- 


defined in § 2 * Then 

(4.55) <*, | /ty.) = J“ dx* t * ^ n = [*,** J - " - J_ ^ 

The “ surface” term is zero since i j/ t and \j/ n are elements of § 2 ■ Thus we find 

(4.56) & = ~D 

For some cases we will find that the Hermitian adjoint of an operator is the operator 
itself. For such an operator A, we may write 

(4.57) A* = A 

In terms of the defining equation (4.52), this implies that for all i/r, and \p„ in § (over 
which A is defined), 

(4.58) <<Pi\Atp n y = 

Operators that have this property are called Hermitian operators. The simplest ex¬ 
ample of a Hermitian operator is any real number a, since 

(4.59) 

If A and B are two Hermitian operators, is the product operator AB Hermitian? This 
is most simply answered with the aid of Problem 4.11(b), according to which 

(4.60) (AB)' = B'A' 

If A and B are Hermitian, then 

(4.61) (ABy = BA 

and AB is not (necessarily) Hermitian. What about AB + BAl 

(4.62) (AB + BAy = B f A' + A r B f = BA + AB 

= AB + BA 

It follows that if A and B are both Hermitian, so is the bilinear form (AB + BA). 

Is the square of a Hermitian operator Hermitian? 

(A 2 y = (AAy = A 1 A* = AA = (A ) 2 


(4.63) 
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The answer is yes. Another way of doing this problem is as follows. Look at the inner 
product, 

( 464 ) < I Aty n > = (A*, \fy n y = (AAxp l | <A„> 

The first equality follows because Aip n is in § and A is Hermitian, while the second 
equality follows simply because A is Hermitian. Comparing the first and third terms 
shows that A 2 is Hermitian. 


The Momentum and Energy Operators 

Let us test the momentum operator p and see if it is Hermitian. For the free-particle 
case, p is Hermitian if for all ip, and i/r„ in f> 2 , 

( 465 ) <<A/I#n> = iP4>l\4>n> 

Developing the left-hand side, we have 

(4 ' 66) J- tx ^") dx= ~ « + 'ft J \p,*jip n dx 

= * mdx = 

This technique is, by and large, the principal method by which a specific operator is 
shown to be Hermitian. 

Having shown that p is Hermitian, it follows that the free-particle Hamiltonian, 
ft, is Hermitian. 


(4.67) 


(4.68) 




\2m J 2m 

[Recall (4.63).] For a particle in a potential field V(x), 

(469) ft = L- + V(x) 

2m 

Since F(x) is a real function that merely multiplies (say in § 2 ), it is Hermitian. 

( 4 - 7 °) i4>i\ v 4fn) = f ipt *Vip n dx = f Vip,*ip„dx 

w — oo J - oo 

= j(V\p,)*ip„dx = <Fi/r ( |i/r„> 

It follows that ft as given by (4.69) is Hermitian. 



PROBLEMS 


4.11 (a) Show that (aA + bBy = a*A' + b*6\ 

(b) Show that (. AB ) f = B'A\ 

(c) What is the Hermitian adjoint of the real number a? 

(d) What is the Hermitian adjoint of D 2 ? [See (4.54).] 

(e) What is the Hermitian adjoint of (AB — BA)? 

(f) What is the Hermitian adjoint of (AB + BA)? 

(g) What is the Hermitian ajoint of i(AB — BA)? 

(h) What is (^4 t ) t ? 

(i) What is (A*Ay? 

4.12 If A and B are both Hermitian, which of the following three operators are Hermitian? 

(a) i(AB - BA). 

(b) (AB — BA). 

(AB + BA\ 

(c) l -5- ' 

(d) If A is not Hermitian, is the product A f A Hermitian? 

(e) If A corresponds to the observable A , and B corresponds to B, what is a “good” (i.e., 
Hermitian) operator that corresponds to the physically observable product AB? 

4.13 If A is Hermitian, show that 

<A 2 > > o 


Answer (in £> 2 ) 

f °° r°° * 

(A 2 } = \l/*A 2 \j/ dx = dx 

J — CO J — CO 

I * oo * 

= \Zil/\ 2 dx>0 

J — CO 

4.14 If A is Hermitian, show that < A ) is real; that is, show that <A )* = <A ). 

4.15 For a particle moving in one dimension, show that the operator xp is not Hermitian. 
Construct an operator which corresponds to this physically observable product that is 
Hermitian. 


4.6 PROPERTIES OF HERMITIAN OPERATORS x 

The first property of Hermitian operators we wish to establish is that their eigenvalues 
are real. Let A be a Hermitian operator. Let {cp n } and {a n } represent, respectively, the 
eigenfunctions and eigenvalues of the operator A. 

(4.71) A<p n = a„(p„ 

In Dirac notation 

(4.72) \A<p„) = \a n <p n y or equivalently A\cp n ) = a n \cp„) 

104 
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Multiplying from the left with (<p n | gives 

( 4 - 73 ) <(Pn\A(p n y = <(p n \a n (p n y = a H <q>„\(p n y 

Since A is Hermitian, we can write the left-hand side as 

( 4 - 74 ) <A(pn\(pn> = <a„(p n \q>„) = a n *(q> n \<p n y 

Equating the last terms in the latter two equations gives 
(4-75) a* = a„ 

and a„ is real. 

The second property of Hermitian operators we wish to establish is that their 
eigenfunctions are orthogonal. Again consider (4.72). Now multiply from the left with 
another eigenvector of A, <q> f |. There results 

( 4 - 76 ) (q>,\A<p„y = a„((p, \(p a y 

Since A is Hermitian, the left-hand side of this equation can be rewritten 

( 4 - 77 ) = «,*<<?; | <p„> = a,((p,\q> n y 

The eigenvalue a, is real because it is an eigenvalue of a Hermitian operator (i.e., A). 
Subtracting the two equations above gives 

( 4 -78) (a, - a„)<<p, | <p„y = 0 

If a, # a n , this equation says that 

(4-79) <<P t \<P n y = 0 

which is the expression of the orthogonality of the set of functions {<p n }. If these 
functions are all normalized, then (4.79) may be generalized to read 

( 4 -80) = <5|„ 

Thus, the eigenvalues of a Hermitian operator are real, and its eigenfunctions are 
orthogonal. 

PROBLEMS 

4.16 Show that if an operator B has an eigenvalue h, ^ then B is not Hermitian. 

4.17 Consider the operator C, 

CqAx) = <p*(x) 

(a) Is C Hermitian? 

(b) What are the eigenfunctions of C? 

(c) What are the eigenvalues of C? 
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4.18 Given that the operator 0 annihilates the ket vector |/>, that is, (5|/> = 0, what is the 
value of the bra vector </ |<5 f ? interpret the meaning of your answer. 

4.19 The parallelogram law of geometry states that: the sum of the squares of the diagonals of a 
parallelogram equals twice the sum of the squares of the sides. Show that this is also true in Hilbert 
space; that is, if ij/ arid <p are any two elements of a Hilbert space, then 

ll*A + q> II 2 + ll*A - <P\\ 2 = 2||iAII 2 + 2 MI 2 

4.20 Show that the standard properties of cos 0, together with the definition of the inner product 
between two vectors <p and t/r, in £>, with respective lengths, ||<p|| and ||^||, imply the Cauchy- 
Schwartz inequality 

\<q>m\ z m m 

4.21 Use the Cauchy-Schwartz inequality to prove the triangle inequality 

\\q> + n 2 < (M + wi) 2 

4.22 Construct the squared length of (i/r — q> ) to show that 

\\il/\\ 2 + M 2 ^ 2Re {ij/\(py 

4.23 Let the sequence {q>„} be an orthonormal basis in £>. Let the sequence {cos 0„} represent the 
angles between the vectors {</>„} and an arbitrary element ij/ in £>. Using Bessel’s inequality, 

I Kv n m\ 2 < ll«AII 2 


show that 


I cos 2 0„ 

n = 1 


J 


Under what circumstances does the equality hold? 

4.24 Every convergent sequence is also a Cauchy sequence. A sequence {(p„(x)} is a Cauchy 
sequence if 


lim || (p n - (p t \\ = 0 

n-»oo 

l-*co 

A function space § is a complete space if every Cauchy sequence in § converges to an element of §. 
This is a requirement that a function space must satisfy in order that it be termed a Hilbert space. 
(See property 4 after Eq. 4.27.) Show that the space of functions on the unit interval with the 
property <p(0) = <p(\) = 0 is not a Hilbert space. 

4.25 In addition to a complete space, one also defines a complete sequence. An orthonormal 
sequence {(*>„} is complete in § if there is no vector in § of nonzero length (||^|| >0), which is 
perpendicular to all the elements in the sequence {<p n }. Show that if {q>„} is an orthonormal basis 
of it is complete in 
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Answer 

Let {tPn} orthonormal basis of if). Let ij/ be an element of 15 with nonzero length, which is 
normal to all the elements of {<p n }. If {<?„} is a basis, then we may expand \j/, 

•A = 'L a n ( Pn = S <<P»! <A><Pn 

But i j/ is normal to all (/>„. Therefore, ((p n : ij/) = 0, which gives ij/ = 0, so the hypothesis leads to a 
contradiction, hence the hypothesis is an incorrect statement and there is no such i j/ in f>. 

4.26 Show that any operator A may be expressed as the linear combination of a Hermitian and 
an anti-Hermitian (fl f = — S) operator. 

Answer 


j (A + A'\ (A - A' 

A = —) + ' Hr 


[Note: A + A f and i(A — A f ) are both Hermitian.] 

i 4.27 Show that the wavefunctions for a particle in a one-dimensional box with walls at x = 0 
and L satisfy the equality 


I** I 2 dx 

The subscript x denotes differentiation. 

4.28 Use the equality proved in Problem 4.27 to establish the following variational principle. 
If the expectation j dx is minimum, the normalized wavefunction ip is the ground state. 
Specifically, establish the theorem for a particle in a one-dimensional box, assuming real wave- 
functions. 


J Wxx dx = - J 


Answer 

Apart from a constant factor and with the results of Problem 4.27, we may write 


<//>= - 



L 


ij/ x z dx 
o 


Let ij/ minimize <//>. Then infinitesimal variation of ifr causes no change in (H). Let \jt \jt + d\j/. 
The variation 3$ is an arbitrary infinitesimal function of x that vanishes at x = 0 and L. Then 




+ ty*) 2 dx = <//> + 3(H) 


S(H) = 2 




5\j/ dx = 0 


Integrating the last term by parts and dropping the “surface” terms gives 
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Variation of the normalization statement (both if/ and if/ + Sif/ are normalized) gives 

X jif/Sif/ dx = 0 

where X is an arbitrary undetermined multiplier. Combining the last two equations yields 

f Sif/(if/ xx - Xif/) dx = 0 
Jo 

If this equation is to be satisfied for arbitrary variation of if/ about the minimizing value, we may 
conclude 

It follows that if/ is an eigenstate of in which case (H y is an energy eigenvalue which has minimum 
value for the ground state. 


V 



CHAPTER 


5 

SUPERPOSITION AND 
COMPATIBLE OBSERVABLES 


5.1 The Superposition Principle 

5.2 Commutator Relations in Quantum Mechanics 

5.3 More on the Commutator Theorem 

5.4 Commutator Relations and the Uncertainty Principle 

5.5 “ Complete ” Sets of Commuting Observables 


In this chapter we encounter the superposition principle , which is considered by many 
to be qne of the more fundamental concepts of quantum mechanics. This principle 
represents one of the basic differences between classical and quantum mechanics and 
also provides a deeper understanding of the uncertainty principle. Closely related to 
the superposition principle are the commutator theorem and the notions of compatible 
observables and simultaneous eigenfunctions. 


5.1 THE SUPERPOSITION PRINCIPLE 
Ensemble Average 

Consider again a particle in a one-dimensional box. Let us imagine a large number 
of identical replicas of the system (called an ensemble in statistical mechanics), such 
as described in Section 3.3. If each such box is in the same initial state ^(jc, OX after 
an interval of time t, each box will again be in a common state ij/(x , t), as shown in 
Fig. 5.1. Suppose that we ask what the energy of the particle is in each box, at the 
time t. The laws of nature are such that the energy measured in each of the identical 
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First member Second member 


Third member 


Nth member 



• i Kx, 0 ) 

Hx. 0 ) 

W*. 0 ) 

Initial state 
of members 
of ensemble 

/V 

/v 

/V 

O Lx 0 Lx 0 L : 


\p(x, t ) J 

Mx, t) * 



^ . 


CC L. 

0 L x 0 L x 0 L 

Energy measured 
at time t\ 




£1 

Es 

£3 

i 

ll//(f + e) = *i 1 

U(r + e) = *s \ 

l *(/+e) = ¥ 


State 
of system 
at time 
f + e 



O l 


x 




x 


*(X. 0 ) 



X 


4/(x, t ) 


KV - 

O L x 


Ei 

]p(t + e) -*fii 


0 L x 


FIGURE 5.1 Measurement of energy of N identical one-dimensional boxes which comprise an “ensemble.” 
All boxes are in the same state at t = 0. 


boxes, which are all in the identically same state ^(x, t), are not the same [save for 

the case that ij/(x, 0 ) is an eigenstate of //]. 

How does one answer the question above: Wfeat will the energy be? Since the 
energy measured at the time t in each box of the ensemble will most likely not be the 
same, more appropriate questions are: (1) What is the average of the energies mea¬ 
sured in all the boxes of the ensemble? (2) If we measure the energy in one box, with 
what probability will the value, say, £3 be found? To answer these questions, we 
first recall that if the probability of finding the value E„ in a given measurement of 
energy is P(E„), then the average energy over measurements of all members of the 
ensemble in the limit as this number becomes large is given by the expression 

<£> = X nE„)E„ 

all E„ 


(5.1) 
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(Recall Eq. 3.34.) This formula holds for all physical observables. For example, the 
average particle position is given by 

(5.2) <x>= txP(x)dx 

Jo 

In this case the integral is a sum over the continuum of values x may assume. 

The quantum mechanical prescription for calculating the average of a dyna¬ 
mical observable in the state ip is given by the third postulate of quantum mechanics 
(Section 3.3, Eq. 3.32). Specifically, for the energy we have (in Dirac notation) 

(5.3) <£> = (ip\iiipy 

Let us expand the state ip in the eigenstates of ft. These eigenstates obey the 
equation 

( 5 - 4 ) HtPn = E„(p n 

For the box problem they are explicitly (Eq. 4.15) 



The expansion of ip in these eigenstates appears as 


(5 6) iP(x, t) = f \b n (t)q> n (x) 

n= 1 

The state t jj is that of the system at the time t , so that it is, in general, a function of 
x and t. Since <p n is a function of x only, the coefficients of expansion b„ may, in general, 
be functions of time. 

In Dirac notation, (5.6) appears as 

(5-7) l*>= II b n <p n } 

n= 1 

Substituting this series into (5.3) gives 

( 5 - 8 ) < £ > = <p„ | A £ b, <p^ 

= 11 

n l 

= Y,'L b «* b i E i(<p»\<Pi'> 

n l 

= l'Lb„*b l E,S nl 

n l 

= 1 16* l 2 ^ 
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Equating this average to that given by (5.1) gives 

(5.9) IIM 2 £ n = I^)£ n 

n n 

This equation dictates the following interpretation of the square of the modulus of 
b„. It is the probability that at the time t, measurement of the energy of the particle 
which is In the state ift(x, t) yields the value E n . 

(5.10) P(En) = \b„\ 2 

These coefficients have the correct normalization, provided that the states i j/ and <p n 
are normalized. In this case we have 

(5.11) 1 = <*|^> = \'Z b n<Pn\'Zb l <p l 

= Y d 'Zb n *b l <(p n \<p l > 

n l 

= E S b*b,5 nl 

n l 

= T\ b n \ 2 = 1 


When this is the case the coefficient | b„\ 2 is an absolute probability. If not, the correct 
expression for the probability that measurement finds E„ is 


( 5 . 12 ) 


P(E n ) = 


I*. 


I b n \ 


'Z\b*\ 2 \c „\ 2 <^I*A> 


where 

I cj 2 = <<p n \q> n > 

Let us return to the expansion (5.7). The coefficients b n are calculated in the 
following manner. Multiply this equation from the left with the bra vector (<p n r \■ 
Owing to the orthonormality of the set {<p„}, one obtains 

(5.13) = <</>„ I lA) 

The coefficient b n is the projection of ijj onto the eigenvector <p n . The physical in¬ 
terpretation of b„ is that \b n \ 2 is the probability that measuring E finds the value E„ 
when the system is in the state if/. This prescription is true for any dynamical ob¬ 
servable. Consider the symbolic operator F 

(5.14) Fq> n =f n <p„ 

At a given time (, the system is in the state t). What is the probability that measure¬ 

ment of F at this time finds the value / 3 ? The state ^ is a superposition state. It is 
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FIGURE 5.2 Elements of the superposition principle. 

composed of the eigenstates of F. Here we are assuming that the eigenstates of F 
are a basis for the Hilbert space that ij/ is in. So we may write 

(5A5) $ ^Y* b n<Pn 

(5.16) b n=<(pn\^} 

This assumption that an arbitrary state if/ may be represented as a superposi¬ 
tion of the eigenstates of a physical observable is the essence of the superposition 
principle. With {(p n } and \j/ normalized to unity, the probability that measurement 
finds the value/ 3 is |fc 3 | 2 . This procedure is depicted in Fig. 5.2. 

Hilbert-Space Interpretation 

When we look in Hilbert space, {<p n } is one set of vectors and ^ is another vector. 
The system is in the state ij/. Measurement of F causes the state i// to fall to one of the 
<p n vectors. Chances are that it goes to the <p n vector to which it is most inclined (in 
the geometrical sense; see Fig. 5.3). 

Consider the following illustrative example. A particle of mass m is in a one¬ 
dimensional box of width L. At t = 0 the particle is in the state 

(5.17) ^(x, 0) = 3<P2 t* 99 

y/25 
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FIGURE 5.3 (a) State of the system before measurement at f, superimposed on the basis {</>„}, which are 
the eigenvectors of the operator P. The probability that measurement of F finds the value/„ is proportional 
to the projection of \j/ on <p n . (b) State of the system immediately after measurement has found the value/,. 
Measurement acts as a “ wave filter.’* It filters out all components of the superposition /) = £ b„{t)(p„(x), 
passing only the <p, wave. 


The (p„ functions are the orthonormal eigenstates of ft : 


(5.18) 



What will measurements of E yield at t — 0 and what is the probability of finding this 
value? First let us see if ip is normalized. In Dirac notation we have, for the state (5.17), 


(5.19) 


l*> = 


3|<p 2 ) + 4[<p 9 ) 

/25 


so that 


(5.20) <ip\ip) = M3<«?2l + 4<<j£> 9 1)(31 <j£>2> + 41 <jt> 9 >)} 

= 2 V {9<C<jt>2 1 + 12({p 2 \<p9y + 12<<P9 |<P 2 ) + I 6 <<P 9 I<P 9 M 

= 1 


and ip is normalized. The inner products <<p 2 |<P 2 > = <<P 9 l<P 9 > = 1 while the other 
two are zero, owing to the orthogonality of the set {<p„}. 

The superposition principle stipulates the following. If we want the probability 
that measurement finds the value E„, we must expand 1 p in the eigenstates of ft. The 
square of the magnitude of the coefficient of (p n is the said probability. 


>P = £ K<Pn = 


3<p 2 + 4 <p 9 


(5.21) 
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In this simplified problem, by inspection we find that 


(5.22) 



b„ = 0 (n ^ 2 or 9) 


Therefore, the probability P(E „) that measurement of E at t = 0 finds the value E„ is 


P(E 2 ) = 


25 


(5.23) P(E 9 ) = ~ 

P(E„) = 0 (n ft 2 or 9) 

In an ensemble of 2500 identical one-dimensional boxes, each containing an 
identical particle in the same state i j/(x, 0) given by (5.17), measurement of E at t = 0 
finds about 900 particles to have energy E 2 — 4 E x and about 1600 particles to have 
energy E 9 = 81 E t . 

Is there a chance that in an ensemble of 10 17 boxes, measurement of E finds 
E 2 in all 10 17 boxes? Yes, This remarkable response carries the philosophical impact 
of the superposition principle. Although the state \j/(x , 0) is a precise superposition 
of well-defined eigenstates of the observables being measured, one is not certain what 
measurement will yield. There is nothing in classical physics that is similar to this 
concept. Any uncertainty in classical physics arises from uncertain initial data. In 
quantum mechanics, although the initial state \j/(x , 0) is prescribed with perfect 
accuracy, one is never certain in which eigenstate, <p n , measurement will leave the 
system. 

However, once E is measured and, say, the value E 9 is found, then one knows 
with absolute certainty that the state of the system immediately after this measure¬ 
ment is tp 9 . 


The Initial Square Wave 


As a second illustrative example, we consider the following free-particle problem 
in one dimension. Suppose that at t — 0 the system is in the state (Fig. 5.4) 


(5.24) 



0 


elsewhere 
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FIGURE 5.4 Square wave packet at t = 0 and corresponding momentum eigenstate amplitudes b{k). 
The interval over which momentum values are most likely to be found is Ap = h A/r = 4nhjL. 


If at this same instant, the momentum of the particle is measured, what are the 
possible values that will be found, and with what probability will these values occur? 

To answer these questions we must first expand i//(x 9 0) in a superposition of 
the eigenstates of p: 

(5.25) = 

yJ2n 


Since these states comprise a continuum, the corresponding superposition of eigen¬ 
states of P is an integral. 


(5.26) 


\p(x, 0) = 



dk 


Inverting this equation (see Eq. 4.42 et seq.) gives the coefficient b(k). 

(5.27) b(k) = f ^(x, 0)(p k * dx = —]= I* ip(x, 0)e~ ikx dx 

J — oo 2n *l — oo 

,ikLj 2 _ e ~ikLI 2 > 


= _L_r / v-dx=-L-?^ 

^/2nL J-l/2 \JlnL k \ 


S /2%L J-L/2 
Y sin (fcL/2) 


2 i 



Again, this coefficient is the projection of the state \p{x, 0) onto the eigenstate <p k . 
Its square times the differential dk is the probability that measurement of momentum 
yields p = hk, in the interval hk, h(k -I- dk). The corresponding probability density 
(in momentum space) is 


, Ll2 2 sin 2 (fcL/2) 
11,1 


(5.28) 
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This function has its maximum at k = 0. It drops to zero at 


(5.29) 


kL 

T 


= 71 


or equivalently at 
(5.30) 


p = hk = 


2nh 

~L 


It is most probable that measurement of momentum finds the value p = 0. The 
momentum values ( ±nlnh/L ) with n an integer greater than 1 are never found, for 
at these values, b(k) = 0. 

Referring to Fig. 5.4, we see that the interval of momentum values that measure¬ 
ments are most likely to uncover has the approximate width 

471 

(5.31) Ak = — 


Ap = h Ak 


4nh 

~L 


On the other hand, from (5.24), it is uniformly probable that measurement of x finds 
the particle anywhere in the interval (- L/2, + L/2), of width 

(5.32) Ax = L 
Combining these two latter uncertainties (5.31 and 5.32) gives 

(5.33) Ax Ap ~ h 

The approximation sign is used because of the qualitative manner in which Ap was 
calculated. The result (5.33) is another example of the Heisenberg uncertainty prin¬ 
ciple at work. 


The Chopped Beam 

To further exhibit the significance of the probability density |£>(fc)| 2 , we consider the 
following problem. Suppose that the free-particle system above is composed of N 
noninteracting electrons. Every electron is in the state ij/(x, 0) given by (5.24). The 
density p (number/length) is related to \j/ through 

(5.34) number of particles in dx = p dx = N\il/\ 2 dx 

The total number in the whole “beam” is 

poo pLj 2 

N = p(x)dx = N 

J -OO J — L/2 


(5.35) 


\\p\ 2 dx = N 
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Suppose that we now ask how many electrons have momentum in the interval 
( — 2nh/L , +2nh/L\ or equivalently, how many have wavenumber in the interval 
(- 2k/ L, + 2k/ L). For a single electron, the probability of finding an electron with 
momentum in the interval hk to hk + hdk is 

(5.36) P{k) dk = \b(k)\ 2 dk 

This is a correct statement provided that 

(5.37) f" \b(k)\ 2 dk = 1 

J — CO 

If this is not the case, one must divide \b(k)\ 2 in (5.36) by the last integral. 

For a totality of N electrons in the beam, the number of them that have momen¬ 
tum in the interval hk, hk + hdk is 

(5.38) p(k)dk = N\b(k)\ 2 dk 

The total number in the whole beam is 

(5.39) N= f p{k)dk = N( \b(k)\ 2 dk 

J — oo J — cc 

For the example at hand 

<-> 

1 j* 00 sin 2 rj dtj i 
ft J — 00 V 2 


The dummy variable t] = kL/2. To return to the original question, the number of 
electrons AN in the beam with momentum in the interval ( — 2Kh/L, +2Kh/L) is 
given by the integral 

»+ 2 .n/L 2 sin 2 (kL/2) 
kL k 2 


(5.41) 


AN 


_ n r’ 

- ft J-* 


dk 


-2 n/L 

+ * sin 2 ri 

n 2 


dt] = 0.903 N 


Thus, we find a majority of the electrons in this momentum interval. 


Superposition and Uncertainty 

Let us return to the case of a single electron in the state ip(x, 0) given by (5.24). Sup¬ 
pose at this time, t = 0, we measure the electron’s momentum. What value do we 
find? The answer is: (a) the values p = ±n2nh/L are never found; (b) any other 
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value may occur with corresponding probability density \b(k)\ 2 . Let the measure¬ 
ment find the electron to have the momentum 

7th 

(5.42) p = T 


Immediately after this measurement, what is the state of the particle? The answer is 


(5.43) 



inx 

17 


The electron is now in the state (5.43). Suppose that we measure the energy of 
the particle. What value is found? Since this state is also an eigenstate of /?, it is a 
certainty that measurement yields 


(5.44) 


E = 


(nh/L) 2 
2m 


The system is still left in the eigenstate (5.43). Suppose that we now measure the posi¬ 
tion of the particle. What values may occur? The probability density is 

(5.45) P = 


which is a constant. It is uniformly probable to find the electron anywhere along the 
whole x axis. The uncertainty in x is Ax = oo. For this same state it is certain that 
measurement of momentum finds the value nh/L, so that A p = 0. Again we find 
corroborating evidence for the Heisenberg uncertainty principle. 

Now we place a uniform array of scintillation detectors along the x axis. One 
of them scintillates at x = x'. What is the state of the electron immediately after 
measurement? The answer is the eigenstate of the position operator corresponding 
to the eigenvalue x' (Fig. 5.5). 

(5.46) ^ = <5(x - x r ) 

Now we measure momentum again. What values can be found? To answer this 
question, we again call on the superposition recipe: expand ip in the eigenstates of p. 


(5.47) 




ikx' 


The corresponding momentum probability density is 


m = \b(k)\ 2 


1 

2 n 


(5.48) 
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\b(k)\ 2 t 

\/2ir 


k 

(b) 



FIGURE 5.6 (a) In the state = (p kQ = (lj ^2n)e ik °\ Ap = 0 and Ax = oo. (b) In the state 
ij/ - S(x - x'). Ax = 0 and A p = oo. 


It is uniformly probable to find the electron with any momentum along the whole 
k axis. The uncertainty in momentum is Ap = oo for the state (5.46), for which 
Ax = 0, and the uncertainty principle holds firm (Fig. 5.6). 

We have been using the phrase superposition principle, but have not given a 
concise statement of this principle. P. A. M. Dirac, one of the early investigators of 
quantum mechanics, was first to grasp the full significance of this principle. His 
description 1 is perhaps the most succinct. The superposition principle “requires us 
to assume that between ... states there exist peculiar relationships such that when¬ 
ever the system is definitely in one state we can consider it as being partly in each of 
two or more other states. The original state must be regarded as the result of a kind 
of superposition of the two or more new states, in a way that cannot be conceived on 
classical ideas.” 

The superposition principle is a cornerstone of quantum mechanics. We have 
used it previously in some elementary one-dimensional problems. We will return 
to it in the remainder of the text in relation to more extensive one-dimensional 


1 P. A. M. Dirac, The Principles of Quantum Mechanics , 4th ed., Oxford University Press, New York, 1958. 
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problems as well as more practical problems in two and three dimensions. A sound 
understanding of this principle is prerequisite to a working knowledge of quantum 
mechanics. 


PROBLEMS 


5.1 If an arbitrary initial state function for a particle in a one-dimensional box is expanded in the 
discrete series of eigenstates of the Hamiltonian relevant to the box configuration, one obtains (5.6) 

W*,0)= 

n= 1 

On the other hand, if the particle is free, its Hamiltonian has a continuous spectrum of eigen- 
energies and the superposition of an arbitrary initial state in the eigenstates <p k of H becomes an 
integral (5.26): 

^(x,0)= f b(k)<p k dk 

" — 00 

(a) What are the dimensions of \b n \ 2 and \b(k )\ 2 , respectively? 

(b) What is the source of the difference in dimensionality? 

(c) What are the dimensions and physical interpretation of the integral 

f" \m\ 2 dkl 

* - 00 


Answer (partial) 

(b) The term \b n \ 2 represents a probability, whereas \b(k)\ 2 represents a probability 
density. 

5.2 One thousand neutrons are in a one-dimensional box, with walls at x = 0, x = L. At t = 0, 
the state of each particle is 

i l*(x 9 0) = Ax(x - L) 


(a) Normalize and find the value of the constant A. 

(b) How many particles are in the interval (0, L/2) at t ~ 0? 

(c) How many particles have energy E s at t = 0? 

(d) What is <£> at t = 0? 

5.3 Using the expressions for <p k and \p given by (5.25) and (5.26), respectively, show that 

<*!*> = l-.f \m\ 2 dk = l 


5.4 A pulse 1 m long contains 1000 a. particles. At t = 0, each a particle is in the state 


i K x > 0) = 


{; 


tV* 0 *, 

0 


| x | < 50 cm, k 0 = tc/ 50 
elsewhere 


(a) At t = 0, how many a particles have momentum in the interval (0 < hk < hk 0 )l 

(b) At which values of momentum will a particles not be found at t = 0? 
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(c) Describe an experiment to “prepare” such a state. 

(d) Construct Ax and A p for this state, formally. What is Ax Ap? [Hint: To calculate Ap, 
use \b(k)\ 2 .-] 

5.5 At t - 0 it is known that of 1000 neutrons in a one-dimensional box of width 10“ 5 cm, 100 
have energy 4 E u and 900 have energy 225 E v 

(a) Construct a state function that has these properties. 

(b) Use the state you have constructed to calculate the density p(x) of neutrons per unit 
length. 

(c) How many neutrons are in the left half of the “box”? 

5.6 Over a very long interval of the x axis, a uniform distribution of 10,000 electrons is moving to 
the right with velocity 10 8 cm/s and 10,000 electrons are moving to the left with velocity 10 8 cm/s. 
Assuming that the electrons do not interact with one another, construct a state function that yields 
the preceding properties for the combined beam. Calculate <p> for this state. 

5.7 Give an argument in support of the conjecture that one cannot measure the momentum 
of a particle in a one-dimensional box, with absolute accuracy. Support the theoretical argument 
with an argument involving an experiment. 

5.8 A one-dimensional box containing an electron suffers an infinitesimal perturbation and 
emits a photon of frequency 

hv - 3 E x 

where £ t denotes the ground state of the particle. A student concludes that the electron was in the 
state <p 2 prior to perturbation. Is he correct? 

Answer 

What the student has in mind is that the photon corresponds to the decay 

hv — E 2 — E 1 = 3 E t 

However, suppose that the electron was in the superposition state (3 (p 2 + Then it is 

still possible that a photon of frequency hv = 3£ x is emitted. So the student is incorrect. 

5.9 Measurement of the position of a particle in a one-dimensional box with walls at x = 0 and 
x = L finds the value x = L/2. 

(a) Show that in subsequent measurement, it is equally probable to find the particle in any 
odd-energy eigenstate. 

(b) Show that the probability of finding the particle in any even-eigenstate is zero. (An 
eigenstate (p„ is even if n is even and odd if n is odd.) 

5.10 It is known that at time t = 0, a particle in a box (described in Problem 5.9) is not in the 
right half of the box. The particle is in one of an infinite number of states. Six such states are depicted 
in Fig. 5.7. 

(a) Write down an approximate wavefunction for each of these states. 

(b) Calculate <£> for each of these states. 

(c) Argue that the state depicted in Fig. 5.7a is the state of minimum <£} (assuming that 
(p = A sin 2nx/L, x < L/2). 
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O L/2 L O LI 2 L O L/2 L 


(a) (b) (c) 



0 L/2 L O L/2 L O L/2 L 


(d) (e) (0 

FIGURE 5.7 Six initial states for a particle in a one-dimensional box, with the property that \ \p\ 2 = 0 in 
the right half of the box. (See Problem 5.10.) 

5.11 A particle in the one-dimensional box described in Problem 5.9 is in the ground state. One 
of the walls of the box is moved to the position x = 2L, in a time short compared to the natural 
period 2n/a) u where hw l = E v If the energy of the particle is measured soon after this expansion, 
what value of energy is most likely to be found? How does this energy compare to the particle’s 
initial energy (£0? 

5.2 COMMUTATOR RELATIONS IN QUANTUM MECHANICS 

An important operation in quantum mechanics is the commutator between two 
operators, A and B. It is written [A, 6] and is defined as 

(5.49) IA, B~\ = Afi - BA 
An immediate property of the commutator is that 

(5.50) [A, 8] = - [8 Al 
If 

(5.51) lA, 8\ = 0 
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the two operators are said to commute (A and B are compatible ) with each other. 
That is, 

(5.52) AB= 6A 

Any operator A commutes with any constant a. 

(5.53) [A, a] = 0 

(5.54) lA, aB] = [ aA , B] = a[A , B] 

Any operator A commutes with its own square. A 2 . 

( 5 . 55 ) lA, A 2 1 = (. AA 2 - A 2 A) = (AAA - AAA) = 0 

The meaning of this relation is that, no matter what A is, when [A, A 2 ] operates on 
any function g(x), one gets zero, 

(5.56) lA, A 2 ]g(x) = 0 

More generally, A commutes with any function of A,f(A). 

(5.57) If (A), A] = 0 

As an example of this rule, consider the following commutator involving the momen¬ 
tum operator p. 

(5.58) -[£,£■'] 

= Z~,lp n ,P'] 

n\ 

= IIP] + + ^lP 2 ,P'i + ••• = o 

It follows that 

f / ihdl 

(5.59) V, «9(x) “ ("to} -fej = 0 

where g(x) represents any function of x. 

One of the most important commutators in physics is that between the coordi¬ 
nate, St, and the momentum, p. Let us calculate it. 

[*, PMx) = ih(-x4- + j- *V*) 


= ih 



dg 

ox 


) 


= ihg(x) 


(5.60) 
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It follows that 
(5.61) 


[*, p :i = iti 


In other words, the operator [£, p] has the sole effect of a simple multiplication by 
the constant ih. As an immediate consequence (using Problem 5.12) 


(5.62) 


so that 
(5.63) 


[*, P 2 ~i = [*, PIP + /P, PI 

= 2 ihp 


[*, P 2 Mx) = 2 h 2 


3g 

3x 


In a similar vein, 

(5.64) [x 2 , p] = *[x, p] + [*, p"]x 

= 2 ihx — lihx 


The operator \jt 2 , p ] multiplies by 2ihx. 

We now prove an important theorem in quantum mechanics which is related 
to the commutator between two operators. It states: if A and B commute 

(5.65) [i, 5] = 0 

then A and B have a set of nontrivial (i.e M other than a constant) common eigen¬ 
functions. The proof is as follows. 

Let cp a be the eigenfunction of A that corresponds to the eigenvalue a. 


(5.66) 

A<fl a - a<p tt 

Then 


(5.67) 

BA<p a = aBcp, 


Since A and B commute, the left-hand side of this last equation may be rewritten 
(5.68) A(B(p a ) = a(B(p a ) 

Inspection of this equation reveals that Bq> a is also an eigenfunction of A correspond¬ 
ing to the eigenvalue a. If <p a is the only linearly independent (defined below) eigen¬ 
function of A that corresponds to the eigenvalue a, the function Bq> a can differ from 
cp a by, at most, a multiplicative constant p. That is, 

B<P a = P<Pa 


(5.69) 
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FIGURE 5.8 If Bv a is eigenvector of A corresponding to the 
eigenvalue a, B<p a and v a are in the same direction in Hilbert 
space 9). 

( B<p a and pup a are in the same direction in Hilbert space; see Fig. 5.8.) But this is the 
eigenvalue equation for the operator B. It follows that <p a is also an eigenfunction 
of B. 

We have already encountered the implication of this theorem for the problem 
of the free particle moving in one dimension. For this case 

(5.70) [ft £] = 0 

It follows by the theorem above that p and H have common eigenfunctions. They 
do. We recall that 

(5.71) pe ikx = hke ikx 

h 2 k 2 

He ikx = 

2m 

Before pursuing the case when q> a is not the only linearly independent eigenfunction 
of A corresponding to the eigenvalue a, we consider the definition of linearly in¬ 
dependent functions. 

Linearly Independent Functions 

When is a set of functions a linearly independent set? The N functions of the set 
{<p n } are linearly independent if the linear combination 

(5.72) ZA„^ = 0 

n — 1 

for all x is only satisfied when 

(5.73) k x = A 2 = • • • = k n = 0 

For example, the two functions e x and sin x are linearly independent since 

(5.74) k x e x + k 2 sin x = 0 




128 SUPERPOSITION AND COMPATIBLE OBSERVABLES 


£ 


FIGURE 5.9 If {</>!, <p 2 , </> 3 , <P 4 } are a linearly 
independent set, no two lie along the same axis in 
Hilbert space §. 

for all x is only satisfied by 

(5.75) ^ = A 2 = 0 

The two functions e x and 3e x are not linearly independent since 

(5.76) A,e x -h 3A 2 e x = 0 
is true for all x if 

(5.77) Aj = — 3A 2 ^ 0 

The concept of linearly independent functions has an interesting geometrical 
interpretation in Hilbert space. If two “vectors” and <p 2 in a Hilbert space are 
linearly independent, they do not lie along the same axis (line) in $ (Fig. 5.9). Simi¬ 
larly, if the set of N vectors {tp n } are linearly independent, no two elements of this set 
lie on the same axis. If <p x and <p 2 are linearly independent, one must “rotate” <p x 
to align it with <p 2 . 

If <p a is the only linearly independent eigenfunction of A corresponding to the 
eigenvalue a, all eigenfunctions of A corresponding to a must be of the form fi(p a . 
The functions <p a and pup a are two linearly dependent eigenfunctions of A correspond¬ 
ing to the eigenvalue a. 

(5.78) A(fi<p a ) = fiA(p a = fmqf a = a(fiq> a ) 

How many such vectors are there? Since p can be any constant, there is a continuum 
of such linearly dependent eigenfunctions of A corresponding to the eigenvalue a . 
In any given problem only one of these states is relevant. For bound states 
(I 1 2 —► 0,1 x | —► oo), i ^ is fixed (and therefore fi) by normalization. For an unbound 
state (|i/f| 2 -/*0, |x| -> oo ), ij/ is fixed through an appropriate boundary condition. 
The latter case is appropriate to beam or scattering problems, where the boundary 
conditions usually involve stipulations on particle current or number density at 
| x | — oo. These concept are discussed in greater detail in Section 7.5, which con¬ 
cerns one-dimensional barrier problems. 




PROBLEMS 


5.12 If A , 8 , and C are three distinct operators, show that: 

(a) IA + B,C] = &C] + IB,C] 

(b) C] = A[8, C] + IA, C]8 

5.13 If A and 8 are both Hermitian, show that A8 is Hermitian if [A, fi] = 0. 

5.14 Show that the solution to the time-dependent Schrodinger equation given in Problem 
(3.18): that is, 

iA(r, t) = exp^- ' | 0) 

is correct, provided that 

[#(0, H(f')] =0 (t * t ') 


4/tswer 

For 0 as given above to be a solution, the expansion 

| = e* ^ + e' HiP 

dt dt * 

must be valid in order to obtain the Schrodinger equation (with i/h = 1). For this to be so, e* in 
the second term must precede ft. Here we have set 


nr = 


We must show that 


= J 


— e = e - 


d_ 

It 


dt 


In general 


*s.i( 

dt dt \ 


2 6 l 


dW \(~dW dir 
dt + 2 ( r 7 r + “ar^ r ) + " 


Thus the equality above holds if we are able to set 


In this case 




" * <3#“| 


-dir l ~,dir 

— + nr— + -iT 2 — + 

dt dt 2 dt 


= e 


dt 
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In terms of the integral definition of #, the commutation criterion above becomes 

m jft(t') df = (pKo *')/?( o 

which is guaranteed if \_H(t). ft(t')] = 0. 

5.15 Discuss the linear independence of the following sets of functions. 

(a) {x, 3x, e x j 

(b) {e ix , sin x, cos x} 

(c) {x 2 , x 3 . x 5 } 

(d) {x, 3, sin 2 x, 4 cos 2 x, In x} 

5.16 If fi is an arbitrary constant, the two vectors <p and tup in § are linearly dependent. Show 
that the cosine of the angle between these two vectors has modulus I. 

| cos 01 = 1 

5.17 From Problem 5.16 we conclude that <p and pup lie along the same axis in §. Show also that 
pup is |/i| times longer than <p, that is, that (see Fig. 5.10) 

llwll = IbIIM 

5.18 Show that if A<p„ = a„<p n and B<p„ = b„<p n for all eigenvalues {n„} and {b„} of A and fi, 
respectively (i.e., A and 6 have completely common eigenstates), then [ A , B] = 0 on the space of 
functions spanned by the basis {</>„}. (Hint: Any element of this space may be written 

= I c„(p„ 


and one need merely show that 

lA, fi] X c «<Pr = 0-) 

Note: In a more general vein one may say the following: let the eigenstates common to A and 6 
span a subspace ^ of a Hilbert space §. Then (A, fi]iA = 0, where >p is any element of <S. 



FIGURE 5.10 The vectors <p and \iq> in Hilbert 
space 9) lie along the same axis and \\fi(p\\ = ImI Ml- 
(See Problem 5.17.) 



5.3 MORE ON THE COMMUTATOR THEOREM 


The Concept of Degeneracy 

Suppose there are two (and only two) linearly independent eigenfunctions of the 
operator A which both correspond to the eigenvalue a. Call them <p, and <p 2 . 

(5.79) A(Pi = cupi 

A(p 2 = a<p 2 

Under such circumstances one says that the eigenvalue a is doubly degenerate. The 
eigenfunctions <p, and <p 2 are degenerate. Now we ask, what is the most general 
eigenfunction of A that corresponds to the eigenvalue a? The answer is, any function 
of the form 

(5.80) <p a = a<p 1 + p<p 2 

with a and ft arbitrary constants. Let us test that this is the case. 

(5.81) A<p a = A(a(pi + P<p 2 ) = aLaip! + fia<p2 

= a (*<Pi + PVi) 

In Hilbert space the two functions (p x and (p 2 span a plane (two-dimensional 
subspace). Equation (5.80) indicates that any vector q> a in this plane is an eigen¬ 
function of A corresponding to the eigenvalue a (Fig. 5.11). 

Let us return to the commutator theorem discussed in Section 5.2. The opera¬ 
tors A and B commute. If we operate on the first of Eqs. (5.79) with 6 and use the 
commuting property of A and B , there results 

(5.82) BA(p x - a{B<p x ) = A(B<p x ) 

We conclude that B(p x is an eigenstate of A that corresponds to the eigenvalue a . 
But there is a continuum of such eigenstates, all of the form (5.80). All we can say 
is that there are some a and /? such that 

(5.83) 8<p x = ti(oi<p x + Pq> 2 ) 


FIGURE 5.11 If (p x and (p 2 are two linearly inde¬ 
pendent degenerate eigenvectors of A , they span a 
“plane” (two-dimensional subspace) in Hilbert space 
Any vector in this plane is an eigenvector of A 
corresponding to the eigenvalue a . 



131 



132 SUPERPOSITION AND COMPATIBLE OBSERVABLES 



(c) (d) 

FIGURE 5.12 Various cases pertaining to the sets of eigenfunctions of two compatible operators, A and B. 
[A, B] - 0 . (a) eigenfunctions of A = all eigenfunctions of B. (b) A has only nondegenerate eigenfunctions, 
(c) B has only nondegenerate eigenfunctions, (d) [4, B ] = [£, C] = [v4, C] = 0. A has only nondegenerate 
eigenfunctions. 


Inspection of this equation [compare with (5.69)] reveals that <p j need not be an 
eigenfunction of B. 

So we have the following rule: If [A, B] = 0, and a is a degenerate eigenvalue 
of A, the corresponding eigenfunctions of A (which all have the same eigenvalue, a) 
are not necessarily eigenfunctions of 6. Loosely speaking, degenerate operators 
have “more” eigenstates than nondegenerate operators. This concept may be il¬ 
lustrated in terms of the Venn diagrams depicted in Fig. 5.12. 

A very simple physical example of this situation is provided by the problem 
of the free particle moving in one dimension. The eigenvalue 


(5.84) 


„ h 2 k 2 


of the Hamiltonian [see (3.17)] 
(5.85) 
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is doubly degenerate. All of the following functions are eigenfunctions of H cor¬ 
responding to this eigenvalue. 

(5-86) (q> l9 (p 2i <p 3 ) = {(cos kx , sin kx , exp (ikx)} 

This is not a linearly independent set. However, any two are, so that for the free 
particle the eigenvalue (5.84) is doubly degenerate. For example, the two linearly 
independent functions, say 

(5.87) {(p 1 , (p 2 } — {cos kx , sin kx} 

both have the eigenvalue h 2 k 2 /2m .. Although [p, //] = 0, for the free particle, the 
set of functions (5.87), being degenerate eigenfunctions of energy, need not be eigen¬ 
functions of p. In fact, they are not. 

Another linearly independent set of degenerate eigenstates corresponding to 
the eigenenergy h 2 k 2 /lm is {<p 2 , <p 3 }. Of these, tp 3 is an eigenstate of p and <p 2 is not. 
Of the set {<p l9 tp 3 }, (p l is not an eigenstate of p, and again tp 3 is. 

When there are n (and only n ) linearly independent eigenstates of an operator 
A that all correspond to the same eigenvalue, the eigenvalue is n-fold degenerate. 
Suppose that \_A 9 B~] = 0. What can then be said is that from these n degenerate 
eigenstates of A 9 one can form n linear combinations which are n linearly independent 
eigenstates of both A and B. 

For instance, from the two degenerate eigenstates (5.87) in the free-particle 
problem above, we can form 

(5.88) <p+ = <p, + i(p 2 = cos kx + i sin kx = e ikx 

(5.89) (p_ = (p x — i<p 2 — cos kx — i sin kx = e~ ikx 

These two functions are common eigenstates of H and p. They remain degenerate 
eigenstates of H but are nondegenerate eigenstates of p. 

PROBLEMS 

5.19 Construct two linearly independent linear combinations of <p 2 and <p 3 given in (5.87) 
which are common eigenfunctions of H and p. 

5.20 Given that x and p operate on functions in $ 2 and the relation [*, £| = ih , show that if 
x — x (i.e., multiplication by x), p has the representation 

P = - foj- + f(x) 

dx 

where /(x) is an arbitrary function of x. 

[Note: Dirac 1 has shown that through proper choice of phase factor (Section 4.2), the arbitrary 
function/may always be made to vanish. Thus, the basic commutator relation between x and p 


1 Dirac. The Principles of Quantum Mechanics. 
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is equivalent to explicit operator forms for these variables. Listing of such commutator relations 
may serve in place of postulate I (Section 3.1).] 

5.21 The operators A and B both have a denumerable number of eigenstates. Of these, the single 
eigenstate <p is known to be common to both. That is, 

A<p = a<p, Bcp = b(p. 


(a) What can be said about the commutability of A and B? 

(b) Suppose that it is further known that all the eigenstates of A and B are degenerate. 
Does this additional information in any way change your answer to part (a)? 


5.4 COMMUTATOR RELATIONS AND THE UNCERTAINTY PRINCIPLE 

As we have seen above, owing to the fact that for a free particle, p and fl commute, 
they have a set of simultaneous eigenfunctions. Namely, any function of the form 

(5.90) <P = Ae ‘ kx 

is a common eigenstate of both p and H. If the system (particle) is in this state, it is 
certain that measurement of p gives hlc and measurement of energy gives h k f2.ni. 
Since (5.90) is a common eigenstate of p and H, measurement of p, which (absolutely) 
gives hk, leaves the particle in the state (5.90). Subsequent measurement of E gives 
h 2 k 2 /2m and also leaves the particle in the state (5.90). 1 The operators fH and p are 
compatible-, that is, they commute. Quantum mechanics allows p and E to be simul¬ 
taneously specified (for a free particle). Furthermore, there is only one (unique) 
state which gives these two values, the state (5.90). 

Although there exists a state in which both energy and momentum may be 
specified simultaneously, the same is not true for the observables * and p. There is 
no state in which measurement is certain to yield definite values of x and p. Measure¬ 
ment of p leaves the system in an eigenstate of p (5.90). Subsequent measurement of 
x is infinitely uncertain. The state (5.90) is not an eigenstate of x. Conversely, measure¬ 
ment of x that finds x' leaves the system in the eigenstate of x, 

(5 91) i fj = 3(x-x') 


■ Here wc mean an ideal measurement. This is a measurement which least perturbs the system. Any real measurement 
c auses the system to suffer a greater perturbation. After the energy of the particle in the state (5.90) is measured, ideal 
measurement maintains that state. However, it is also possible that after finding h 2 k 2 j2m, the particle is in any linear 
combination of the independent degenerate energy eigenfunctions of H which correspond to this eigenvalue 
(e g„ a cos kx + jS sin kx). However, measurement that leaves the particle in this state must have interfered with the 
momentum, since this state is a superposition of momentum eigenstates. Measurement that leaves the system in the 
original state (5.90) does not perturb the momentum. It is the ideal measurement of energy. 
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When the particle is in this state, measurement of momentum is infinitely uncertain. 

For the free particle, there are states in which the uncertainty in energy and 
momentum obeys the relation 

(5.92) AEAp = 0 

On the other hand, in any state, the uncertainties in observation of p and x are such 
that the product Ap Ax is always greater than a fixed magnitude. 

(5.93) A xAp>^ 

It is quite clear at this point that these uncertainty relations have their origin 
in the compatibility properties (5.51) of the operators that correspond to the ob¬ 
servables being measured. 

Suppose that two observables A and B are not compatible: 

(5.94) [£$] = £* 0 

For example, such is the case for displacement and kinetic energy. Then one can show 
the following 1 : If measurement of A, in the state i//, is uncertain by the amount AA, 
then measurement of B is uncertain by the amount AB, such that 2 

(5.95) AA AB > j|<C>| 

We recall (Section 3.3) that the uncertainty of an observable A in the state t j/ is the 
root mean square of the deviation of A away from the mean </l>. 

(AA) 2 = <(A - (A)) 2 } = < A 2 > - < A) 2 

Expectation values in (5.95) are calculated in the state if/. For example, 

(5.96) <C> = <*|C*>, (AA) 2 = {(A - <A»*|Ct - </t»iA> 

The mechanism at work behind these uncertainty relations is as follows. If A 
and B do not commute, then the eigenstate <p a of A which the system goes into on 
measurement of A is not necessarily an eigenstate of B. Subsequent measurement 
of B will give any of the spectrum of eigenvalues of B with a corresponding probability 
distribution P(b). This probability distribution is obtained from the coefficients in the 
expansion of q> a in the eigenstates < p b of B. 

(5-97) P(b) = (cp b \<p a } 

(with {(p a } and {<p 6 } normalized). Remeasurement of A is then in no way certain of 
finding the system in the state <p„. 

1 See Problem 5.42. 

2 This generalization of the uncertainty principle is sometimes called the Robertson-Schrodinger relation [H P R :c*ertson, 
Phys. Rev. 35, 667A (1930); E. Schrodinger, Sitzungsber. Preuss. Akad. PViss. (1930), p. 296], 
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We note that the commutator-uncertainty relation, (5.94) and (5.95), is among 
the more fundamental relations in quantum mechanics. In addition to its important 
practical significance, it stands as an immutable barrier separating quantum and 
classical physics. 

PROBLEMS 

5.22 How do the states for a free particle 

cp, = Ae ikx 
<p 2 = B cos kx 

differ with regard to measurements of momentum and energy? 

5.23 For a particle in a one-dimensional potential field F(x), show that 

h , v 
AEAx> — < p x > 

2m 

5.24 Consider three observables, A , B , and C. If it is known that 

IB, C] = A 
U C] = B 

show that 

A(AB) AC > \(A 2 + B 2 y 

5.25 Obtain uncertainty relations for the following products 

(a) Ax AE 

(b) Ap x A E 

(c) Ax AT 

(d) Ap x AT 

relevant to a particle whose kinetic energy is T and whose total energy is E. (A closely related 
example is discussed in Problem 2.30.) 

5.26 If g(x) is an arbitrary function of x, show that 

* 4 # 

5.27 If g(x) and /(x) are both analytic functions, show that 

ff(-4)/(<p) = g(a)f(<p), where A<p = a<p 

5.28 The time-dependent Schrodinger equation permits the identification 

E = ih^~ 
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Using this identification together with the rule (5.95), give a formal derivation of the uncertainty 
relation 

A E At > 

Note that in a stationary state (eigenstate of fi\ AE - 0. The implication for this case is that a 
stationary state may last indefinitely. 

5.29 Can the total energy and linear momentum of a particle moving in one dimension in a 
constant potential field be measured consecutively with no uncertainty in the values obtained? 

5.30 If 


ia, b ] = it 

and A and B are both Hermitian, show that C is also Hermitian. 

5.31 Prove that if A and B are Hermitian, [ A , fi] is Hermitian if and only if [i, B] = 0. 

Answer ( partial ) 

Set [A, S] = K. Then K = —K*, But K' = K, hence K = -K. 

5.32 (a) Obtain an uncertainty relation for mass and time from the relativistic mass-energy 
equivalency formula. 

(b) A free neutron has a mean lifetime of ~ 10 3 s. Apply the uncertainty relation found in 
part (a) to find the uncertainty in the neutron’s mass. 

Answer ( partial) 

(b) Am ~ 10” 27 amu (M p ~ 1 amu) 


5.5 “COMPLETE” SETS OF COMMUTING OBSERVABLES 

We have already seen that for the free particle in one dimension, the eigenvalues of 
ft are doubly degenerate. The two eigenfunctions of ft corresponding to the 
eigenvalue h 2 k 2 /2m are exp (+ ikx) and exp ( — ikx). However, once we specify what 
p is (say +hk), in addition to E, then one can say that the system is in one and only 
one state, exp (+ ikx) (to within a multiplicative constant). Merely prescribing the 
energy of the particle does not uniquely determine the state of the particle. Further 
specifying the momentum removes this ambiguity and the state of the particle is 
uniquely determined. 

Suppose that an operator A has degenerate eigenvalues. If a is one of these 
values, specifying a does not uniquely determine which state the system is in. Let B 
be another operator which is compatible with A. Consider all the eigenstates {ip ab \ 
which are common to A and B. Of the degenerate eigenstates of A, only a subset of 
these are also eigenfunctions of B. Under such conditions, if we specify the eigen¬ 
value b and the eigenvalue a, then the state that the system can be in is a smaller set 
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than that determined by specification of a alone. Suppose further that there is only 
one other operator C which is compatible with both A and 6. Then they all share a 
set of common eigenstates. Call these states (p abc . Then 

Atyabc “ fttyabc 

( 5 . 98 ) &<Pa»c = tHPabc 

C(Pabc = C( Pabc 

These functions are still a smaller set than the set {< p a } or Indeed, let us consider 

that <p abc is uniquely determined by the values a, b, and c. This means that having 
measured a, b, and c: (1) Since <p abc is a common eigenstate of A, B and C, simul¬ 
taneous measurement (or a succession of three immediately repeated “ ideal” measure¬ 
ments) of A, B, and C will definitely find the values a, b, and c. (2) The state <p ahc 
cannot be further resolved by more measurement. This state contains a maximum 
of information which is permitted by the laws of quantum mechanics. (3) There are 
no other operators independent of A, B, and C which are compatible with these. If 
there were, the state (p abc could be further resolved. An exhaustive set (in the sense 
that there are no other independent operators compatible with A, B, and C) of com¬ 
muting operators such as A, B, and C above, whose common eigenstates are uniquely 
determined by the eigenvalues a, b , and c and are a basis of Hilbert space, is called a 
complete set of commuting operators. 

Maximally Informative States 

The values a, b , and c, which may be so specified in the state (p ab c> are sometimes 
referred to as good quantum numbers. These are analogous to the generalized co¬ 
ordinates whose values determine the state of a system classically. As discussed in 
Section 1.1, such classical coordinates are also labeled good variables. 

Suppose that there are, in all, five independent operators that specify the prop¬ 
erties of a system : A, 2?, C, D , and F. Of these, A , B, and £ are compatible with one 
another and D and F are compatible. However, these two sets are incompatible with 
one another, so that, for example, 

(5.99) [A, 5] ^ 0 

One can simultaneously specify either the eigenvalues a, b, and c or the eigenvalues 
d and/. One cannot, for instance, say that the system is in a state for which measure¬ 
ment of A definitely gives a and measurement of D definitely gives d. For this case 
there are two sets of states that are maximally informative: {(p abc ) and {q> df }. Suppose 
that A has degenerate eigenvalue a . What is the state of the system after one has 
measured and found a? The state lies in a subspace of Hilbert space which is spanned- 
by the degenerate eigenfunctions that correspond to a. This subspace has dimen- 
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sionality Jf a (a is an jV a Ao\d degenerate eigenvalue). After measurement of B, the 
state of the system lies in the space & ab , which is a subspace of and is spanned by the 
eigenfunction common to A and B. This subspace has dimensionality .A' ab , which is 
not greater than Jf a . 

(5.100) jr A < jr m 

Subsequent measurement of C (mutually compatible with A and B) leaves the state 
of the system in a space 9) llbc that is a subspace of 9) ah and whose dimensionality 
does not exceed that of 9s ah . 

( 5 - 101 ) ^ ^ 

In this manner we can proceed to measure more and more mutually compatible 
observables. At each step of the way the eigenstate is forced into subspaces of lesser 
and lesser dimensionality, until finally after the successive measurement of A, B, C, 
D, ... the state of the system is forced into a subspace of dimensionality N = 1. This 
is a space spanned by only one function. It is the eigenstate common to the complete 
set of observables (A, B , C, D ,...): namely, <p abcd .... This state cannot be further re¬ 
solved by additional measurements. Measurement of any of the observables 
(A, B, C,D ,...) in this state is certain to find the respective values (a, b, c,d ,...). 


PROBLEMS 

5.33 (a) Show that for a particle in a one-dimensional box, in an arbitrary state 0), 

<£> > £. 

(b) Under what conditions does the equality maintain? 

5.34 A free particle at a given instant of time is in the state 


(xk 0 ) 2 + 4 

At this same instant, (ideal) measurement of the energy finds that 

E - * v 

2m 

The measurement leaves the momentum uncertain. Under such circumstances, what is the state *} 
of the particle immediately after measurement? 


Answer 

Since the momentum is uncertain after measurement, we know that the state is not one of the 
eigenstates of momentum <p ±fco . Instead, one may say that the state vector lies in a subspace of § 
spanned by the vectors cos k 0 x and sin k Q x. 

$ — a cos k 0 x + p sin k 0 x 
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The coefficients oc and fi are proportional to the projections of on cos fc 0 x and sin k 0 x, 
respectively. Since 


<^|sin k 0 x > = 0 

it follows that after measurement, the state of the particle is 

\j/ = a cos k 0 x 


5.35 Show that 

e A Be~ A = B + [A B] + ^ (A, {A, 5]] + ^ [A, (A, (A, 5]]] + • • • 

(Hint: Taylor-series expand f(n) = e^Be'^ about n = 0. Also note the derivative property of 

/(>?): d f/dn = [A, /]•) 

5.36 Show that 

given that A and B each commutes with [A, B], (Hint: First show that [e' A , B] = tje^A, B]. 
Then establish that the derivative of 

$(>/) = e" i ^ S e-* A+B) 
is 

f = n (A, $13 
drj 

and integrate.) Note that for 0 < 1, one may always write 

e 0{A + B) ^ e 0A e 0B e -(mmA,B] 

This relation is important in statistical mechanics, where /? plays the role of inverse temperature 
and A + B is the Hamiltonian . 

5.37 The operator A has only nondegenerate eigenvectors and eigenvalues, {<?„} and a„}. 
What are the eigenvectors and eigenvalues of the inverse operator, A~ l l Is your answer 
consistent with the commutator theorem? 

5.38 (a) Construct a one-dimensional wave packet that has zero probability density outside 
a domain of length L at time t - 0 and which has average momentum <p> = + hk 0 . That is, it is 
propagating to the right. 

(b) The wave packet collides with a mass m. Estimate the probability that the mass is 
deflected to the left with momentum tr k 0 /10 ± tr fc o /100. Take k 0 L = lOn. (Assume that 
complete momentum exchange occurs simultaneously at t — 0. The mass is located at the 

origin.) 

539 Show that the expectation of an observable A of a system that is in the superposition 
state 

MX, 0 = 1 

n 
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may be written in the form 


< A > = 2£E *>„*&,<« 141/> cos (co„ - cO|)f + Y. \b„\\n\A\n> 

n>l „ 

for { b*b ,} and <n\A\l} real. The states <p„ exp (ico„0 are eigenstates of the Hamiltonian of the 
system. Here we are writing |n> for (p n . 

5.40 What is the average <x> and square root of variance Ax for the following probability 
densities? 


(a) P(*) = ^[l +(*-x 0 ) 2 r 1 

(b) P(x) = Ax 2 e~ xl > 2a2 

5.41 (a) Show that for a particle in a one-dimensional box with walls at (- L/2, L/2) 

A A,i„ = \/<P 2 )min = 


(b) Show for this same configuration that 


Ax 


J <* 2 >max 


L 

2v/3 


(c) In which states are Ap min and Ax max realized? 

(d) From part (a) obtain the following momentum uncertainty relation for this con¬ 
figuration : 


L Ap > 


h 

2 


5.42 Given that A and B are Hermitian operators and that 

la, B] = it 


show that 


AA AB > }|<C>| 


Answer 

The uncertainties in A and 5, when written in terms of the operators 

$a = A- </l> 

S b = B~ <B> 

appear as 

(A ^) 2 = <b A ij/\s A ijfy = \\s A \i /\\ 2 
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These expressions may be incorporated into the Schwartz inequality (Problem 4.20). 
There results 

\\&a'I'\\ 2 \\&b'I '\\ 2 *\<Sa + \& b *>\ 2 
(A/4) 2 (AB) 2 > = \(<I'\&a&b'I , '>\ 2 

The latter equality is due to the Hermiticity of 5 A . We now recall that any operator can be written 
as a linear combination of two Hermitian operators: 


S a 3b = ^ (^a^b + ^b^a) + ~ <5b1 — ^ + j € 


Here we have used the fact that i J = [£ ffl. Substituting the expression 

preceding inequality gives 


(A/4) 2 (AB) 2 > 



<G>+^<C> 


above into the 


Owing to the Hermiticity of G and C, their expectation values are both real. It follows that 

(A/4) 2 (AB) 2 |<G>| 2 + il<C>| 2 ^ il<C>| 2 



CHAPTER 


6 


TIME DEVELOPMENT, CONSERVATION 

THEOREMS, AND PARITY 


6.1 Time Development of State Functions 

6.2 Time Development of Expectation Values 

6.3 Conservation of Energy, Linear and Angular Momentum 

6.4 Conservation of Parity 


In this chapter we pursue the study of time development of the state function in greater 
generality than we did in our previous discussion in Chapter 3. This description leads 
naturally to the concept of constants of the motion in quantum mechanics and again to 
the notion of stationary states . The distortion of a wave packet in time is obtained with 
the aid of the free-particle propagator. Classical motion of the packet is obtained in the 
limit h —> 0. The significance to physics of constants of the motion was described in 
Chapter 1. We now find that such constants stem from related fundamental symmetries 
in nature. In the two chapters to follow , the principles and mathematical formalism 
developed to this point are applied to some practical one-dimensional problems. 


6.1 TIME DEVELOPMENT OF STATE FUNCTIONS 


The Discrete Case 


Let us recall the recipe for solution to the initial-value problem in quantum mechanics 
(Section 3.5). The initial-value problem poses the question: Given the state 0), at 
time t — 0, what is the state at t > 0, ij/(x , t)? The answer is: Eq. 3.70. 


ij/(x, t) = exp 


(“ T-)* (x ’ 0) 


( 6 . 1 ) 



144 TIME DEVELOPMENT, CONSERVATION THEOREMS, AND PARITY 


We recall that the exponential operation is written for its series representation, 

. iflt fl 2 t 2 

(6.2) exp J = 1 - IT " 2!F + 

Suppose that this exponential operator operates on an eigenfunction q>„ of /?. 
Then H as it appears in the exponential is simply replaced by E„; that is, 

(6.3) exp = ex p (nr t )^ 

As an application of this property we consider the problem of a particle in a one¬ 
dimensional box with walls at (0, L), which is initially in an eigenstate of the Hamil¬ 
tonian of this system. 

(6.4) W*. 0) = <Pn(x) 


Then the state at time t is 


i) - «p HrW> = 


<J/ n (x, t) = e “‘"'(pjx) 

(^•^ fuo n = E„ = n 2 Ei 

As described in Section 3.6, the time-dependent eigenstates, i^„(x, t) of /?, are called 
stationary states. We recall a very important property of a stationary state (3.76)—that 
the expectation of any operator (which does not contain the time explicitly) is constant 
in a stationary state. As an example of a stationary state, consider the n = 5 eigenstate 
of the problem at hand. 


( 6 . 6 ) 


•As(*, 0 = e 


-i2 5£il/d 



571X 

~L 


The eigenstate i^ 5 oscillates with the frequency 25 Ejh. Both real and imaginary 
parts of ^ 5 (x, t) are standing waves. The expectation of energy in this state is constant 

and equal to 25E!. 

Suppose, on the other hand, that ^(x, 0) is not an eigenstate of H. Under such 
circumstances, to determine the time development of ij/(x, 0) one calls on the super¬ 
position principle and writes i j>(x, 0) as a linear superposition of the eigenstates of/?. 

•Kx, 0) = £ b„(p„(x) 
b„ = <<p„|iA(x, 0)> 


(6.7) 
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If we now invoke (6.1), the calculation of t ) becomes tractable. 


( 6 . 8 ) 


0 = exp E b n<Pn(x) 

= £ bn exp 

= Z b„e“ i “"V n (x) 
feco„ = £„ = n 2 £i 


This solution indicates that each component amplitude b n (p n oscillates with the 
corresponding angular eigenfrequency co n . 

Consider the specific example in which the initial state is 


(6.9) 


<K*> o) = 


[2 sin ( 2nx/L ) + 2 sin ( nx/L ) 


This state is depicted in Fig. 6.1 and is simply the superposition of the two eigenstates 
<p 2 and <p 2 . That is, in the expansion (6.7), one obtains 


b ! = 


*>2 = 


( 6 . 10 ) 


1 2 ys 

b n = 0 (for all other n) 


The state of the system at t > 0 is given by (6.8). 


( 6 . 11 ) 


[2 (e io}2t sin (2itx/L) 4- 2e iU)it sin (7ix/L)) 

^ '> - Vl I'-7!-J 
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How are these time-dependent solutions related to experimental observations? Let 
us rewrite (6.8) in the form 

(6.12) 0 = £ 6„(0<p„(x) 

so that 5„(f) now includes the exponential time factor 

(6.13) 5„(0 = e~ ia ’ t b n 

Suppose that the energy is measured at t > 0. What values will result, and with 
what probabilities will these values occur? As in Section 5.1, calculation of the expec- 
tation of E yields 

(6.14) <£> = Z \b„(t)\ 2 E n 

Again, we find that the square of the coefficient of expansion b n (t) gives the proba¬ 
bility that measurement of E at the time t finds the value E„. 

(6.15) p ( E ») = I &,(01 2 
For the state (6.9) this probability distribution is 

P(£i) = I 

(6.16) P{ E i) = i 

P(E„) = 0 (for all other n) 

For the initial state (6.9), at any time t > 0, the probability that measurement of 
energy finds the value E t is f. Similarly, the probability that measurement finds the 
value 4 E { is j. 

What is the expectation of £ at t > 0 for the initial state (6.9)? 

/I7 . «e- f <02 > 2 1 + <2e- imi V 1 |)(^|e~ iM2, <P2> + ^|2e~ in,1, (y>i» 

( 6 . 17 ) <£) t>0 — " ^ 


E 2 + 4£j 
5 


= <£>,=o 



i 


The “cross terms” vanish due to orthogonality of the eigenstates of H, and one finds 
that the expectation of energy is constant in time. More generally, for any isolated 
system, in any initial state: (1) the probability of finding a specific energy E n is con¬ 
stant in time; (2) the expectation {£) is constant in time. 

These rules follow directly from (6.13)-(6.15). 


P(E„) = \h„(t)\ 2 = e +m ’' , e- i ' a '' , b*b n 
P(E„) = \b„\ 2 = constant in time 
<E> = X \b„(t)\ 2 E n = X \b„\ 2 E„ = constant in time 


(6.18) 

(6.19) 



The Continuous Case. Wave Packets 

Next, consider the problem of a free particle moving in one dimension. Let the 
particle be initially in a localized state i //(x, 0) such as that depicted in Fig. 6.2. 

Since the eigenstates of the Hamiltonian for a free particle comprise a continuum, 
the representation of 0) as a superposition of energy eigenstates is an integral (see 
Eqs. 5.26 et seq.). 


( 6 . 20 ) 


>P(x, 0) = 


Kk) = 




dk 



ikx dx 


The state of the particle at t > 0 follows from (6.1). 


( 6 . 21 ) 


( 6 . 22 ) 


Hx, t ) = 



i l/(x, t) = )— f b{k)e i{kx “ ,) dk 

yf2n J — oo 


fc Vk 2 „ 

ho) = —— = E k 
2m k 


While the component amplitudes of the state function of a particle in a box oscillate 
as standing waves, the fc-component amplitudes of the free-particle state function 
propagate. For each value of fc, the integrand of (6.22) appears as 

(6.23) b(k) exp K* ■ i')] 



FIGURE 6.2 Initial state for a free particle. 
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The phase of this component, [x - {o)/k)t\, is constant on the propagating “surface,” 
(6.24) x — — t 


This is a surface of constant phase. It propagates with the phase velocity 


(6.25) 


co _ hk 

k 2m 


The components with larger wavenumbers (shorter wavelengths) propagate with 
larger speeds. The long-wavelength components propagate more slowly. 

Suppose that at t = 0, the state ^(x, 0) is a tight bundle of eigenstates of ft. 
When the clocks begin to move, each /c-component propagates with a distinct phase 
velocity. The initial state begins to distort. It may be that the initial state remains 
somewhat intact and moves. In this case one speaks of a propagating wave packet. 
To have a wave packet propagate, it is necessary that the average momentum of the 
particle in the initial state does not vanish. 


(6.26) <p>, = o = <iA(x, 0) | /ty(x, 0)> # 0 

Furthermore, since the packet is localized in space, 

(6-27) 1 1 Kx, 0)| 2 # 0 only over a small domain 

The velocity with which such a packet moves is called the group velocity. 

dco 


( 6 . 28 ) 


P * 8k 


The meaning of k max is that the amplitude |h(k)| 2 is maximum at k = k max . 


(6-29) hk mm ~ <p> = I” \b(k)\ 2 hk dk 

J - CO 

This approximation becomes more accurate the more peaked is 1 \b(k)\ 2 . 
Combining (6.28) and (6.29) gives 


(6.30) 




dco 

dhco 


d(h 2 k 2 /2m) 

dk 

k m ~hdk 

k max 

h dk 


^ma* (Py 


The packet moves with the classical velocity <p)/w. 

! However, if|£>(*)| 2 becomes too peaked, condition (6.27) is violated; that is, ^(.v) spreads out too much. 
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e ik 0 x 

m 


e ik 0 x 

m— 

--.-' 

L 

FIGURE 6.3 Chopped wave of 
length L. 


As an example of these concepts, consider a beam of neutrons each of which has 
momentum hk 0 . The beam is “ chopped,” producing a pulse L cm long and containing 
N neutrons (Fig. 6.3). The state function for each neutron at the instant after the pulse 
is produced is 


(6.31) 


0 ) -1 



e ik Q x 


L 

2 ~ X ~ 



elsewhere 


If the momentum of any one of the neutrons is measured at t > 0, what values may be 
found and with what probability do these values occur? To answer this question, we 
need calculate only the expansion coefficients b(k) of (6.20). 


(6.32) 


m = 


J * + Lf 2 

—= e ,kox e-‘ kx dx 
y/2nL J-L /2 

2 sin [(fe - k 0 )L/2'] 


%L 


k- k 0 


The state at time t > 0 is 


(6.33) 




sin [(fe k 0 )L/ 2] ^ i{kx _ ^ ^ 


with 

(6.34) 


flO) — 


h 2 k 2 

2m 


The amplitude b(k) is sketched in Fig. 6.4. 
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FIGURE 6.4 Momentum probability density corresponding to 
the pulsed wave of Fig. 6.3. 


The momentum probability density P(k) gives the probability that measurement 
of momentum of any of the neutrons yields a value in the interval hk to h(k + dk). 
It is given by 

(6.35) m - r _jX‘dk - IW)|J 

2 sin 2 [(fc - k 0 )L/2] 
nL (k - k 0 ) 2 

This probability density is constant in time. 1 At any time t > 0, it is most likely that 
measurement of momentum of any particle in the pulse finds the value 


(6.36) P = fcfcmax = hk 0 

Recall that this was the only momentum the neutrons had before the beam was 
chopped. 

At any time t > 0, the momentum values 


(6.37) 


hk = hk 0 + 


2nnh 

~L~ 


(n = 1,2,3,...) 


have zero probability of being found. These momentum eigenstates do not enter into 
the superposition construction of i j/(x, 0). 

How many neutrons will be found with momentum in the interval h(k — k 0 ) - 
hk 0 to h(k - k 0 ) + hk 0 l The answer is 


(6.38) 


AN = N 



dk 


This number is also constant in time. 


1 This property of the free-particle momentum probability density is more fully developed in Section 7.4. 
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Consider next the Fourier decomposition of a square wave packet as depicted 
in Figure 5.4. There we see that the largest k component corresponds to k = 0 with 


(6.39) 


<Po = 


1 



This is a “flat” wave. The other k components in the superposition of the square wave 
serve to taper the sides of the pulse. Since p = 0 for this packet, it does not propagate— 
it only diffuses. 


The Gaussian Wave Packet 


A more rewarding problem both from the pedagogical and physical points of view is 
that of the diffusion and propagation of a Gaussian wave packet, discussed previously 
in Section 3.3. The initial state is 


(6.40) 


0 ) = 


1 

a 1/2 (27t) 1/4 


e ik 0 x e -x 2 i4a 2 


The corresponding initial probability density 


(6.41) 


P(x, 0) — \j/*\j/ = 


1 p -x 2 l2a 2 

a Jin 


is properly normalized as 



Pdx = 1 


The initial uncertainty in position of a particle in the state (6.40) is the square root of 
the variance 


(6.42) A x = a 

The complex modulation exp(ifc 0 x) in the state (6.40) serves to give the particle the 
average momentum 

(6.43) <p> = hk 0 


It follows that the initial Gaussian state function (6.40) represents a particle localized 
within a spread of a about the origin and moving with an average momentum hk 0 . 
The momentum amplitude corresponding to this initial state is 


m 


i 

a il2 (2n) 31 * 



e -x’ 2 /4a 2 e ix’(k 0 -k) fa. 



e -a 2 (ko-k) 2 


(6.44) 
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AxtiAk = ft 12 = Ax Ap\ min 


FIGURE 6.5 The momentum probability density \b\ 2 corresponding to a Gaussian position probability 
density, | \p |\ is Gaussian. In this state A p Ax has its minimum value at /i/2. 


The Fourier transform of a Gaussian is itself Gaussian (see Fig. 6.5). The initial 
momentum probability density 


(6.45) 


W )\ 2 ^^Le-Wo-W 
yj2n 


is normalized, centered about the value k = k 0 , and has a spread A k = (2a) *. It 
follows that in the initial Gaussian state, 


(6.46) 


Ax A p 


Gauss 


A xh Ak = ^ = Ax Ap 


min 


The product of uncertainties has its minimum value in a Gaussian packet. 


Free-Particle Propagator 

Next we turn to the construction of i j/(x, t) from the initial state (6.40). The value of this 
function may be obtained from (6.21 et seq.) 


(6-47) 


i r°° r 00 

i/r(x,0 = — dx' dke- ikx \l/(x\0)e iikx - M) ' 

2 n J-oo J-oo 


a 112 (2tt) 5/4 


f dk exp {lUx - x') - *!^!l 1 


where the time constant t is defined as 


(6.48) 


to) = k 2 a 2 o) = 


hk 2 

2m 
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Let us take advantage of our construction of \J/(x , t) at this point of the analysis 
to introduce the free-particle propagator, K(x\ x ; f). This function provides a formal 
solution to the free-particle, initial-value problem through the prescription 

(6.49) <Kx,t)= f dx'Hx’, 0)K(x\ x\ t) 

J — 00 

The explicit form of K(x', x; t) is inferred from (6.47). 


(6.50) 


K(x',x;t) = ~ 
2n 



dk exp 



k(x — x') 



With the aid of the integral (see Problem 6.5) 


(6.51) 

there results 1 



u 


(Re u > 0) 


(6.52) 



Having found this explicit form for the free-particle propagator, let us return to 
(6.49) and see its meaning. The wavefunction i/f(x, t) gives the probability amplitude 
related to finding the particle at x at the instant t . If the particle was at x at t — 0, then 
the probability that it is found at x at t > 0 depends on the probability that the 
particle propagated from x' to x in the interval t. This is what (6.49) says. The proba¬ 
bility amplitude that the particle is at x at time t is equal to the initial amplitude that 
the particle is at x' multiplied by the probability amplitude of propagation from x' 
to x in the interval t , summed over all x'. Thus we may interpret K(x , x'; 0 as the 
probability amplitude that a particle initially at x' propagates to x in the interval t. It 
should be noted that the explicit form (6.52) is appropriate only for free-particle 
propagation. For more general problems involving interaction, the form of (6.49) still 
maintains, although the propagator function is more complicated (see Problem 6.26). 


1 To obtain a convergent integral, first replace / by a = i + f, where f is a small real positive number. After integrating, 
let £ -#■ 0. 



Distortion of the Gaussian State in Time 


Let us return to the calculation of \f/{x, t), given the initial Gaussian distribution (6.40). 
To complete the calculation one need merely complete the x' integration in (6.49). 

1 


0 - i!3^I7S ('*•*' - i?) 


K(x', x; 0 


a il2 (2n) i/4 J_ c 

Employing the explicit form (6.52) for K and once again utilizing the integral formula 
(6.51) gives the desired result. 


(6.53) 

^‘> ' + »/.)■'* “ p [‘ 7 (s) 2 ] esp [• 

The corresponding probability density is 

(6.54) P(x, 0 - IK*. 01“ - <K/S(1 + «P [ 


(h/4a 2 t)(x — hk 0 t/m) 2 
1 4- itjx 


(x — hk 0 t/m) 2 
2a 2 (l + t 2 /r 2 )_ 


If we compare this form with the initial probability density we see that the generic 
shape of P(x, 0) (i.e., that of a bell) has remained intact with three modifications. It Has 
become wider, 

a a(l + t 2 /t 2 ) 1/2 


Second, the center of symmetry of the packet is now at 


where we have labeled 


x — v 0 t 


v 0 = 


hko 

m 


It follows that the probability density of a Gaussian wave packet propagates with a 
velocity that is directly related to the expectation of momentum of the particle in the 
Gaussian state. Finally, the height of the density function has diminished. 

1 _1_ 

ay/2n (1 + f 2 / t 2 ) 1/2 

The area under the curve P, at any time, remains unity. 

A sequence of packet contours is shown in Fig. 6.6. It is quite clear that the 
packet begins to distort significantly after a time interval t. If we represent a piece of 
chalk by a wave packet, a ~ 1 cm, m ^ 1 g, there results 

t 2 - 10 27 s ~ lO 20 yr 


But the universe is only ~ lO 10 yr old. That is why classical objects are never observed 
to suffer a quantum mechanical spreading. 
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FIGURE 6.6 Shrinkage and spreading of the probability distribution corresponding to a Gaussian wave 
packet. At any time r, 

f P( X, t) dx = 1 


Flattening of the 5 Function 

There are two limits that can be taken on the probability density P(x, t ) related to the 
Gaussian wave packet which are very revealing. The first evolves from the initial state 

(6.55) P(x,0) = \\j/(x,0)\ 2 = 5{x) 

A valid representation of the delta function is given by the limit 

(6.56) 


This function has the correct delta function properties (3.27 et seq.). 

Measurement of the position of a particle which finds the value x = 0 leaves the 
particle in the state 

(6.57) i// = d(x) 

This state is not normalizable. The state given by (6.55) is a little less sharply peaked 
than (6.57) and is normalizable. 

To obtain the probability density P(x, t) which follows from the initial value 
(6.55), we merely examine (6.54) in the limit, a -► 0. There results 


(6.58) 


lim P(x, t) — 


2 ma 

lim-exp 




2 a 2 (x — hk 0 t/m) 2 
t 2 h 2 /m 2 


2 ma 
th^j2n 


[1 + 0(a 2 )] 


= lim 
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The notation 0(a 2 ) denotes “order” of a 2 . It stands for a group of terms, the sum of 
which go to zero like a 2 , with decreasing a. 

From expression (6.58) we see that for all t > 0, P vanishes uniformly for all x, 
in the limit a -> 0. This instantaneous flattening of an infinitely peaked state (6.55) 
is due to the following circumstance. The momentum probability density \b(k)\ 2 
corresponding to such a state, depicted in Fig. 5.6b, is flat. This means that it is equally 
probable to find any k value, no matter how large k is, in this state. At any instant 
t > 0, at any point x, the components <p k with k values which obey the inequality, 
(hk/m)t ^ x, have overtaken that point. The initial infinitely peaked distribution 
assumes an (almost) instantaneous flattening. 1 


The Classical Particle 

The second limit we wish to consider relative to the probability density P(x, t\ (6.54), 
changes P(x, t) to the classical probability relating to a point particle of mass m 
moving with velocity hk 0 /m. This is accomplished by setting h -► 0 in P(x, t) (except 
where h appears in p 0 = hk 0 ). 

(6.59) lim P(x, t) = —exp \- ——1 

ft-o ay/2n L J 

fik 0 = p 0 = constant 


For this probability to relate to a “ point particle ” we impose the additional constraint, 
a -► 0. This gives 

(6.60) lim P(x, 0 = 6 ^x - —j = P C xX*> 0 


The probability of finding the particle at t is zero everywhere except on the classical 
trajectory 


(6.61) 


Pot 
x = — 

m 


This is another example of the correspondence principle at work. In essence, the 
“leading term” (i.e., the term not containing h) in the expansion of P(x, t ) about 
h == 0 gives the classical result. 


1 Of course, these conclusions become erroneous for x i > c. To obtain a completely physically valid solution for the 
infinitely peaked initial state, it is necessary to solve the relativistic form of the Schrodinger equation. See related dis¬ 
cussions on the Dirac equation in A. Messiah, Quantum Mechanics , Wiley, New York, 1966. 



PROBLEMS 


6.1 (a) Find t) and P(£„) at t > 0, relevant to a particle in a one-dimensional box with 
walls at (0, L), for each of the following initial states. 

,(b) If measurement of E finds that E = 4E X at 6 s, what is t) at f > 6 s for each of these 
initial states? 

(1) ij/(x, 0) = A t sin cos 

(2) 0) = A 2 x 2 (x — L) 2 

(3) ^(x, 0) = A 3 [e i,tix ~ L}IL — 1] 

6.2 Consider the following three dispersion relations. 


(1) co 2 = gk 


(2) a> 2 = 


c 2 k 2 


1 - (co 0 /co) 2 
(3) w 2 - w „ 2 + 3 C 2 k 2 


The first relation obtains to deep-water surface waves (g is the acceleration due to gravity), the 
second to electromagnetic waves in a waveguide, and the third to longitudinal waves in a “warm” 
plasma ( co p is the plasma frequency and C is the thermal speed). For all three cases find (1) the phase 
velocity and (2) the group velocity of a wave packet propagating in the respective medium. 

6.3 (a) Show that the free-particle propagator (6.52) has the following property and interpret 
the result physically. 

K(x\ x;0) = <5(x' - x) 


(b) Show that K satisfies the integral equation 

K(x\ x; t - t 0 ) = J K(x', x";t - t t )K(x", x; - t 0 ) dx” 

and interpret this result physically in terms of the evolution in time of the state ^(x, t 0 \ first from 
t 0 tot 1 and then from tj to t. 


Answer ( partial) 

(a) Set it = e 2 and compare with (C6) of Appendix C. The interpretation of this result 
is that for infinitesimally short time intervals, the probability amplitude for propagation away 
from the initial point x' is zero, except in a small neighborhood about the initial point. 

6.4 At t — 0, 10 s noninteracting protons are known to be on a line segment 10 cm long. It is 
equally probable to find any proton at any point on this segment. How many protons remain on 
the segment at t — 10 s? \_Hint: Let the center of the segment be at x = 0. Then the formal answer 
to the problem with \j/(x, t) normalized is 

AN = 10 5 J |^(x, 10) | 2 dx 
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To construct ^(x, t), the initial square pulse must first be written as a superposition of <p k states. 
With b(k) calculated, 


!tM«, Of 


= rf f 

2tC J — no J — a 


dk dk'b(k)b*(k')e l 


,*(«' ~oj)t e i(k-k)x 


where o' is written for co(fc').] 

6.5 The integration involved in obtaining (6.51) is of the type 



where u and v are constants. Evaluate this integral. 

Answer 

The aim is to transform the exponent — uy 2 + vy to a perfect square. First we set 

uy 2 — vy = a 2 y 2 — 2a/f y 

which gives 

-■* 

The exponent may now be written 

uy 2 - vy = (ay - fi) 2 - fi 2 
and the integral S becomes (with rf = ay — /?) 



6.6 (a) An electron is in a Gaussian wave packet. If the packet is to remain intact for at least 
the time it takes light to move across 1 Bohr diameter, 2 a 0 == 2h 2 /me 2 , what is the minimum 
width, a , that the Gaussian packet may have (in centimeters)? 

(b) What is the diffusion time (t) for an electron in a Gaussian wave packet of width 
e 2 /mc 2 (in seconds)? This is the classical radius of the electron. How far does light travel in this 
time (in centimeters)? 

6.7 A free particle of mass m moving in one dimension is known to be in the initial state 

^(x, 0) = sin ( k 0 x ) 

(a) What is i^(x, t)? 

(b) What value of p will measurement yield at the time and with what probabilities will 
these values occur? 

(c) Suppose that p is measured at t — 3 s and the value hk Q is found. What is ^(x, t) at 
t > 3 s? 
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6.8 A particle moving in one dimension has the wavefunction 

ij/(x, t) = A exp [i(ax — bt)~\ 


where a and b are constants. 

(a) What is the potential field V(x ) in which the particle is moving? 

(b) If the momentum of the particle is measured, what value is found (in terms of a and b)? 

(c) If the energy is measured, what value is found? 


6.2 TIME DEVELOPMENT OF EXPECTATION VALUES 


The law that covers the time development of the expectation of an observable, <>4>, 
follows from the time-dependent Schrodinger equation. We wish to calculate d(A}/dt. 
Since < A > has all its spatial dependence integrated out, it is at most a function of time. 
We may therefore write 


(6.62) 


d(A > 8<A} 

dt dt 


In the state \j/(x, t), this expression becomes 


(6.63) 


d(ip\Aipy 

dt 



(i If* Alp) 


The time derivative of the product is 

d ~ /8iI/*\ * ~d\b 8A 

(6.64) - W + f t + r * 


Employing the time-dependent Schrodinger equation 


(6.65) 


dip _ -iH 
dt h 




dip* ifhp' 


dt 


^ (i I/* Aifr) — j (Hi//*Aip — \p*Aft\p + - ip* — df 

" V i dt 


dt 


in (6.64) gives 

( 6 . 66 ) 

Substituting this expansion in (6.63) gives 
(6.67) 


) 


= l - UHip\Aipy - (ip\Afhpy + * U 


8A 
to* 
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Since ft is Hermitian, the first term on the right-hand side of (6.67) may be rewritten 
to yield the final result, 


( 6 . 68 ) 


d<A> 

dt 


i [/} ’ + t) 


If A does not contain the time explicitly, then the last term on the right-hand side 
vanishes and 

(6 - 69) d -^r = \ <[/? ’ ^ ]> 

In the event that A commutes with ft, the quantity < A > is constant in time and A is 
called a constant of the motion. For a free particle, p commutes with ft and <p> is 
constant in time for any state (wave packet). Since ft commutes with itself, <//>, the 
expectation of the energy, is always constant in time. 

Let a particle moving in one dimension be in the presence of the potential V{x). 
The Hamiltonian of the particle is 

(6.70) H = + V{x) 

How does <x> vary in time? Eq. (6.69) gives 

(6.71) ^ <[H, *]> 



or, equivalently, 

d<x> 

(6.72) m = <p> 

This equation bears the same relation between expected values of displacement and 
momentum as in the classical case. Equation (6.72) cannot hold for the eigenvalues of 
x and p , since such an equation implies that x(t) and p(t) are simultaneously known. 



Ehrenfest’s Principle 

The reduction of quantum mechanical equations to classical forms when averages are 
taken, such as demonstrated above, is known as Ehrenfest’s principle. Newton’s 
second law follows from the commutator [6, £), which for the Hamiltonian (6.70) is 

(6.73) [/?, pi = ih~ 

dx 

Again using (6.68), one obtains 


(6.74) 


d<p> 

dt 


8V 

8x 


which is the x component of the vector relation 


(6.75) 


d<V> 

dt 


= - <VF(x, y, z)> = <F(x, y, z)> 


where F is the force at (x, y, z). In any state \j/(x, t), the time development of the 
averages of £ and p follow the laws of classical dynamics, with the force at any given 
point replaced by its expectation in the state i/f(x, t). 


6.9 Show that if [fi, A] = 0 and dA/dt 

6.10 Show that 

in a stationary state, provided that dA/dt 
Answer 

= ^ <</>„![£, ^]</>,>=[ <v„\m - m<p n y 
= -«^(pj4<p n > - (q>„\Af}<p n y) 

6.11 Show that for a wave packet propagating in one dimension, 

d(x 2 y 

m—^— = <xp> + <px> 


PROBLEMS 

= 0, then <A^4) is constant in time. 


Jt < A > = 0 

= 0, using the commutator relation (6.68). 
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6.12 A particle moving in one dimension interacts with a potential F(x). In a stationary state of 
this system show that 

i(x|K).<r> 

where T = p 2 /2m is the kinetic energy of the particle. 


Answer 

In a stationary state, 

<[£.*£]>=- 0 

at n 

Expanding the right-hand side, we obtain 

0 = <S[/U] + [#, *]/>> 

= <x[k pi + zt, m 

6.13 Consider an operator A whose commutator with the Hamiltonian ft is the constant c. 

ift. A] = c 

Find </!> at t > 0, given that the system is in a normalized eigenstate of A at t = 0, corresponding 
to the eigenvalue a. 

6-14 A system is in a superposition of the two energy eigenstates (pi and q > 2 . Physical properties 
of the system characteristically depend on the probability density Show that resolution 
of any such property involves measurements over an interval At > h/\E i - E 2 \. 


Answer 


The superposition state is 


f-iEit 
<Kt, t) = <Pi(r) exp (—£— 


+ exp 



so that 


W = I^J 2 + |y> 2 | 2 + 29.t<p x *<(>2 exp 


i( Ei - E 2 )t 
h 




This function oscillates between the two extremes (|y>il + I<? 2 1) 2 ar *d (1I — \<Pi\) 2 wl ^h the 
period h/\E, - E 1 \. It follows that changes in related properties become discernible only after an 
interval greater than or of the same order as this period. The situation is similar to the process of 
tuning an oscillator to a frequency ®o by 14 listening ’ for beats. The period between beats varies 
as the inverse frequency (cu — (Oq) 1 ■ Thus one is certain that w = cu 0 only after an infinite interval. 



6.3 CONSERVATION OF ENERGY, 

LINEAR AND ANGULAR MOMENTUM 


The principle of conservation of energy in classical physics states that the energy of an 
isolated system or a conservative system is constant in time. A conservative system is 
one whose dynamics are describable in terms of a potential function. A particle in a 
one-dimensional box is a conservative system. Suppose that at t = 0, the state of the 
particle is 

(6.76) **,0) 

s/25 


What can be said of the energy of the particle at the time t > 0? Measurement of the 
energy has a ^ probability of finding the value E, and a jf probability of finding the 
value 25E 1 . At t > 0 the state (6.76) becomes 


(6.77) 


ij/(x, t ) = 


3<pi(x)e 


lEit/h _|_ ^ E$tjh 

s/25 


The probability that measurement yields E l is 


(6.78) 


P(E i) 


(3e~ iE,,,h )*(3e 

25 


iE,t/h\ 


9 

25 


A similar calculation of P(E S ) yields the constant value ^§. In other words, in the state 
given, one cannot say with certainty what the energy is at t > 0. In what sense is 
energy conserved? The answer is: in the average sense. It follows directly from (6.69) 
that 


(6.79) <H> = <E> = constant 

For the example given, at any instant in time the expectation of the energy is 

(6.80) <£> = 9£ i +^ 16£ 5 = 16 36£i = constant 

For a free particle, p also commutes with ft, hence we can conclude from (6.68) 

that 


(6.81) <p> = constant 

The energy and total momentum of an isolated system are constants of the motion. 

Conservation theorems in physics are closely related to symmetry principles. 
Consider, for example, the fact that the laws of physics do not depend on the time at 
which they are applied. Newton’s second law. Maxwell’s equations, and so on, do not 
change their structure with time. This symmetry of time (i.e., homogeneity) gives rise 
to the conservation of energy. Let H be the Hamiltonian of the whole universe. 
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Black box far from 
any other heavenly 
bodies 


FIGURE 6.7 The laws of physics are the 
same at t and t* -*> dHjdt = 0 -►<£> = con¬ 
stant. 


Homogeneity of time implies that H is not an explicit function of time. This together 
with (6.68) implies that d(E)/dt = 0. We may reach the same conclusion for any 
isolated system (Fig. 6.7). 

Conservation of momentum for an isolated system depends on the homo¬ 
geneity of space. Go out in space to a point far removed from other objects. Enclose 
yourself in a box with no windows and opaque walls. Let the box suffer a “virtual” 
displacement (Fig. 6.8). There is no experiment which will reveal that the box is at a 
new location. Consequently, for example, the dynamical laws of an isolated system of 
particles can only depend on the relative orientation of particles, not on the distances 
from these particles to some arbitrarily chosen origin. Equivalently, the Hamiltonian 
of the system can always be transformed so that it does not contain these variables 
(i.e., the coordinates of the center of mass). 



FIGURE 6.8 The laws of physics stay the same -► dH/dx = 0 -►</>>= constant. Note that in this 
«thought ” experiment, translation occurs in zero time. This is called a “virtual ” displacement. It is demanded 
by the details of the argument. To physically effect a virtual displacement one merely imagines two identical, 
noninterfering boxes a distance Ax apart. 
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To find the basis of the relation between the homogeneity of space and conser¬ 
vation of linear momentum, we turn back to Problem 3.17, where it was shown that 
the p operator effects the displacement 

(6.82) mOf(x) = exp = f(x + 0 

In this expression / is any differentiable function of x. For infinitesimal displacement 
(C -*■ 0), the displacement operator becomes 

(6.83) #(Q = / + % 

n 

or, equivalently, 

P * = | [$(0 - n 

where the identity operator is /. As observed previously, the Hamiltonian of an isolated 
system cannot depend on displacement of the system from an origin at an arbitrary 
point in space. Therefore, the displacement operator commutes with H , whence p x 
does also. Again calling on (6.69), we recapture the constancy of <p x >. However, in 
the present argument we see how this conservation theorem finds its origin in the 
symmetry of the homogeneity of space. 

In three dimensions the displacement operator becomes 

(6.84) 2>f( r) = exp ^-^j/(r) = /(r + Q 

Again, for an isolated system, one may conclude that H commutes with and there¬ 
fore with p, the total linear momentum of the system. It follows that the vector <p> is 
conserved. 

Let us return to the experimental “black box” described above. The fact that 
experiments performed within the box are impervious to the box’s location in space 
or time implies, respectively, conservation of linear momentum and energy. Suppose 
now that the box undergoes a rotation through the angle A0 about an arbitrary fixed 
axis in space. Owing to the isotropy of space, experiments within the box cannot detect 
such rotational displacement. They are impervious to the box’s orientation in space 
(Fig. 6.9). It follows that the Hamiltonian of the system cannot depend on 0, the 
rotational orientation with respect to some fixed axis, in the same way that it cannot 
depend on the displacement £ from an arbitrary point in space. As a consequence of 
this rotational symmetry, the total angular momentum of the system is conserved. 

Suppose that there is a property of the system which is dependent on the 
system’s rotational orientation 0 about a fixed axis, which we designate the z axis. Let 
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FIGURE 6.9 If M) is » property of an isolated system that depends on the orientation <j> of the system about 
an arbitrary fixed axis, rotation of the system through the angle A<*> causes the property to change to M + &*)■ 
Isotropy of space precludes the existence of such a property. This invariance with respect to rotation implies 

conservation of angular momentum. 


the measure of this property be /(</.). After rotation of the system through the angle 
A</,, 4, -►(/> + and f(<t>) -► /(</> + A</>). This transformation of function is effected 

by the rotation operator R A4> : 


( 6 . 85 ) 


/(</>) = f(<t> + A</») 



Here L is the z component of the total angular momentum of the system. 1 Since the 
Hamiltonian of the (isolated) system cannot depend on t/>, it is insensitive to the 
rotation operator, /^; that is, ft commutes with R A „, hence it also commutes with 
L and we may conclude that <L 2 > is constant. More generally, rotation through 
the vector angle A* (the direction of A<|> is parallel to the axis of rotation) is effected by 
the operator 


( 6 . 86 ) 


/ i A<f> * 1A 

- exp hr - ) 


1 This relation is derived in Problem 9.17. 
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The argument demonstrating the constancy of L z carries over to t, the total angular 
momentum of the system. 

In summary, with p and L denoting, respectively, the total linear and angular 
momentum of an isolated system whose Hamiltonian is H, the following symmetry- 
conservation principles hold. 

Homogeneity of Space 

(6.87) [£, p] = 0 -+ ^ <p> = 0 
Isotropy of Space 

(6.88) [/?, t] = 0 -> L <L> = 0 

at 


Homogeneity of Time 


(6.89) 

PROBLEMS 

6.15 Under what conditions is the expectation of an operator A (which does not contain the time 
explicitly) constant in time? 

Answer 

Under either of the following conditions: 

(a) [i, m = 0. 

(b) (A) is calculated in a stationary state. 


6.4 CONSERVATION OF PARITY 

Consider an experiment and its mirror image (Fig. 6.10). Such an experiment might be 
the observation of the orbit of a missile fired in a uniform gravity field, or two particles 
colliding. These phenomena obey certain physical laws. Suppose that we formulate 
the laws obeyed by the image orbits in the mirror. They turn out to be the same as the 
laws that the orbits in the real world obey. This is a symmetry principle. It has no 
further implication in classical physics. However, in quantum mechanics it is associated 
with a conservation law, conservation of parity. 1 


1 This conservation principle belongs to a class of phenomena called “broken symmetries.” Such symmetries are not 
universally maintained. For example, parity is not conserved in weak-interaction /J-decay processes. For further dis¬ 
cussion of this topic, see H. Frauenfelder and E. Henley, Subatomic Physics t Prentice-Hall, Englewood Cliffs, N.J., 1974. 
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Mirror 





Mirror-image 

experiment 


FIGURE 6.10 The laws of physics are the same for the lab experiment and for the mirror-image experiment 
This symmetry statement gives rise to the conservation of parity. 


Parity is a property of a function. A function f(x) has odd parity if 

/(-*)= -/(*) 

A function has even parity if (see Fig. 6.11) 

/(-*) = /(*) 

The parity operator f 6 is defined as 1 

(6.90) Pf(x) = f(-x) 

What are the eigenvalues of Pi Let g be an eigenfunction of IP with eigenvalue a 
then 

(6.91) Pg(x) = ff(-x) = ^(x) 

To find <x we operate again with IP. 

(6.92) PPgQc) = IP^-*) = »(*) = x 2 g(x). 

Hence 

(6.93) a 2 = 1, a=±l 
For a = +1, from (6.91), we obtain 

(6.94) g(~x) = g(x) 

' In three dimensions f>/(x, y, z) = /(-x, -y, -z). See Problem 6.23. 
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FIGURE 6.11 Any even function is an eigenfunction of IP with eigenvalue + 1 : 

P/C*) = +1/(*) 

Any odd function is an eigenfunction of P with eigenvalue — 1: 


x 


Any even function is an eigenfunction of f* with eigenvalue +1. For a = — 1, 

(695) 9 (~x)=-g(x ) 

Any odd function is an eigenfunction of (P with eigenvalue -1. The order of degeneracy 
of a = ± 1 is infinite. There are no other eigenvalues of IP. 

How is this parity property connected with the symmetry principle relating to 
mirror images mentioned above ? Consider that a particle ( m ) moving in one dimen¬ 
sion interacts with another stationary particle (M) which is at the position x = 0. The 
potential of interaction between the particles is V(x). Suppose that the (moving) 
particle is at a position x > 0. The image of the particle seen in a mirror which inter¬ 
sects the x axis normally at x = 0 is at x = -x' < 0 (Fig. 6.12). The temporal 
behavior of the image particle will be the same as that for the laboratory particle if 
V(x) = V(-x). [The potential “seen” by the image particle is F(-x).] 



FIGURE 6.12 A mass m interacting with 
stationary mass M through potential V(x). If 
image dynamics is to be the same as lab dy¬ 
namics, V{x) = ^(-x). 



170 TIME DEVELOPMENT, CONSERVATION THEOREMS, AND PARITY 


The Hamiltonian for the particle in the laboratory system is 


(6.96) 



+ V(x) 


For V(x) an even function, # commutes with P. To show that IP commutes with 
V(x\ let g(x) be an arbitrary function of x. Then 

(6.97) f’FOOfifW = V(-x)g(-x) = V(x)Pg(x) 

The fact that P commutes with the kinetic-energy part of ft is shown in Problem 
6.16. Since P commutes with both parts of /?, it commutes with ft itself. 

(6.98) [#> f’] = 0 

Together with (6.69) this gives the conservation principle 
(6 99) <P> = constant 

The parity of the state of a system is a constant of the motion. 

As an example of this principle, consider a one-dimensional box centered at the 
origin, so that its walls are at x = L/2, x = - L/2 (see Problem 4.1). The eigenstates of 
the Hamiltonian for this system are 


( 6 . 100 ) 



(n = 2, 4, 6 ,..., 2j ,...) 

(n = 1, 3, 5,..., 2/ + 1,. • •) 


The eigenstates <p n are odd while q>„ are even. 


( 6 . 101 ) 


P<Pn = ~<f>n 

P(Pn = <Pn 


Suppose that at t = 0 the particle is in the state 


( 6 . 102 ) 


•Kx, 



+ 3 cos 




At t > 0, 


(6.103) = 6 sin (~J 


e -iE 2 tlh 3 cos 
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The expectation of P at t = 0 is 


(6.104) 


<P> = <*(x,0)|fty(x,0)> 

fV(;»c,0) =-^=(-6<p 2 + 3 <Pi) 

V 45 

< P > = ^{-36<^ 2 |^ 2 > + 9<(Pj Iv>!>} 


27 

45 


Since [IP 1 , //] = 0, this is the value of <P> for all time. In that the initial state (6.102) is 
a superposition of the eigenstates of P, the squares of the coefficients of expansion 
give the probability that measurement finds the system in a state of even or odd parity. 
Measurements on an ensemble of 4500 boxes all of whose particles are in the initial 
state (6.102) at the time t = 0 would find approximately 3600 of the particles in the 
odd state <p 2 (t) and approximately 900 of the particles in the even state cp^t) at the 
subsequent time f > 0. 


PROBLEMS 

6.16 (a) Show that P anticommutes with the momentum operator p. That is, show that 

{P, P) = Pp + pt> = 0 

(b) Use your answer to part (a) to show that P commutes with the kinetic-energy operator 
t = p 2 /2m. 

6.17 A particle in one dimension is in the energy eigenstate 

<Pk 0 = A cos ( k 0 x) 

Ideal measurement of energy finds the value 

p * 2 V 
E = ~2m~ 

What is the state of the particle after measurement? 

Answer 

If we recall postulate II of quantum mechanics (Section 3.3), the system is left in the eigenstate of H 
corresponding to the eigenenergy above. Any state in the two-dimensional subspace of Hilbert 
space spanned by sin ( k 0 x ) and cos (k 0 x) [or, equivalently, exp (i* 0 x) and exp (- ik 0 x)] gives the 
eigenenergy above. However, an ideal measurement perturbs the system least. In the state before 
measurement the probability distribution relating to momentum is 1/2 for p = ±hk 0 . If we guess 
that the system is left in the state exp (i/c 0 x) after measurement, the momentum distribution of the 
original state was disturbed. If we guess that the state of the measurement is sin (k 0 x\ then 
measurement has not disturbed the momentum distribution; however, this measurement has 
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disturbed the parity. In the original state the parity is +1 (with respect to the origin x = 0) while 
that of the hypothesized state after measurement is -1. This is still not the ideal measurement. 
We can find a measurement that perturbs the system even less. Consider that the particle is left in 
the state cos (k 0 x). The corresponding measurement did not perturb the momentum distribu¬ 
tion or the parity of the original state. It is the ideal measurement. 

6.18 (a) If/(x) is any function, show that 


f + = 


f(x) + f(~x) 


— even function 


/ = ———— = odd function 

2 


(b) Show that 

is such that 

The identity operator is /. 

(c) Show that 


is such that 

p-/(*) = /-(*) 

The operator P + “projects”/onto/+ while PL projects/onto/_. 

(d) Show that the projection operators P + and P _ satisfy the following properties: 

P± 2 = P± 

[P + ,P-] =0 
P + + P’_ = / 

6.19 What is <P> for a particle in a one-dimensional box with walls at (-L/2, +L/2) in the 
initial state 

I Kx, 0) = A= Qvi + 4^4 + 2<Pi) 

V29 

6.20 For the same one-dimensional box as described in Problem 6.19, it is known that the 
particle is in a state with energy probabilities 

P(£i) = i P(E 2 ) = i 
P(£„) = 0, (n * 1, 2, 3) 


’+ fix) = f + (x) 


I - 


P(E 3 ) = | 
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The parity of the state is measured ideally and — 1 is found. If some time later E is measured, what 
value is found? What is the answer if the original measurement found the parity to be +1 ? 

6*21 For a free particle moving in one dimension, divide the following set of operators into 
subsets of commuting operators. 

{p,*,n,p} 

6.22 A free particle moving in one dimension is in the initial state i/,(x, 0). Prove that <p> is 

constant in time by direct calculation (i.e., without recourse to the commutator theorem re- 
garding constants of the motion). 

Answer 

With 


b{K t ) s b(k)e i<ot 
h 2 k 2 . 


b(k) = 




dx 


the expectation of p appears as 


</>>= hk\b(k,t)\ 2 dk 

J - 00 

which, given the structure of 6(/c, t) above, is time-independent. Alternatively, we may note that for 
a free-particle wave packet, H = p 2 /2m , so that d(p)/dt = (\/ih)([H, p]> = 0. 

6.23 In three dimensions, P is defined as 

lfty(x,y,z) = iK-x, -y, -z) 

(a) What does this definition become if is measured in spherical coordinates: that is, 
= Wr, 0, <£)? 

(b) What does it become if ij/ is measured in cylindrical coordinates: that is, if/ = \j/{p , z, <£)? 

(c) What are the parities of the following functions? 

= A(x + y + z)e~ (x2 + y2 + z2) 

$2 = Bre r2 cos 6 

v /p i "+ z 2 sin (j> 

'l'3 = C -^- 

z 

6.24 Discuss the consistency or inconsistency of the concept of the trajectory of a particle 

r = r (t) 

(whose mass is also known) in quantum mechanics. 
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Answer 

The trajectory (through differentiation) implies the momentum, p = p(0* Thus, at each instant, r 
and p are known, which is in violation of the uncertainty principle. On the other hand, for a wave 
packet one may construct the equation 


d 

It 


<r> 


1 

m 


<P> 


If <p> is a known function of time, this equation may be integrated to obtain the trajectory, that is, 
<r>, as a function of time. The classical trajectory ensues when quantum fluctuations about the 
mean <r> oscillate rapidly, thereby “averaging out” Equivalently, one may say that this limit is 
reached when the de Broglie wavelength is small compared to characteristic distances of the 

configuration. 

6.25 Let a particle move in the potential 


V = Ax n 

where A is constant and n is a finite integer. Show that Ehrenfest’s equation (6.74) gives the 
classical relation 


dp 

dt 


— Anx n ~ 1 


only for n - 2 (the harmonic oscillator). 

Answer 

From (6.75) we obtain 

To obtain the classical form we must equate <x"~ *> = <x>"“ *, which is only valid for n = 2. 
&26 (a) Consider that a particle is bound to the potential F(x) and is initially in the state 
^r(x, 0). If eigenfunctions of the Hamiltonian H = p 2 /2m + F(x) are written <p„(x), 

ft<Pn = E„(p„ 

obtain the state function i//(x, t) in terms of an integral over the propagator K(x\ x: t ). That is, 
construct an explicit form for K as it appears in the integral 

i p(x, t) = J i/Kx\ 0)/C(x', x;t)dx' 

(b) Show that the propagator you have constructed satisfies the integral equation 
K(x', x; t - t 0 ) = J K(x\ x"; t - t,)/C(x", x; t, - t 0 ) dx" 


<Kp> 

dt 


= -An(x"-') 
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Answer ( partial ) 

( 3 .) The formal solution to the tiroe~dependent Schrodinger equation appears as (see 
Eq. 3.70) 


1 0 = exp 0) 

Expanding the initial state in eigenstates of /? (see Eq. 5.6) gives 

0) = X b„<p n (x) 


N = JtW*', 0)<p„*(x') dx' 

Substituting in the above gives 

<K X > 0 = exp lE f)^) 

= JV(x', 0)|l dx' 

= JV(x',0)K(x',x;f)dx' 


which serves to identify the propagator 

K(x' y x;t ) = X <Pn*(x')<p„(x)e _i£ "' / * 

n 

In Dirac notation this equation appears as 

K(x', x; t) = £ |(p„(x)>e“ i£ "' / *< ( p„(x')| 

n 

which allows the solution to be written: 


l<Wx,f)> = i? | i/'fx, 0)> 



CHAPTER 7 

ADDITIONAL ONE-DIMENSIONAL 
PROBLEMS. BOUND AND UNBOUND STATES 


7.1 General Properties of the One-Dimensional Schrodinger Equation 
12 The Harmonic Oscillator 

7.3 Eigenfunctions of the Harmonic Oscillator Hamiltonian 

7.4 The Harmonic Oscillator in Momentum Space 

7.5 Unbound States 

7.6 One-Dimensional Barrier Problems 

7.7 The Rectangular Barrier. Tunneling 

7.8 The Ramsauer Effect 

7.9 Kinetic Properties of a Wave Packet Scattered from a Potential Barrier 

7.10 The WKB Approximation 


In this and the following chapters we examine some practical and fundamental problems 
in one dimension. Included are the very important examples of the harmonic oscillator 
and scattering configurations in one dimension. Creation and annihilation operators 
are introduced in algebraic construction of eigenenergies of the harmonic oscillator . 
The purely quantum mechanical effect of tunneling is encountered in a study of trans¬ 
mission through a barrier. The chapter concludes with a description df the WKB 
technique of solution appropriate in the near-classical domain. This method of approxi¬ 
mation finds application in still more realistic configurations , such as cold emission from 
a metal surface and a decay from a radioactive nucleus. 


7.1 GENERAL PROPERTIES OF THE ONE-DIMENSIONAL 
SCHRODINGER EQUATION 

The time-independent Schrodinger equation for a particle of mass m moving in one 
dimension in a potential field V(x) appears as 

r h 2 8 2 1 


(7.1) 
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FIGURE 7.1 Domains relevant to a 
particle of energy E moving in a one¬ 
dimensional potential field V{x). I: 
E > V. Kinetic energy is positive. II: 
E < V. Kinetic energy is negative (“ for¬ 
bidden domain”). Ill: E = V . This is a 
turning point of the corresponding clas¬ 
sical motion. 


With subscripts denoting differentiation, this equation may be rewritten 

9 xx = ~k 2 (x)<p 

(7.2) h 2 k 2 


2m 


= E - V 


The partition of energy 

(7.3) E — T + V 

permits us to identify h 2 k 2 /2m as the kinetic energy of the particle 

h 2 k 2 


(7.4) 


T = 


2m 


This identification is especially relevant if E > V. More generally, there are three 
distinct possibilities (Fig. 7.1). These are E > V, E < V, and E = V. In the first case 
the kinetic energy is positive and the corresponding classical motion is permitted. 
Classical motion is forbidden in the second domain, where the kinetic energy is 
negative. The points where E = V are the classical turning points. (Recall Section 1.4.) 

In the domain where the kinetic energy is negative, the Schrddinger equation 
becomes 


(7.5) 


<Pxx 

h 2 K 2 

2m 


K 2 q> 


V- E > 0 

h 2 K 2 


= E - V < 0 


kinetic energy = - 


2m 
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Recall now that in analytic geometry, <p xx is related to the curvature of <p (at 
the point x). If <p xx > 0, then <p is concave upward. If <p xx < 0, then <p is concave down¬ 
ward. When the kinetic energy is positive, the Schrodinger equation takes the form 
(7.2) and <p has the following properties: <p xx is less than zero in the upper half-plane 
so <p is concave downward; <p xx is greater than zero in the lower half-plane, so <p is 
concave upward. As shown in Fig. 7.2, these conditions permit oscillating solutions . 



(b) 

FIGURE 7.2 (a) Kinetic energy positive: 

<p xx = -k 2 <p k 2 > 0 

<p xx <0 for q> > 0 (upper haif-plane) 

q> xx >0 for q> < 0 (lower half-plane) 

(b) Kinetic energy negative: 

<Pxx = K 2 q> K 2 > 0 

(p xx >0 for (p > 0 (upper half-plane) 

<p xx <0 for <p < 0 (lower half-plane) 

i 
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FIGURE 7.3 Characteristic behavior of 
wavefunction corresponding to the configuration 
shown in Fig. 7.1. 


When the kinetic energy is negative, the Schrodinger equation takes the form (7.5) 
and the following properties pertain: <p xx is greater than zero in the upper half¬ 
plane so <p is concave upward; is less than zero in the lower half-plane and (p is 
concave downward. Again referring to Fig. 7.2, these conditions are seen to lead to 
growing or decaying solutions (as opposed to oscillating solutions). At a turning 
point, <p xx — 0 and <p has a constant slope. 

For the potential shown in Fig. 7.1, one might then expect an eigenfunction of 
the Hamiltonian to behave as depicted in Fig. 7.3. 

PROBLEMS 

7.1 (a) Let a particle of mass m move in a one-dimensional potential field with energy E as 

sketched in Fig. 1.18. Write down the form of the time-independent Schrodinger equation (i.e., 
Eq. 7.2 or Eq. 7.5) for the four domains that lie in the interval 0 < x < D. In each case identify the 
wavenumber k or k. 

(b) Given <p(0) = <p 0 > 0, make a rough sketch of (p(x) in the interval 0 < x < F. 


7.2 THE HARMONIC OSCILLATOR 


The configuration of a harmonic oscillator is depicted in Fig. 7.4. The classical 
equation of motion of a particle of mass m is given by Hooke’s law, 

d 2 x 

(7.6) m-^=-Kx 

The spring constant is K. In terms of the natural frequency oj 0 , 


(7.7) 
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FIGURE 7.4 The one-dimen¬ 
sional harmonic oscillator. Dis¬ 
placement from equilibrium (x = 0) 
is denoted by x. 


the above equation appears as 

(7-8) ^ = 0 

Multiplying this equation by x gives 

(7-9) ^[](x 2 + m 0 2 * 2 )] = 0 

Integrating, one obtains the constant of motion 


(7.10) 


^ = ^(x 2 + o> 0 2 x 2 ) 


„ 1 , K , 

E = -mx 2 + —x 2 


The potential energy is 

(7.11) K = |x 2 

When the particle comes to rest, the energy is entirely potential. 

(712) £ = *x 0 2 

Such points (x 0 ) are turning points. For x 2 > x 0 2 , the kinetic energy T is negative, so 
that classically this is a forbidden domain. 


(7.13) 


T = E 


v = y(*o 2 ~ x 2 ) 
(for x 2 > x 0 2 ) 


See Fig. 7.5 


T< 0 
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With these properties of the classical motion established, we turn next to the 
quantum mechanical formulation of the harmonic oscillator problem. The Hamil¬ 
tonian for a particle of mass m in the potential (7.11) is 


(7.14) 


H = |l + ^x 2 
2m 2 


The corresponding Schrodinger equation appears as 

h 2 d 2 <p K , 


(7.15) 


it \s KtS A’V j 

+ T X< P = E< P 

2m 8x 2 


In the classically accessible domain, E > Kx 2 /2, and this equation may be written 

<Pxx = ~k 2 <p ■ 

<716) * !>0 

2m 2 

The wavefunction <p is oscillatory in this domain. 

In the classically forbidden domain where x 2 > x 0 2 , E < Kx 2 /2 and the 
Schrodinger equation becomes 


(7.17) 


<Pxx = K 2 <p 

b 2 * 2 K 2 r n 

—— = —x 2 - E > 0 

2m 2 


so the wavefunction is nonoscillatory in this domain. In the asymptotic domain 
Kx z /2 > E, the Schrodinger equation becomes 


(7.18) 


mK 2 2 

<Pxx = -p-* <p = r*V 
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where /? is the characteristic wavenumber 
(7.19) q 2 = mco o 

In terms of the nondimensional displacement 
(7-20) f ^ fix 

(7.18) appears as 

<Pa = z 2 <p 

In the domain under consideration, £ p 1 and the solution to the latter equation 
appears as 

(p ~ A exp yj = A exp |^± 

The growing solution ( + ) violates the normalization condition 
(7.21) f (p*(pdx < oo 


and one is left with the exponentially decaying wavefunction 


(7.22) 


(p ~ A exp 




= A exp 




The character of the wavefunction changes from oscillatory for x 2 < x 0 2 to decaying 
for x 2 > x 0 2 , so the turning points x = +x 0 are also physically relevant in quantum 
mechanics. These properties are depicted in Fig. 7.6. 



FIGURE 7.6 Typical behavior of 
energy eigenfunction for the simple 
harmonic oscillator. 



Annihilation and Creation Operators 

We turn to a general formulation of the solution to (7.15). The technique of solution 
we will develop is known as the algebraic method. It involves the operators 


(7.23) 



$ + 


ip 

mco 0 


d' = 


P-U-JL\ 




mco 0 


) 


Inasmuch as d # d', & is non-Hermitian. The properties that these operators have 
are determined through the fundamental commutator relation 

(7.24) [*, P \1 = ih 

For instance, it is readily shown that (see Problem 7.5) 


(7.25) 


Id, an = 1 

dd' = l + d'd 


With the aid of the inverse of (7.23), 


' (7.26) 


. d + a' 
y/2fi' 


P = 


mw 0 & — a* 
1 


the Hamiltonian for the harmonic oscillator becomes 

- p 2 K * 2 , .. t . 

(7.27) ^ j - + -y = *®o(4 f a + i) 

In this manner we see that the problem of finding the eigenvalues of /? has been 
transformed to that of finding the eigenvalues of the operator 

(7.28) # = d'd 

Let <p„ be the eigenfunction of ft corresponding to the eigenvalue n, so that 

(7.29) ft<P« = n <Pn 

(We do not assume that n is an integer at this point. This property is established later.) 
Consider the effect of operating on d<p„ with ft. 

ftct(p„ = d'ddcp„ = (da' - 1 )d<p n = d(d'd - 1 )</>„ 

(7.30) ft cup „ - d(ft - 1 )q>„ = d(n- l)<p n = (n - 1 )d(p„ 


183 
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FIGURE 7.7 Schematic representation of the raising and lowering operators and a. 


It follows that &<p n is the eigenfunction of N which corresponds to the eigenvalue 
n — 1. That is (apart from normalization factors), 

(7.31) 

Similarly, 

(7.32) = <p„_ 2 

and so forth. Because of this property, a is called an annihilation or stepdown or 
demotion operator. 

In similar manner, if we consider the operation NcP<p n , there results 

(7.33) MV. = (n + DflV- 

This equation implies that is the eigenfunction of # corresponding to the eigen¬ 
value n + 1. 

(7.34) A V„ = «»„ + i 
Similarly, 

(7.35) tf(p m+l = <p m+2 

and so forth. The operator a f is called a creation or stepup or promotion operator 
(Fig. 7.7). 

Since the Hamiltonian for the harmonic oscillator is the sum of the squares of 
two Hermitian operators, 

(7.36) <H> 3; 0 
(see Problem 4.13). In the eigenstate <p n , 


(7.37) 


fi<Pn = fico 0 (f} + i)<p„ = h(o 0 (n + i)<p„ 
<<Pnlft<Pn> = ha)o(n + i) > o 


This implies that the eigenvalues n must obey the condition 


(7.38) 


n > 


1 

2 
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That is, all eigenstates of ft, or equivalently ft, corresponding to eigenvalues n < 
must vanish identically. For the harmonic oscillator such states do not exist. This 
condition is guaranteed if we set 

(7.39) &9o = 0 


With (7.31) we obtain 
(7.40) 


&<Po = 9-1 = 0 

£(<?_,) = 9-1 = 0 


As will be shown, (7.39) has a nontrivial (i.e., other than zero) solution for <p 0 . Further¬ 
more, 

(7.41) ft(p 0 = tf&9o = 0 = 0<p o 

and we may conclude that the eigenvalue of ft corresponding to the eigenfunction 
<p 0 is zero. It follows that 

tfaVo = tfaaVo = aW + !)<?<> = ^Vo 

ft&9o = l^Vo = 9i 


The eigenvalue of ft corresponding to <p t is the integer 1. This construction (same as in 
Eq. 7.34 et seq.) allows one to conclude that the index n, which labels the eigenfunction 
cp n , is indeed an integer. 

Repeating (7.37), 

(7.43) ft9 „ = to»o(» + i)9n 


one finds that the energy eigenvalues of the simple harmonic oscillator are 


(7.44) £„ = hco 0 (n + i) (n = 0, 1, 2,...) 

The energy levels are equally spaced by the interval hco 0 (Fig. 7.8). If a molecule, for 
example HC1, which resembles a dumbbell, has vibrational modes of excitation (the 
arm of the dumbbell acts as a spring), the Bohr frequencies emitted by the molecule 
fall in the scheme 

(7.45) hv = £„• - E„ = hco 0 (ri + 1) - hco 0 (n + ^) 

= hco 0 (ri - n) = ha) 0 s 

v = sv 0 , co 0 = 2nv 0 

In the latter sequence of equations, n and n' are integers, so their difference, s, is also 
an integer. It follows that the frequencies emitted by a vibrational diatomic molecule 
are integral multiples of the natural frequency of the molecule, v 0 (Fig. 7.9). 
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n E„ 

5 - 

4 | ficj 0 - 

3 \ n co 0 - 

2 | - 

1 y ^Icoq - 

0 5 Scj 0 Lowest energy of harmonic 

_ £ _ o oscillator = £ 0 = j hu 0 

~ “zero-point energy” 

FIGURE 7.8 The energy levels of the simple harmonic oscillator are equally spaced. 



FIGURE 7.9 Spectrum of a vibrational 
diatomic molecule. 


PROBLEMS 

7.2 A harmonic oscillator consists of a mass of 1 g on a spring. Its frequency is 1 Hz and the 
mass passes through the equilibrium position with a velocity of 10 cm/s. What is the order of 
magnitude of the quantum number associated with the energy of the system? 

7.3 The spacing between vibrational levels of the CO molecule is 2170 cm " l . Taking the mass of 
C to be 12 amu and O to be 16 amu, compute the effective spring constant K, which is a measure 
of the bond stiffness between the atoms of the molecule. [Hint: The mass that enters is the reduced 
mass, mM/m + M. The spacing between lines is given in terms of wavenumber k = 27r/A, where 
(o - ck (c = the speed of light), so that Aco = c A/c.] 

7.4 The derivation in the text of the eigenvalues of N is based on the constraint that there are no 
states corresponding to the eigenvalues n < -J. This constraint was guaranteed by setting 
&<p 0 = 0. It would appear that it can also be guaranteed by setting &<p ll2 = 0, for in this case 

Q<Pm — <P~ 1/2 — 0 
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Show that <p lf2 as defined is an eigenfunction of N with the eigenvalue zero, hence <p 1}2 is more 
properly termed <p 0 ■ 

7.5 Using the fundamental commutator relation 

= fh 


show that 

[A - 1 


7.3 EIGENFUNCTIONS OF THE HARMONIC 
OSCILLATOR HAMILTONIAN 

When written in terms of the nondimensional displacement £ (7.20), 


(7.46) 


, 2 _ mco 0 2 




x 2 = P 2 x 2 


h 


the operators t and cl* become 

+ + ' ( t+ >) 

y/l \ mo) o/ y/2 \ "«»o dx J V2 v 

yfl \ mnoj y/l \ mco o dxJ J2 \ HJ 

The time-independent Schrodinger equation becomes 


(7.47) 


< 2 * = 


(7.48) 


|2d t d + 1 , 

\ nco 0 


2 E\ /2 E \ 

9 — 9« + 1 7T7. £ 19-0 


{hco 0 


The ground-state wavefunction (p 0 of the simple harmonic oscillator Hamil¬ 
tonian obeys (7.39) 

&(p 0 = 0 


or, equivalently, 


(7.49) 


This has the solution 


* + w 90 ~ 0 


„ _ A 

(pQ — /l 0 e 


(7.50) 
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The requirement that <p 0 (£) be normalized implies that 


(7.51) 

/*0C 

1 = 1* 

J - oo 


o 

II 

a 

i 

so 


(7.52) 



■ oo 




(po(0 = n m e 

In terms of the dimensional displacement x, the normalized ground state is 
(7.53) q> 0 (x) = B 0 e~P' 2 = B 0 e~ (fx)2 ' 2 


Normalization gives 


(7.54) 




P 


The ground state <p 0 is a purely exponentially decaying wavefunction. It has no 
oscillatory component. The higher-energy eigenstates, on the other hand, will be 
found to oscillate in the classically allowed domain and decay exponentially in the 
classically forbidden domain. 

With <p 0 given by (7.52), the remaining normalized eigenstates of the harmonic 
oscillator Hamiltonian are generated with the aid of the creation operator a\ in the 
following manner: 


(7.55) 


<Pl = 

aVo 


i , 

(Pi = 

—j= c 

n /2 


1 

<Pn = 



1 

x/ 2 ' 


(^)>o 


With A* written in terms of £, as in (7.47), the equation for <p t above becomes 


<Pi = Aaze -* 2 

A i = (2 y/n)~ m 


(7.56) 
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where A t is the normalization constant of q> x . The nth eigenstate is given by the 
formula 


(7.57) 


<Pn = 



-< a /2 


The nth-order differential operator (&)", when acting on the exponential form 
exp (_£ 2 /2), reproduces the same exponential factor, multiplied by an nth-order 
polynomial in 


(7.58) 




Thus the nth eigenstate of the simple harmonic oscillator Hamiltonian may be 
written together with its eigenvalue as 


(7.59) 


9n = AMQe -? 11 
E n = hco 0 (n + i) 


The nth-order polynomials JtfM) are well-known functions in mathematical 
physics. They are called Hermite polynomials. From (7.56) we see that 3V\ = 2£. 
The first six Hermite polynomials are listed in Table 7.1. 


TABLE 7.1 The first six eigenenergies and eigen¬ 
states of the simple harmonic oscillator Hamiltonian 


n 

E. 

<Pn 

0 

ho) 0 /2 

A„r-* 1 ’ 1 

1 

3hw 0 /2 

AMe-W 

2 

5hco 0 /2 

A z (4? - 2)e-^ 2 

3 

lha> 0 /2 

■d 3 (8£ 3 - 12£)e- {2 ' 2 

4 

9hco 0 /2 

A t ( 16£ 4 - 48{ 2 + 12)e _<i ' 2 

5 

llh(o 0 /2 

4 5 (32{ 5 - 160^ 3 + 120)e“ ?i ' 2 


A, 

= (2 •n'.Jiy 112 


The nth-order Hermite polynomial enters in the eigenfunctions <p„ of the quantum 
mechanical harmonic oscillator as 

<Pn(0 = A„Jf n (Oe~ t212 
jf n is a solution to Hermite's equation, 

- 2+ 2nJ*r„ = 0 
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The formulas connecting (p„ and (p n+1 (see Problem 7.9) are very useful in many 
problems relating to the simple harmonic oscillator. In Dirac notation they appear as 


(7.60) 


ak„> = n i/2 |<p„-i> 

a t k„> = (" + i) 1/2 k n+ 1 ) 


In place of |<p n >, let us write the ket vector | n>. In this notation the equations above 
appear as 


(7.61) 


a\n) = n 1/2 \n — 1) 

4 f |n> = (n + l) 1/2 |n + 1> 


Let us check that 

(7.62) $|n> = n\n) 


With the aid of (7.61), we obtain 


(7.63) 


n) = a f n 1/2 \n — 1) = n 1/2 n 1/2 |n> 
Mln> - tf|n> = n\n) 


Inasmuch as {(p n ) are normalized and are eigenstates of a Hermitian operator, 
they comprise an orthonormal sequence. 


( 764 ) f (p„*<Pid£ = <n|/> = 5 nl 

J - O0 

To gain familiarity with the manner in which these concepts are used in problems, we 
will work out a few illustrative examples. 

First, consider the question: What is <x> in the nth eigenstate <p n ? Here we must 
calculate 


(7.65) 


<x> = 


<n|*|n> 
1 


n/20 

1 

= 0 


<n|a + tf\n} 


{n 1/2 <n|n -!> + (« + l) 1/2 <n|n + !>} 


The last step follows from the orthogonality relation (7.64). The fact that the average 
value of x in any eigenstate <p„ vanishes is a consequence of the symmetry of the proba¬ 
bility density P = | <jo„ | 2 about the origin (see Fig. 7.10). 



s 


-6.0 -3.0 0.0 3.0 6.0 { 


C 0.16 



-6.0 -3.0 0.0 3.0 6.0 $ 


1GURE 7.10 The first few eigenstates of the simple harmonic oscillator and corresponding probability 
ensities. Turning points, U n) = /TT 25, are demited by vertical marks. 
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The second example we consider is the expectation of momentum p, in the nth 
eigenstate <p n . 

(7.66) <J>> = <n\P\n> = -^<n\6-ff\n> 

s/2 W 

= -^ 7 ^- {n 1/2 <n|n - 1> - (n + l) 1/2 <n|n + 1)} 

V2«/r 

= 0 

In any eigenstate <p n of the Hamiltonian of the simple harmonic oscillator, the proba¬ 
bility of finding the particle with momentum hk is equal to that of finding the particle 
with momentum —hk. Were we to express <p n (x) as a superposition of momentum 
eigenstates, exp (/Jbc), we would find the probability amplitude b(k) to be an even 
(symmetric) function of k [i.e., b(k) = b( — &)]. 


Correspondence Principle 

Next, we consider the manner in which the solution to the quantum mechanical 
harmonic oscillator problem obeys the correspondence principle. To these ends let us 
calculate the classical probability density P, corresponding to a one-dimensional 
spring with natural frequency a) 0 . Let the particle be at the origin at t — 0 with 
velocity x 0 co 0 . The displacement at the time t is then given by 


(7.67) 


x — x 0 sin (co 0 1) 

X = X 0 (O 0 cos (co 0 1 ) 


This gives the correct initial data 
(7.68) 


x(0) = 0 
x(0) = x 0 oj o 


The product P(x) dx is the probability of finding the particle in the interval dx about 
the point x at any time. If T 0 is the period of oscillation 


2n 


(7.69) 

T °=77 


(Dq 

then 

_ . dt t 

P dx = — = - 
To 

(7.70) 

where 


(7.71) 

, dx 

dt = — 

X 


2 % 
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Using (7.67), one obtains 

(7.72) 

so that 


dt 



— x 


2 


(7.73) P dx = ^ dt =- dx 

^ 71 lltyJXo 2 ~ X 2 

The probability density so found is normalized with respect to the angular displace¬ 
ment dO = o) 0 dt, 0 < 0 < In. The interval in displacement x is one-half as long, so 
the properly normalized P function, over the interval -x 0 < x < + x 0 , is 


(7.74) 


P = 


n Jx 0 2 - x 2 


/* + *0 

P(x)dx = 1 

* —x n 


This function is sketched in Fig. 7.11, where it is superimposed on the quantum mech¬ 
anical probability density corresponding to a state with n > 1. The singularities in P 

at the turning points + x 0 are due to the fact that the particle comes to rest at these 
points. 

The correspondence which the quantum mechanical formulation displays in the 
present case is clearly exhibited in Fig. 7.11, where we see that 


(7.75) 


lim <P„ QM > = P CL 

n-> oo 


< P » QM > = ~ f\n*(y)<P„(y)dy 


The superscripts QM and CL denote quantum mechanical and classical, respectively, 
and e is an arbitrarily small interval. The integral above is called a local average. 
It represents the average of P° M in a small interval centered at x. 

The classical configuration that corresponds to the quantum state in which a 
set of commuting observables are specified is the configuration which includes these 
same parameters as constant and known. Thus, in the problem of a particle confined 
to a one-dimensional box, considered in Chapter 4, when one concludes that the 
classical probability density is uniform, it should be noted that this is the case provided 
that all one knows about the particle is its energy. The classical state of this system 
permits a more elaborate description. Unlike the quantum case, for the classical 
particle one may specify both its energy and position in time, x(t). Given this maxi¬ 
mally informative classical description, the configurational probability density 



FIGURE 7.11 Classical probability density 


pCL _ 


_1 

Ks/Xo 2 “ 


s^erimposed on the quantum mechanical probability density 


p QM _ 
1 n 


\<Pn\ 


For the case n > 1, 


lim<P n 0M > = P CL 


becomes <5[x(t) - x]. When one speaks of configurational correspondence in the 
limit of high quantum numbers, what is usually meant is that in this limit the quantum 
probability density goes to the classical probability density in which, consistent with 
the quantum description, not more than the energy is specified. 

In our consideration of correspondence for the harmonic oscillator, this rule 
is again obeyed. The expression (7.74) for the classical probability density is relevant 
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to the case where only the amplitude x 0 , or equivalently the energy E = Kx 0 2 /2, is 
known. The quantum density sketched in Fig. 7.11 is likewise connected to the energy 
eigenstate (p„ for which measurement of energy finds with certainty the value E n . 

PROBLEMS 

7.6 (a) Show that the Hermite polynomials generated in the Taylor series expansion 

exp (2{t - f 2 ) = £ ^ f 
»=o n! 

are the same as generated in (7.58). 

(b) Show that as generated by 

^„© = (-l r(e i2 ^e-<j 

are equivalent to those given by (7.58). 

(c) Use any of the preceding relations to establish 

JfY — 2nJt ! 

(d) and the recursion relation 

<*. + i = 2- 2 nJT n - l 

(e) Use the generating formula of part (b) to find ,({), and 

7.7 The general formula for the normalization constant of <p n is 

A„ = (2 l, n!y/n)~ 1,2 

Show that this gives correct normalization for <p 4 . 

7.8 Show directly from the form of q> n given by (7.57) that 

P<Pn = (-)>„ 

where P is the parity operator. 

7.9 (a) Show that the normalized nth eigenstate <p„ is generated from the normalized ground 
state (p 0 through 

1 

<Pn = ~f~ )> 0 

V" ! 

(b) Show that part (a) implies the following relations. 

&<Pn = 2 <P *-1 

&< p „ = +1 y i 2 < p „+1 


where (p Ht (p n -u and <p„+ 1 are all normalized. 
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7.10 Show that in the nth eigenstate of the harmonic oscillator, the average kinetic energy < T) is 
equal to the average potential energy <K>. That is, 



Answer ( partial ) 




K 

AP 2 . 

'K' 


<, n\& 2 + $ 2 + (&? + ^)|«> 

I 

{0 + 0 + <n|(l + 2f))\n}} 


<V) 


heap 

4 


(1 + 2n) = 


hwp 

2 



7.11 In Problem 7.2, what is the average spacing (in centimeters) between zeros of an eigenstate 
with such a quantum number? 

7.12 A harmonic oscillator is in the initial state 

0) = <p„(x) 

that is, an eigenstate of What is ^„(x, f)? 

7.13 For a harmonic oscillator in the superposition state 


iA(x, t) = —= |>o(*> 0 + M*. 0] 
x/2 


show that 


<x> = C cos (co o 0 


In the notation above. 


t) = tp„(x) exp 


m.t_ 

h 


7.14 Show that in the nth state of the harmonic oscillator, 

<x 2 > = (Ax) 2 
<p 2 > = (Ap) 2 
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7.15 


Find <x> for a harmonic oscillator in the superposition state 

1 


t) 


v/2 


l>o(*> 0 + taCx, 0] 


The harmonic oscillator has natural frequency co 0 . 

7.16 A large dielectric cube with edge length L is uniformly charged throughout its volume so 
that it carries a total charge Q. It fills the space between condenser plates, which have a potential 
difference across them. An electron is free to move in a small canal drilled in the dielectric normal 
to the plates (Fig. 7.12). 

The Hamiltonian for the electron is 

a P* Kx 2 ^ 

h = +^r" + ~r x 

2m 2 L 


(a) What is the spring constant K in terms of the total charge Q1 

(b) What are the eigenenergies and eigenfunctions of HI [ Hint: Rewrite the potential 
energy of the electron as 


v = y (* 2 + 2 y*) = y [(* + y) 2 - y 2 ] 




_ eOo 


LK 


then change variables to z = x + y. To evaluate K, use Gauss’s law (neglecting “edge effects”).] 


Uniformly charged dielectric of 



FIGURE 7.12 Configuration described in Problem 7.16. 
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7.17 (a) Show that the time-independent Schrodinger equation for the harmonic oscillator, 
with the energy eigenvalues (7.44), may be written 

<p (t + (2n+ 1 - £ 2 )<p = 0 

(b) Using the relations of Problem 7.6, show that 

<p„ = X’.iOe-^ 12 


is a solution to this equation. 

(c) Obtain Hermite’s equation 

+ 2nJt m = Q 

7.18 Use the uncertainty principle between x and p to derive the “zero-point” energy 


E 0 = $ha) 0 

of a harmonic oscillator with natural frequency co 0 (see Fig. 7.8). 

7.19 Show that 



in the nondimensional £ notation. 

7.20 Show that the asymptotic exponential behavior of <?„(£) agrees with that obtained directly 
from the Schrodinger equation, in the limit that £ -> oo. 

7.21 Show that 



d 



in § 2 ( see Eq* 4.31). 

7.22 (a) What is the asymptotic solution <p H to the Schrodinger equation (as given in Problem 
7.17) 


+ (2n + 1 - t 2 )<P = 0 


in the domain 

(b) Show that 


£ 2 1 + 2n ~ 2n? 

lim <P„> = <|<p„l 2 > = constant 

n> 1 


Answer 

In this domain the Schrodinger equation above becomes 

(pH + 2 nip = 0 
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which has the (even) solution 

<p n = C cos (J2n Z) 

It follows that the local average of | in this domain is given by 

c 2 r* +f 

<l^-l 2 > = 27 J cos 2 ( N /2 nt)d( 

= f + ~J^ n 0 in (?>/%*) cos (2 Jin «]J 

C 2 

lim <P„> = — 

it-* 00 ^ 

This result explains the flatness of <P QM > in the central domain £ 2 « 2 n, as seen in Fig. 7.11. 

7.23 Estimate the length of interval about x = 0 which corresponds to the classically allowed 
domain for the ground state of the simple harmonic oscillator. 

Answer 

The turning points occur at 

( = ± 1 or equivalently at x = ± 

At this value, \(p 0 \ 2 is e~ x times smaller than its value at the origin (Fig. 7.10). 

7.24 Show that in the nth stationary state |n> of a harmonic oscillator with fundamental fre¬ 
quency co 0 , 

£ 

Ap Ax = — = h(n + \) 

COq 



7.4 THE HARMONIC OSCILLATOR IN MOMENTUM SPACE 


Representations in Quantum Mechanics 

Let us recall Eqs. (4.42) et seq., which relate the wavefunction (p(x) to the momentum 
coefficient b(k). 


(7,76) 



00 

b(k)<Pk dk 

- 00 



<P(x)(p k * dx 
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The eigenfunction of momentum corresponding to the value p = hk is (p k . The wave- 
function cp{x ) gives the probability density in coordinate space through the Born 
relation 

(7.77) P(x) = \<p(x)\ 2 

The momentum coefficient b(k) gives the probability density [probability of finding 
the particle to have momentum in the interval hk to h(k 4- dk)~\ in momentum ( k ) 
space through the relation 

(7.78) P(k ) = \b(k)\ 2 

The integral formulas (7.76) serve to determine <p(x) given b(k), and vice versa. It 
follows that any information contained in <p(x) can be obtained from knowledge of 
b{k) and vice versa. Given the Hamiltonian of a system, <p(x) is determined. Let us 
construct an equation which similarly determines b(k) from the Hamiltonian [i.e., 
without first finding <p(x)]. To these ends we first recall the time-independent 
Schrodinger equation for the harmonic oscillator. 

<” 9 > 

Substituting the Fourier decomposition of <p(x) above and noting the equality 

,d(p k 

(7.80) x<p k =+i-jfc 


gives 

(7.8D JT„**(‘)(ijSr ~ Is 5 )” 1 - ^jjkHkw, 

Integrating the second term on the left-hand side by parts twice and setting 
(7.82) Kk) | k =± *, = 0 


gives 

(7.83) 




= 0 


It follows that the term in brackets is the Fourier transform of zero, which is 
zero. We conclude that b(k) (appropriate to the harmonic oscillator) satisfies the 
k-dependent Schrodinger equation 


This equation is also called the Schrodinger equation in momentum representation. 
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We note that the Hamiltonian in momentum representation includes the simple 
multiplicative operator hk in place of p and the differential operator +id/8k in place 
of x. This rule for obtaining the structure of the Hamiltonian in momentum represen¬ 
tation always holds providing the potential V(x) is an analytic function 1 of x (i.e., has a 
well-defined power-series expansion). For such cases the Schrodinger equation in 
either coordinate or momentum space is obtained through the recipes: 

Sx) 

In p-space: H(x, p) -» ft( + hk 

\ ok 

The time-dependent Schrodinger equation in momentum representation appears as 

(7.85) ih - b(k, t) = fi(k)b(k, t ) 

ot 

Paralleling the development of (3.70) permits the solution to (7.85) for the initial- 
value problem for b(k , t) to be written 

(7.86) b(k, t ) = exp ^jh(/c, 0) 

For free-particle motion with ft = h 2 k 2 /2m, the latter relation gives 
(7-87) \b(k,t)\ 2 = \b(k,0)\ 2 

The momentum probability density for free-particle motion is constant in time. 

Geometrically, the function b(k ) is the projection of the state <p(x) onto the 
momentum eigenstate <p k (recall Eq. 4.44). 

(7.88) Uk) = {q> k \ 9 y 

For any given state <p(x), the function b(k) represents a distribution of values, corre¬ 
sponding to the projections of <p(x) onto the set of basis vectors {<p k }. The functions 
b(k ) and <p(x) are equally informative. In momentum representation a state of the 
system is represented by its projections onto the basis of Hilbert space {<p k }. (See 
Fig. 4.6.) 

This is analogous to the statement that a vector B in 3-space is represented by 
its projections onto the three unit vectors e x , e y , and e z , namely B x , B y , and B z . 


In x-space: H(x, p) ft l x, 


1 In the more general case the Schrodinger equation in momentum space becomes an integral equation. These topics are 
discussed in greater detail in E. Merzbacher, Quantum Met hank s, 2nd ed., Wiley, New York, 1970. 
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These are not the only basis vectors one can use to represent the vector B. For instance, 
one can employ the basis e x ', e/, and e z ' given by 


*' " V2 (e * + C>) 


(7.89) 


1 


e; y2 (Cx Cy) 


e z = 

(See Fig. 7.13.) In this basis B is represented by the three components 


B = (B x \ B y ', B z ) = -j=(B } 


+ B y , B x - By, V2B,) 


There are countless other triads of unit vectors which are valid bases of 3-space 
(i.e., they all span 3-space). The three components of B in any one of these represen¬ 
tations completely specify B. 

Similarly, one may describe the state of a system in quantum mechanics in 
different representations. In each of these, a distinct set of vectors serves as a basis of 
Hilbert space. Particularly important in the theory of representations is the concept of 
common eigenfunctions of some complete set of commuting operators relevant to a 
given system. Suppose that the complete set of commuting operators are A, 8, and C. 
In the state <p abc (common eigenstates of A, 8, and C) one may specify the “good” 
quantum numbers a, b, and c. The state of the system cannot be further resolved. 
Such states may serve as a basis of Hilbert space. The representation in which all 
states are referred to the basis {(p^} is called the abc representation, just as we call 



FIGURE 7.13 Projections onto two sets of basis 
vectors (in the xy plane) of the vector B. The two bases 
are related throngh (7.89). The z component is the same 
in both representations. 
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the representation in which states are referred to the eigenfunctions of momentum, the 
momentum^ representation. 1 One also speaks of the abc representation as the one 
in which A, B, and C are diagonal. 


PROBLEMS 

7.25 Show that b(k) is even for any even potential V(x) = V( - x). What can be concluded about 
the oddness or evenness of b(k ) if V(x) is an odd function, V(x) = - V{ -x)‘! 

7.26 What are the eigenfunctions b„(k ) of the harmonic oscillator Hamiltonian f)(k) in momentum 
space (as given by Eq. 7.84)? [tfinr. Note the similarity between H(k) and fl(x). and the boundary 
conditions of <p n (x) and b„Q c).] 

7.27 What is the Schrodinger equation in momentum representation for a free particle moving 
in one dimension? What are the eigenfunctions b(k) of this equation? 

7.28 Consider the Gaussian wave packet whose initial momentum probability density is given 
by (6.45). 

(a) What is | b(k y t)\ 2 at t > 0? 

(b) What is Ax Ap at t > 0? 

7.29 Consider an arbitrary differentiable function of p, <p(p). Show that with p = p and x - 
+ ih d/dp , 


[*, P~\(p(p) = ih<p(p) 


7.30 What is the eigenfunction of the operator in the momentum representation, corresponding 
to the eigenvalue x? That is, give the solution to the equation 

£<p x (p) = x<p x (p) 


7.31 Let |x'> denote an eigenvector of the position operator Jc with eigenvalue x' and let | k'} 
denote an eigenvector of the momentum operator p with eigenvalue hk\ Show that 

(a) (k\k'> = S(k - k') 

(b) <x|x'> = <5(x — x') 


(c) 


<x | /c> = —— exp (ikx) 
yjln 


For each case, state in which representation you are working. 

7.32 Suppose that the operators a and & in 


ft = ho> 0 (a'a + i) 


obey the anticommutation relation 

{n, } = aa f + tfa = 1 


‘For further discussion of the coordinate and momentum representations, see Appendix A. 
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(a) What are the values of a \ n> and | n > that follow from the anticommutation relation 

above? 

(b) Since <//> > 0, for consistency we may again set 

a|0> = 0 

Combining this fact with your answer to part (a), which are the only nonvanishing states |n>? 

(c) If, in addition to the anticommutation property above, & and also obey the relations, 
{fl, £} = {^, £ f } = 0, show that ft 2 = ft. 

Answer ( partial ) 

(a) <5|n> = ,Jn\ 1 - n> 

tf\n) = - n|l - n> 

(b) The only nonvanishing states are |0> and |1>. [Note: Anticommutation relations 
between d and $ are used to describe particles that obey the Pauli exclusion principle. 1 In this 
context the operator ft denotes the number of particles in a given state so that (b) implies that there 
is no more than one particle in any state. The |0> state is called the vacuum state. The formalism 
is known as second quantization. 2 ] 

7.33 What is the lowest value of kinetic energy <T> a harmonic oscillator with frequency co 0 
can have? 


Answer 

In Problem 7.10 we found that in the nth eigenstate of the oscillator 


<K> = <T> = 


o 

2 





hco 0 

4 


Thus, the lowest allowed energy of the oscillator is hcoj 2. It is impossible to force the oscillator to a 
lower energy. In a solid, for example, whose nuclei are bound together by harmonic forces, this 
zero-point energy persists at 0 K. (See Problem 7.18.) 


7 £ UNBOUND STATES 

If a wavefunction t// represents a bound state (in one dimension), then 

(7.90) l</'| 2 - > 0, |x| —► co 

for all t. A wavefunction that does not obey this condition represents an unbound 
state. The square modulus of a bound state gives a finite integral over the infinite 
interval. 

(7.91) | \^\ 2 dx<co 

J ~ oo 


1 A formal statement of this principle is given in Chapter 12. See also Appendix B. 

2 Second quantization will be encountered again in Chapter 13. 
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FIGURE 7.14 One-dimensional scattering problem. Incident particle current J inc initiated at x = - oo 
is partially transmitted and partially reflected (J r . n ) by a potential barrier K(x). The potential is 

constant outside the scattering domain. 


The square modulus of an unbound state gives a finite integral over any finite interval. 
(7-92) |* \\lf\ 2 dx < co, \b — a\ < oo 

da 

The eigenstate of the momentum operator 


(7.93) 


<Pn(x ) = -)= e ikx 


represents an unbound state. The eigenfunction of the simple harmonic oscillator 
Hamiltonian 

( 7 - 94 ) <pM) = A n ^M)e- i2 ' 2 


(see Section 7.3) represents a bound state. Unbound states are relevant to scattering 
problems. Such problems characteristically involve a beam of particles which is 
incident on a potential barrier (Fig. 7.14). 

Since Ho, I'I'fdx diverges for unbound states, it is convenient to normalize 
the wavefunction for scattering problems in terms of the particle density p. For one¬ 
dimensional scattering problems we take 


(7.95) 


\i//\ 2 dx = pdx = dN 

= number of particles in the interval dx 



dx = N 


= number of particles in the interval (b - a) 
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For a one-dimensional beam of 10 3 neutrons/cm, all moving with momentum p = hk 0 , 
the wavefunction is written 


(7.96) 


= io 3 / V“ oX "““ ) , 
h 2 k 0 2 

2m 


\ + \ 2 

tuo 


10 3 cm -1 


The sole difference between \j/ so defined and a wavefunction whose square modulus 
is probability density is a multiplicative constant. It follows that \i//\ 2 , when referred 
to particle density, is proportional to probability density also. For uniform beams, 
|t/r| 2 is constant, which in turn implies that it is uniformly probable to find particles 
anywhere along the beam. This is consistent with the uncertainty principle. For 
instance, for the wavefunction (7.96), the momentum of any neutron in the beam is 
hk 0 , whence its position is maximally uncertain. 


Continuity Equation 

One-dimensional barrier problems involve incident, reflected, and transmitted 
current densities, J) inc , J ref „ and J trans , respectively. In three dimensions the number 
density and current density J are related through the continuity equation 

(7.97) ^7 + V ' J = 0 


To clarify the physical meaning of this equation, we integrate it over a volume V 
and obtain 


(7.98) 


8N 

nr 


i 


J’dS 


The total number of particles in the volume V is 
(7.99) N = dr 

(Gauss’s theorem was used to transform the divergence term.) The surface S encloses 
the volume V (Fig. 7.15). Equation (7.98) says that the number of particles in the 
volume V changes by virtue of a net flux of particles out of (or into) the volume V. 
It is a statement of the conservation of matter because it says that this is the only 
way the total number of particles in V can change. If particles are born spontaneously 
in V with no net flux of particles through the surface S, then dN/dt > 0, while J J • dS 
= 0 and (7.98) is violated. 
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J • <iS > 0 
for particles 
leaving V 

FIGURE 7.15 Geometry relevant to integration of 
the continuity equation. 


If particles are moving only in the x direction, 
(7.100) J = (J x ,0,0) 

and the continuity equation becomes 


(7.101) 


dp 

dt dx 


= o 


We already have identified p with |i/^| 2 . To relate J x to i //, we must construct an equa¬ 
tion that looks identical to (7.101) with |^| 2 in place of p. Then the functional of ^ 
which appears after d/dx is JJ X . 

The wavefunction for particles in the beam obeys the Schrodinger equation 


(7.102) 


d\j/ 

Tt 




The time derivative of the particle density is 


(7.103) 


S J£* , # + , r (zH A + r ' 

dt * dt St M ft W l ft , 


For the typical one-dimensional Hamiltonian 
(7.104) 


a = Jr + 

zm 


the latter equation becomes 


^ = *<*•*--**»> 

dt//*^/ d I" h / di/t 3^*' 

dt + dx [2 mi \ dx dx ) 


= 0 


(7.105) 
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(The subscript x denotes differentiation.) Comparison of this equation with (7.101) 
permits the identification 


(7.106) 


J, 


2mi \ dx dx 


Note that the dimensions of J3* are number per second. In three dimensions the current 
density is written 

(7.107) J = - 

and has dimensions cm “ 2 s “ 1 . 


Transmission and Reflection Coefficients 


For one-dimensional scattering problems, the particles in the beam are in plane-wave 
states with definite momentum. Given the wavefunctions relevant to incident, re¬ 
flected, and transmitted beams, one may calculate the corresponding current densities 
according to (7.106). The transmission coefficient T and reflection coefficient R are 
defined as 


(7.108) 


T = 


J 


trans 


JL 


R - 


J 


refl 


J.. 


These one-dimensional barrier problems are closely akin to problems on the trans¬ 
mission and reflection of electromagnetic plane waves through media of varying 
index of refraction (see Fig. 7.16). In the quantum mechanical case, the scattering is 
also of waves. 

For one-dimensional barrier problems there are three pertinent beams. Particles 
in the incident beam have momentum 

(7.109) Pine = hki 

. Particles in the reflected beam have the opposite momentum 


(7.110) Prefl = faky 

In the event that the environment (i.e., the potential) in the domain of the 
transmitted beam (x = + oo) is different from that of the incident beam (x = — co), 
the momenta in these two domains will differ. Particles in the transmitted beam will 
have momentum hk 2 # hk u 


( 7 . 111 ) 


Ptfans kk 2 





FIGURE 7.16 (a) Scattering of plane 
electromagnetic waves through domains of 
different index of refraction n. (b) Scattering 
of plane, free-particle wavefimctioos 
through domains of different potential. 


209 



210 ADDITIONAL ONE-DIMENSIONAL PROBLEMS. BOUND AND UNBOUND STATES 


In all cases the potential is constant in the domains of the incident and trans¬ 
mitted beams (see Fig. 7.14), so the wavefunctions in these domains describe free 
particles, and we may write 

h 2 k 2 


(7.112) 


•A inc = 

i lj„ n = Be-‘ (ktx+,0i ‘\ 

fAtrans = 


ha)! = E ine = 

2m 

ha) i = £ ref , = E-, 


inc 


ftco, = £ trans = 


h 2 k> 


2m 

= E inc = hw 1 


+ V 


Energy is conserved across the potential hill so that frequency remains constant 
(a>! = a) 2 ). The change in wavenumber k corresponds to changes in momentum and 
kinetic energy. Using (7.106) permits calculation of the currents 


Jinc== 2 


(7.113) 


h 


Jtrans = 2mi 2ik ^ C ^ 


^refl — — 


2 mi 




It should be noted that these relations are equivalent to the classical prescription for 
particle current, J = pv , with p = \ \f/\ 2 and v = hk/m. These formulas, together with 
(7.108), give the T and R coefficients 


(7.114) 


T = 


c 

2 k 

R = 

B 

A 


A 


In the event that the potentials in domains of incident and transmitted beams are 
equal, k 1 = k 2 and T = | C/A | 2 . More generally, to calculate C/A and B/A as functions 
of the parameters of the scattering experiment (namely, incident energy, structure of 
potential barrier), one must solve the Schrodinger equation across the domain of the 
potential barrier. 


PROBLEMS 

7.34 Show that the current density J may be written 

J = + («A*P«A)*] 


where p is the momentum operator. 
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7.35 Show that for a one-dimensional wavefunction of the form 

i Kx, t) — A exp [i<p(x, 0] 


h , 8d> 

J = I 2 / 

m ox 


7.36 Show that for a wave packet i j/(x, t\ one may write 


r j ^=^-«p>+<p>*)=— 

J _ oo 2m m 

7.37 Show that a complex potential function, V*(x) # F(x), contradicts the continuity equation 
(7.97). 

7.38 (a) Show that if \jj(x, t) is real, then 

J = 0 

for all x. 

(b) What type of wave structure does a real state function correspond to? 


7.6 ONE-DIMENSIONAL BARRIER PROBLEMS 

In a one-dimensional scattering experiment, the intensity and energy of the particles 
in the incident beam are known in addition to the structure of the potential barrier 
V(x). Three fundamental scattering configurations are depicted in Fig. 7.17. The 
energy of the particles in the beam is denoted by £. 


The Simple Step 


Let us first consider the simple step (Fig. 7.17a) for the case E > V. We wish to obtain 
the space-dependent wavefunction <p for all x. The potential function is zero for x < 0 
and is the constant V, for x > 0. The incident beam comes from x = — oo. To con¬ 
struct (p we divide the x axis into two domains: region I and region II, depicted in 
Fig. 7.18. In region I, V = 0, and the time-independent Schrodinger equation appears 
a& 


(7.115) 


h 2 

2m 


(Pxx = E<P 


In this domain the energy is entirely kinetic. If we set 


(7.116) 

then the latter equation becomes 


h 2 k x 2 

2m 


(7.117) 


<Pxx= -k t 2 <p in region I 



FIGURE 7.17 (a) The simple step, (b) The rectangular barrier, (c) The rectangular well. 




x = 0 


X 


Region I 

| 

Region II 


FIGURE 7.18 Domains relevant 
to the simple-step scattering prob¬ 

ay. 


'flu 


lem for the case E > V. 
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In region II the potential is the constant V and the time-independent Schrodinger 
equation appears as 


(7.118) 


h 2 

2m 


<Pxx 


= (£- 


V)<p 


The kinetic energy decreases by V and is given by 


(7.119) 



V 


In terms of k 2 , (7.118) appears as 

(7.120) <Pxx= ~ k 2 2( P in region II 


Writing <p t for the solution to (7.117) and <p n for the solution to (7.120), one obtains 


(7.121) 


(Pt = Ae ik,x + Be~ ik ' x 
ep„ = Ce ik2X + De~ ik2X 


Since the term De~ ik2X (together with the time-dependent factor e~ iW2t ) represents a 
wave emanating from the right (x = + oo in Fig. 7.18), and there is no such wave, we 
may conclude that D = 0. The interpretation of the remaining A, B, and C terms is 
given in Eq. (7.112). To repeat, /4exp(ifc,x) represents the incident wave; 
Bexp( — ik 1 x), the reflected wave; and C exp (ik 2 x), the transmitted wave. 

It is important at this time to realize that <p, and (p u (with D = 0) represent a 
single solution to the Schrodinger equation for all x, for the potential curve depicted 
in Fig. 7.18. Since any wavefunction and its first derivative are continuous (see 
Section 3.3), at the point x = 0 where (p x and cp n join it is required that 


(7.122) 


<Pi(0) = <p n (0) 




These equalities give the relations 

A + B = C 


(7.123) 



Solving for C/A and B/A, one obtains 


C 


2 


B _ 1 - k 2 /k j 
A 1 + k 2 /ki 


(7.124) 


A 1 +k 2 /k l ' 
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FIGURE 7.19 T and R versus k 2 \k\ for the simple-step 
scattering problem for E > V, 


Substituting these values into (7.114) gives 


(7.125) 


4k 2 /k l 

[1 4- (fc 2 /*i)] 2 


R = 


1 - fc 2 /fe! 
1 + k 2 /k x 


2 


The ratio k 2 /k x is obtained from (7.116) and (7.119). 


(7.126) 



In the present case E > V, so 0 < k 2 /k l < 1. For E P F, k 2 /k l -► 1 and T -► 1, R -► 0. 
There is total transmission. For E = V, k 2 /k x = 0 and T — 0, R — 1. There is total 
reflection and zero transmission. The T and R curves for the simple-step potential 
are sketched in Fig. 7.19. For all values of (k 2 /k x ) we note that 


(7.127) T+ R = 1 

The validitiy of this relation for all one-dimensional barrier problems is proved in 
Problem 7.39. 

In the second configuration for the simple-step barrier, E < V (see Fig. 7.17a). 
Again the x domain is divided into two regions, as shown in Fig. 7.20. In region I the 
Schrodinger equation becomes 

(7.128) <Pxx= ~k x 2 (p in region I 
where 

h 2 k x 2 

(7.129) = E 


In region II the Schrodinger equation is 

(7.130) <p xx = K 2 q> in region II 


where 

(7.131) 


H 2 k 2 


2m 


= V - E > 0 
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Ae ik i x 

Ce- Kx 

' Be’'* 1* v 






Region I x - 0 Region II 

I 


E 

x 


*1 


*>II 


FIGURE 7.20 Domains relevant 
to the simple-step scattering prob¬ 
lem for the case E < V. 


The kinetic energy in this domain is negative (-h 2 K 2 /2m). In classical physics 
region II is a “forbidden” domain. In quantum mechanics, however, it is possible for 
particles to penetrate the barrier. 

Again calling the solution to (7.128) <p x and the solution to (7.130) cp n , we obtain 


(7.132) 


<p x = Ae iklX + Be~ iklX 
<Pn = Ce-« x 


Continuity of q> and <p x at x = 0 gives 


(7.133) 




c 

A 


l-* = 


.K_C 
1 h i A 


Solving for (C/A) and (B/A) one obtains 


(7.134) 


C 2 

A 1 + ix/ki 

B _ 1 — ix/ki 

A 1 + nc/fc, 


The coefficient B/A is of the form z*/z, where z is a complex number. It follows that 
\B/A | = 1, so 


(7.135) 



r = o 


There is total reflection, hence the transmission must be zero. 

To obtain the latter result analytically from our equations above, we must 
calculate the transmitted current. The function <p n is of the form of a complex amplitude 
times a real function of x (7.132). Such wavefunctions do not represent propagating 
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waves. They are sometimes called evanescent waves . That they carry no current is 
most simply seen by constructing J trans (7.106). 

< ? .136) J,„.. - A I 

= 0 


We conclude that T = 0. 


PROBLEMS 


7.39 Show that 


T + R — l 


for all one-dimensional barrier problems. 

Answer 

Since the scattering process is assumed to be steady-state, the continuity equation (7.101) becomes 


Integrating this equation, one obtains 



dx = J + a, 


- J-. = o 


But 


J - 00 — ^inc ~ ^refl 
^ + oo ^trans 


so that the equation above becomes 


^trans “h ^refl ^inc 

Dividing through by gives the desired result. 

7.40 Electrons in a beam of density p = 10 15 electrons/m are accelerated through a potential of 
100 V. The resulting current then impinges on a potential step of height 50 V. 

(a) What are the incident, reflected, and transmitted currents? 

(b) Design an electrostatic configuration that gives a simple-step potential. 

7.41 Show that the reflection coefficients for the two cases depicted in Fig. 7.21 are equal. 

7.42 For the scattering configuration depicted in Fig. 7.20, given that V = 2£, at what value of x 
is the density in region II half the density of particles in the incident beam? 
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u inc 



FIGURE 7.21 Reflection coefficients for these two configurations are equal. (See Problem 7.41.) 


7.43 Equation (7.123) may be written in the matrix form 


, 

\ 1 Mci 


B/A 

C/A t 


Calling the 2 x 2 matrix 0, the left column vector i^ 9 and the right column vector % permits this 
equation to be more simply written 

== % 


This inhomogeneous matrix equation has the solution 


where 1 is the inverse of *2, that is, 

i /i o 

\0 1 

(a) Find and then construct Y using the technique above. Check your answer 
with (7.124). 

(b) Do the same for (7.133) and (7.134). 


7.7 THE RECTANGULAR BARRIER. TUNNELING 

The scattering configuration we now wish to examine is depicted in Fig. 7.17b. The 
energy of the particles in the beam is greater than the height of the potential barrier. 
E > V. For the case at hand there are three relevant domains (see Fig. 7.22): 

Region 1: x < —a, V = 0. 

* 

(7.137) Region II: -a<x<+a, F>0, and constant. 

Region III: a < x, V = 0. 
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FIGURE 7.22 Domains rele¬ 
vant to the rectangnlar barrier 
scattering problem for the case 

E > V. 


The solutions to the time-independent Schrodinger equation in each of the three 
domains are: 

h 2 k 2 

<Pt = Ae iklX + Be~ ik ' x , -- = E 

2m 

h 2 k 2 

<p n = Ce ik2X + De~ ik2X , = E - V 

2m 


(7.138) 


(Pm = Fe*' x , 



(ak,) 2 - (ak 2 ) 2 


2ma 2 V _ g 2 

h 2 = T 


The parameter g contains all the barrier (or well) characteristics. The latter equation 
(conservation of energy) reveals the simple manner in which ak x and ak 2 are related. 
In Cartesian ak u ak 2 space they lie on a hyperbola (Fig. 7.23). The permitted values of 
k x (and therefore E ) comprise a positive unbounded continuum. For each such 
eigen- k x -value, there is a corresponding eigenstate (<p I? <p n , <p in ) which is determined 
in terms of the coefficients, (B/A, C/A , D/A , F/A). Knowledge of these coefficients gives 
the scattering parameters 


T — 




2 


2 
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FIGURE 7.23 For rectangular- 
barrier scattering with E > V^ak^ 
and ak 2 lie on a hyperbola. 


ak x > ak 2 > 0 


The energy spectrum tfk^/lm 
comprises an unbounded con¬ 
tinuum. 


The coefficients are determined from the boundary conditions at x = a and x = —a. 



These are four linear, algebraic, inhomogeneous equations for the four unknowns: 
(B/A), ( C/A ), (D/A), and (F/A). Solving the last two for (D/A) and (C/A) as functions 
of (F/A) and substituting into the first two permits one to solve for (B/A) and (F/A). 
These appear as 


(7.140) 


F r ilk J 2 + k 2 2 \ 

— = e 2lkxa cos (2 k 2 a) - ——-j sin (2 k 2 a) 



F) k 2 2 ~k 2 

A) k x k 2 


sin (2 k 2 a) 


The transmission coefficient is most simply obtained from the second of these, 
together with the relation 



(7.141) 


7+ R = 
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Ae ifc i x 

-►- n„-K j 


-►- 

De 

~ K X 

Fe ikix 

B e -ik\x 








~a 

\ o 

a 

Region 1 

Region 11 

Region III 


*\ *11 

(a) 



FIGURE 7.24 (a) Domains relevant 
to the rectangular barrier scattering 
problem, for the case E <, V. (b) Real 
part of (p for the case above, showing 
the hyperbolic decay in the barrier 
domain and decrease in amplitude of 
the transmitted wave. 


There results 
(7.142) 


T 


A 

F 


2 =. + l^' 


j - <t, 2 \ 2 


sin 2 (2 k 2 a) 


4 l k 2 k 2 , 

Rewriting k t and k 2 in terms of E and V as given by (7.138), one obtains 


(7.143) 


1 1 V 2 

T~ + 4 E(E-V) 


sin 2 (lk 2 a) E > V 


The reflection coefficient is 1 — T. 

For the case E < V, as depicted in Fig. 7.24a, we find that the structure of the 
solutions (7.138) are still appropriate, with the simple modification 


ik 2 -» k. 


h 2 K 2 

“2^~ 


= V - 


E> 0 


(ak t ) 2 + (a *) 2 


2 ma 2 V _ g 2 

h 2 = J 


(7.144) 
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FIGURE 7.25 For rectangular barrier scattering with E < V, ak , and uk lie on a circle ak { > 0, ax > 0. 
The energy spectrum (ft 2 A, 2 /2m) comprises a bounded continuum. 


This latter conservation of energy statement indicates that the variables a/c, and ax 
lie on a circle of radius g/2 (Fig. 7.25). The permitted eigen-fc,-values now comprise a 
positive, bounded continuum, so that the eigenenergies 


also comprise a positive, bounded continuum. 

The algebra leading to (7.140) remains unaltered so that the transmission co¬ 
efficient for this case is obtained by making the substitution of (7.144) into (7.142). 
We also recall that sin ( iz ) = i sinh z. There results 


(7.145) 


1 . 1 / V + * 2 V 

T + 4\ lax ) 


sinh 2 (2 ko) 


which, with (7.144), gives 


(7.146) 


Y =l + \w^T) sinh2(2Ka) 


Writing this equation in terms of T, 


1 + 5 «^£) si " h!(2 '“' ) 


(7.147) 


E < V 



222 ADDITIONAL ONE-DIMENSIONAL PROBLEMS. BOUND AND UNBOUND STATES 


indicates that in the domain E < V, T < 1. The limit that E -*■ V deserves special 
attention. With 

V — E h 2 K 2 
V ~ 2mV = c ^° 

one obtains 


(7.148) 


r = 


9 ‘ = 


1 


1 + g 2 /4 
2m(2a) 2 V 


h 2 


+ 0(c) 


The expression 0(c) represents a sum of terms whose value goes to zero with c. We 
conclude that for scattering from a potential barrier, the transmission is less than 
unity at E = V (Fig. 7.26). 

Returning to the case E ^ V, (7.143) indicates that T = 1 when sin 2 (2k 2 a) = 0, 
or equivalently when 


(7.149) 


2 ak 2 = nn (n = 1, 2,...) 


Setting k 2 — 2n/X, the latter statement is equivalent to 


(7.150) 2 a = n 

When the barrier width 2 a is an integral number of half-wavelengths, n(A/2), the barrier 
becomes transparent to the incident beam; that is, T = 1. This is analogous to the case 
of total transmission of light through thin refracting layers. 




FIGURE 7.26 Transmission coefficient T versus 
EjV for scattering fross a rectangular barrier with 
2m(2a) 2 Vjh 2 = g 2 = 16. The additional lines are 
in references to Problems 7.50 et seq. 


EjV = E 
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Written in terms of E and V, the requirement for perfect transmission, (7.149), 
becomes 


(7.151) 


E — V ~ n 2 


n 2 h 2 
8 a 2 m 


= n 2 E x 


where E t is the ground-state energy of a one-dimensional box of width 2a (see Eq. 
4.14). 

Equations (7.143) and (7.146) give the transmission coefficient T, as a function of 
E, V 9 and the width of the well 2a. The former of these indicates that T -> 1 with in¬ 
creasing energy of the incident beam. The transmission is unity for the values of E 
given by (7.151). Equation (7.146) gives T for E < V. The transmission is zero for 
E = 0 and is less than 1 for E = V. A sketch of T versus E/V = E for the case g 2 = 16 
is given in Fig. 7.26. 

The fact that T does not vanish for E < V is a purely quantum mechanical 
result. This phenomenon of particles passing through barriers higher than their own 
incident energy is known as tunneling. It allows emission of a particles from a nucleus 
and field emission of electrons from a metal surface in the presence of a strong electric 
field. 


PROBLEMS 


7.44 In terms of the new variables, 


ou = 


k x 2 ± k 2 " 
2*1*2 


P = 2 k 2 a 


j = Jfe‘^, j = Jr?** 


(7.140) may be rewritten in the simpler form 



e 2iak 1 

cos p 4- ioi + sin p 


Jr?** = ia.jTe‘* T sin ft 


Use these expressions to show: 

(a) T + R = 1. 

(b) 4> t = 4>r- n(n/2\ n = 1, 2, 3,.... 

(c) tan (<j} T — 2k { a) = a+ tan p 

(d) What is <f> R for the infinite potential step: V(x) = oo, x > 0; K(x) = 0, x < 0? 


Answers ( partial) 

(a) Solving for T + R from (7.140) gives 

1 + a_ 2 sin 2 P 


T + R = 


cos 2 P + a + 2 sin 2 p 


Substituting the definitions of a ± gives the desired result. 
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(c) From the first of the two given equations above, we obtain 

/j'e'WT-2k t a) _ _|_ 

cos p + ia+ sin p 


^/cos 2 p + oc + 2 sin 2 p 

Equating the tangents of the phases of both sides gives the desired result. 

7.45 An electron beam is sent through a potential barrier 1 cm long. The transmission coefficient 
exhibits a third maximum at E = 100 V. What is the height of the barrier? 

7.46 An electron beam is incident on a barrier of height 10 V. At E = 10 V, T = 3.37 x 10 -3 . 
What is the width of the barrier? 

7.47 Use the correspondence principle with (7.147) to show that T = 0 for E < V , for the classical 
case of a beam of particles of energy E incident on a potential barrier of height V. 


7.8 THE RAMSAUER EFFECT 


The configuration for this case is depicted in Fig. 7.17c. The relevant domains are 
shown in Fig. 7.27. Once again Eqs. 7.138 et seq. apply with the modification 


(7.152) 


h 2 k 2 2 

2m 


= E - V= E + \ V\ 


The transmission coefficient (7.143) becomes, for E > 0, 


(7.153) 


1 1 V 2 

T~ + 4E(E + \V\) 


sin 2 ( 2k 2 a ) 


Again there is perfect transmission when an integral number of half-wavelengths fit 
the barrier width. 

(7.154) 2 ak 2 = nn (n = 1, 2,...) 

This condition may also be cast in terms of the eigenenergies of a one-dimensional 
box of width 2 a : 

(7.155) E + \ V\ - n 2 E t 

From (7.153) we see that T -* 1 with increasing incident energy. At E = 0, T = 0. 
Thus we obtain an idea of the shape of T versus E. It is similar to the curve shown in 
Fig. 7.26. The transmission is zero for E = 0 and rises to the first maximum (unity) at 
E ~ E x — | V\. It has successive maxima of unity at the values given by (7.155), and 
approaches 1 with growing incident energy E. 
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FIGURE 7.27 Domains relevant to the rec¬ 
tangular well scattering problem, E > 0. 

The preceding theory of scattering of a beam of particles by a potential well has 
been used as a model for the scattering of low-energy electrons from atoms. The 
attractive well represents the field of the nucleus, whose positive charge becomes 
evident when the scattering electrons penetrate the shell structure of the atomic 
electrons. The reflection coefficient is a measure of the scattering cross section. 1 
Experiments in which this cross section is measured (for rare gas atoms) detect a low- 
energy minimum which is consistent with the first maximum that T goes through for 
typical values of well depth and width according to the model above, (7.153). This 
transparency to low-energy electrons of rare gas atoms is known as the Ramsauer 
effect. 

The student should not lose sight of the following fact. For any of the solutions 
to the scattering problems considered in these last few sections, we have in essence 
found the eigenfunctions and eigenenergies for the corresponding Hamiltonian. 
These Hamiltonians are of the form 

(7.156) H=z 2m + K(x) 

with the potential F(x) depicted by any of the configurations of Fig. 7.17. In each case 
considered, the spectrum of energies is a continuum, E = h 2 k 2 /2m. For each value of 
k, a corresponding set of coefficient ratios (B/A, C/A for the simple step and B A. 
C/A, D/A, F/A for the rectangular potential) are determined. The coefficient A is 
fixed by the data on the incident beam. These coefficients then determine the wave- 
function, which is an eigenfunction of the Hamiltonian above. All such scattering 
eigenstates are unbound states. A continuous spectrum is characteristic of unbound 
states, while a discrete spectrum is characteristic of bound states (e.g., particle in a box. 
harmonic oscillator). 



The notion of scattering cross section is discussed in Chapter 14. 
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TABLE 7.2 Transmission coefficients for three elementary potential barriers 


T = 


4k 2 /ki 


[1 + ( k 2 /k,)Y 


k A 2 = i- v - 


T = 0, R = 1 


2 a 


1 1 V 2 

- = 1 +- 

T 4 E(E — V) 


sin 2 (2 k z a) 


h 2 k 2 2 

2m 


= E - V 


la 


1 j 1 V 2 
T~ + 4 E(V - E) 


sinh 2 (2fca) 


H 2 k 2 

2m 


= V — E 


2 a 


-\v\ 


l _ ( l v 2 

T~ + 4 E(E + \ V\) 


sin 2 (2 k 2 a) 


h 2 k 2 

~2^ 


= £ - K= £ + |K| 


The transmission coefficients corresponding to the one-dimensional potential 
configurations considered above are summarized in Table 7.2. 


PROBLEMS 

7.48 The scattering cross section for the scattering of electrons by a rare gas of krypton atoms 
exhibits a low-energy minimum at E ~ 0.9 V. Assuming that the diameter of the atomic well 
seen by the electrons is 1 Bohr radius, calculate its depth. 

7.49 Show that the transmission coefficient for the rectangular barrier may be written in the 
form 


T - T(g, E) 
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where 

2 2m(!a) 2 V 

9 

_ E 
E = - 
V 

Answer ( partial) 

For E > 1 , 

T~ x = 1 + - —— - sin 2 y/g 2 (E - 1) 

4£(£-l) V * 

7.50 Using your answer to Problem 7.49, derive an equation for an approximation to the curve 
on which minimum values of T fall. 


T m in = T min (E) 

Show that the values of T and E at the first minimum in the sketch of T versus E depicted in 
Fig. 7.26 ( g 2 = 16) agree with your equation, [//inf: The minima of T fall at the values of E 
where T -1 is maximum. From Problem 7.49, 

•' 1 

4 E(E - 1) J 

7.51 For the rectangular barrier: 

(a) Write the values of E for which T = 1 as a function of g. 

(b) Using your answer to part (a) and the two preceding problems, make a sketch of T 
versus E in the two limits g t> 1, g < 1. Cite two physical situations to which these limits pertain. 

(c) Show that for an electron, g 2 jV = 2m(2a) 2 /h 2 = 0.26(2 a) 2 (eV)~ 1 , where a is in 
angstroms. 

7.52 For the case depicted in Fig. 7.26, show that the first maximum falls at a value consistent 
with your answer to part (a) of Problem 7.51. 

7.53 Write the transmission coefficient for the rectangular well as a function of g and E. 
Answer 

7 ’" = 1 + il(ITlj sinV?2(£+1) 

7.54 In the limit g 2 > 1, show that the minima of T for the rectangular well fall on a curve which 
is well approximated by 

Tnin = 4 E 

Use this result together with (7.155) for the values of E where T — 1 to obtain a sketch of T versus 
E for the case g 2 = 10 5 . 


Answer 
See Fig. 7.28. 
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E/\V\=E 


FIGURE 7.28 Resonances in the transmission 
coefficient for scattering by a potential well for 
g 2 = 10 5 . (See Problems 7.54 et seq.) 


7.55 Show that the spaces between resonances in T for the case of scattering from a potential well 
grow with decreasing g. 

7.56 (a) Calculate the transmission coefficient T for the double potential step shown in Fig. 
7.29a. 

(b) If we call T x the transmission coefficient appropriate to the single potential step V u 
and T 2 that appropriate to the single potential step V 2 , show that 

T <T U T <T 2 

Offer a physical explanation for these inequalities. 

(c) What are the three sets of conditions under which T is maximized? What do these 
conditions correspond to physically? 

(d) A student argues that T is the product T x T 2 on the following grounds. The particle 
current that penetrates the V x barrier is T x J inc . This current is incident on the V 2 barrier so that 
T 2 (T x J inc ) is the current transmitted through the second barrier. What is the incorrect assumption 
in his argument? 


Answer ( partial ) 

Applying boundary conditions to the wavefunctions 


<p, = Ae ik ' x + Be * 

(region I) 

<p„ = Ce lkix + De~ ik2X 

(region II) 

</>,..= Fe‘ k > x 

(region III) 


at x = 0 and x = a, respectively, and solving for T = (kJk x )\F/A\ 2 gives the desired result: 


4 k l k i k 2 2 

k 2 2 (k x + k i) 2 + (V - * 2 2 )(*i 2 - & 2 2 ) sin 2 (k 2 a) 


(k i > k 2 > k 3 ) 


7.57 Calculate the transmission coefficient for the potential configuration and energy of incident 
particles depicted in Fig. 7.30. (Note: T is easily obtained from the answer given to Problem 7.56.) 





FIGURE 7.29 (a) Double potential step showing 
three regions discussed in Problem 7.56. (b) and (c) 
Two related single potential steps: T y > T and 

t 2 > r. 
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7.9 KINETIC PROPERTIES OF A WAVE PACKET 
SCATTERED FROM A POTENTIAL BARRIER 
The time-dependent one-dimensional scattering problem addresses itself primarily 
to the problem of a wave packet incident on a potential barrier. It seeks the shape of 
the reflected and transmitted pulse. We will restrict our discussion to the kinematic 
properties of these pulses. 

To formulate this problem we first construct a wave packet whose center is at 
x = —X at t = 0. In previous chapters we obtained such wave packets centered at 
x = 0 at t = 0. They are of the form 

(7.157) 0 = dk 

For this same packet to be centered at x = -X initially, one merely effects a trans¬ 
lation in x so that 


(7.158) 


<K*, 0 




ik(x + X) e ~imt 




ikXgiikx - col) 


For example, for a chopped pulse, L cm long, containing particles moving with 
momentum hk 0 , b(k ) is given by (6.32): 


(7.159) 


b(k) = 


' 2 sin (k - k 0 )L/2 
nL k — k 0 


See Fig. 7.31. The group velocity of this packet is v 0 = hk 0 /m. Let us call the wave 
packet (7.158), i l/ inc . This packet is a superposition of plane-wave states of the form 
(7.112). Each such incident fc-component plane wave is reflected and transmitted. 
The corresponding reflected and transmitted waves are constructed from the ampli¬ 
tude ratios B/A and F/A given by (7.140), which are functions of k (fcj in Eq. 7.140). 
Reassembling all of these waves, one obtains 

x < -a i hue = ,!= f b(k)e‘ kX e i{kx -° >t] dk 

n J-oo 

(7.160) x < —a *„ fl =4=r ^Re‘^b{k)e ikX e- i(kx+m,) dk 

yjln J-00 

x > +a <A, raris = -L f Jf e‘«-b(k)e ikX e iikx -' Mi dk 

y/ 2 n J- 00 

Here we are using the notation of Problem 7.44. 
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P ~ ftk 0 




FIGURE 7.31 Wave packet 
incident on a potential barrier. 

x L ~ 2a. 


To uncover the kinetic properties of these packets, we use the method of 
stationary phase. This relies on the fact that the major contribution in a Fourier 
integral is due to the k component with stationary phase. If we call this component 
k 0 , then the phase of the Fourier integral for ij/ ren vanishes when 

(7.161) + kX — kx — cot) = 0 


This gives the trajectory of the reflected packet, 


(7.162) 


x = + * + 

m \ ok , 


In like manner, for the incident and transmitted 


i x < —a 
k 0 

packets, one obtains 


(7.163) 


m 


x < —a 


(7.164) 




x > a 


The latter three equations illustrate the effect of a potential barrier on the trajectory 
of an incident wave packet. Were there no barrier, the packet would move freely in 
accordance with (7.163). However, there is a delay for both the transmitted and re¬ 
flected packets. The transmitted pulse arrives at any plane x > a, (d<f> T /dk 0 )v 0 ~ 1 
seconds after the free pulse. The reflected pulse arrives at any plane x < —a, 
(d4> R /dk 0 )v 0 ~ l seconds after the free pulse would be reflected from an impenetrable 
wall at the x = 0 plane. 1 


1 The time development of a wave packet scattering from a potential barrier is graphically depicted in D. A. Saxon, 
Elementary Quantum Mechanics , Holden-Day, San Francisco. 1968. 



PROBLEMS 


7.58 For a pulse such as described in (7.158) and (7.159), containing 1.5-keV electrons, which 
scatters from a potential well of width 0.5 x 10" 7 cm and of depth 25 keV, what is the delay in the 
transmitted beam (in seconds) imposed by the well ? 

7.59 Is there a delay in the scattering of a wave packet from a simple-step potential? Present 
an argument in support of your answer. 

7.60 In the text we mentioned the method of stationary phase for evaluating Fourier integrals. 
Use this method to show that 

J“ me« k ' dk * 

S '(k 0 ) = 0 

The phase factor +in/4 applies when s"(k 0 ) > 0 and -in/4 applies when s"(fc 0 ) < 0. Primes 
denote k differentiation. [.Hint: Expand s(k) in a Taylor series about k = k 0 , keeping 0(k 2 ) 
terms.] 

7.61 There is a tacit assumption in the construction of (7.160) that no interaction occurs between 
the incident wave packet and the potential barrier in the interval 0 < t < X/v 0 . Is this a valid 
assumption? 

Answer 

All k components in the distribution (7.159) with k > k 0 reach the barrier in a time less than X/v 0 . 
The number of such components diminishes in the limit X > 2a m L. 


7.10 THE WKB APPROXIMATION 1 
Correspondence 

In Section 7.3 we found that the quantum probability density goes over to the classical 
probability density in the limit of large quantum numbers. Such quantum states have 
many zeros and suffer rapid spatial oscillation. Equivalently, we may say that in this 
classical domain the local quantum (de Broglie) wavelength is small compared to 
characteristic distances of the problem. For the harmonic oscillator, such a character¬ 
istic distance is the maximum displacement or amplitude x 0 (7.12). More generally, 
this characteristic distance may be taken as the typical length over which the potential 
changes. Since the de Broglie wavelength changes only by virtue of a change in 
potential, the latter condition may be incorporated in the criterion (for classical 
behavior) that the quantum wavelength not change appreciably over the distance of 

1 Named for G. Wentzel, H. A. Kramers, and L. Brillouin. 
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FIGURE 732 In the WKB anal¬ 
ysis, the fractional change 6 XjX 1. 
The potential scale of length is also 
large compared to wavelength. 


one wavelength. Now the change in wavelength over the distance dx is 


In one wavelength this change is 


5k = ~dx 
dx 


dx 


In the classical domain, 5k k (Fig. 7.32). This gives the criterion 


(7.165) _ = — « i 


<u 


dk 

k 


dx 


In terms of the momentum p , we find that 


or, equivalently, 


j) =P 2 = 2m(E - V) 


d(k 2 ) _ h 2 d(p 2 ) 

dx p* dx 




dx 


) 


dk mhdV 


dx p 3 dx 

Thus, the condition (7.165) for near-classical behavior becomes 


(7.166) 


dk 


mhdV 

k 


p 3 dx 


<1 



The WKB Expansion 

We seek solutions to the time-independent Schrodinger equation (7.1) which are 
valid in the near-classical domain (7.166). 

If the potential V is slowly varying, one expects the wavefunction to closely 
approximate the free-particle state 

<p(x) = Ae ikx = Ae ipxlh 

Thus we will look for solutions in the form 

(7.167) (p{x) = Ae iS(x)lh 

Substitution of this function into (7.1) gives 

v .„ d 2 S /dS\ 2 . 

(7168) -ih— 2 + [—) =p 2 (x) 


p 2 = 2 m[E - K(x)] 

To further bias the solution (7.167) to the classical domain we examine the solutions to 
the nonlinear equation (7.168) in the limit h —► 0. Recall (Section 6.1) that it is in this 
limit that the Gaussian packet reduces to the classical particle. To these ends we ex¬ 
pand S(x) in powers of ft as follows: 

h 2 

(7.169) S(x) = S 0 (x) + hS t (x) + — S 2 (x) + ■■■ 


Substituting this expansion into (7.168) gives 


(7.170) 


0 = 



SSodSi _ i 8 2 S 0 
dx 8x 2 8x 2 


_ • g25 i 
dx 2 




+ 0(h 3 ) 


Since this equation must be satisfied for small but otherwise arbitrary values of h, it is 
necessary that the coefficient of each power of h vanish separately. In this manner 
we obtain the following series of coupled equations for the sequence {S„}. 


(7.171) 



8S 0 8S l i 8 2 S 0 
8x 8x 2 dx 2 

8S 0 8S 2 (SSiY .d 2 Si 

—~— -+I —-1 —i-= 0 

dx dx \ dx) dx 2 
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Integrating the first of these equations gives 

S 0 (x) = ± f p(x) dx 

*Xi 


'*o 


or, equivalently, in terms of wavenumber k = p/h. 


(7.172) 


So 

h 


* / *o 


k(x) dx 


Substituting this solution into the second equation in (7.171) and integrating gives 




or, equivalently. 


(7.173) 


exp (iSJ 


1 

h m k m 


Substituting (7.172) and (7.173) into the third equation in (7.171) and integrating 
gives 


(7.174) 


1 m(dV/dx) 1 rm 2 (dV/dx) 2 J 

2 ~ 2 p* 4 J-^- dx 


In that S! is the log of the derivative of S 0 , we cannot in general ignore S 1 com¬ 
pared to S 0 , and both terms must be retained in the expansion (7.169). However, 
comparison of S 2 (7.174) with the criterion (7.166) shows that in the near-classical 
domain, the contribution of the second-order term hS 2 /2 to the phase of cp is small 
compared to unity. Higher-order contributions to S(x) are likewise small. Thus, it is 
consistent to say that near the classical domain, q> is well described by the first two terms 
in the expansion (7.169). Inserting these solutions into (7.167) gives 


(7.175) 


<P(x) = £772 exp ( i | k dx ) + 



The Near-Classical Domain 


In what sense does the solution (7.175) approximate classical behavior? To answer 
this question we consider the probability density (p*cp. Specifically, consider that the 
momentum of the particle is specified so that it is known that the particle is moving 
to larger values of x. Then the corresponding WKB solution (7.175) reduces to 


<P(x) = 
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The probability density for this state is 


P(x) = 



\A\ 2 h/m 

v 


where v is written for the classical velocity, v = p/m. The probability of finding the 
particle in the interval dx about x is 


P dx 



dt 


This result, apart from a multiplicative constant, is the same as the classical probability, 
P dx ~ dt (see Eq. 7.70). 

To obtain correspondence with classical current, we renormalize q> so that it is 
relevant to a beam of N particles such as described in (7.95). Calculation of the 
current (7.106) gives 

4 = ^*1 = mxMx) 
m 


J = p(x)v(x) 

This is the classical expression for the current across a plane at the point x of a beam 
of particles with number density p(x) moving with velocity v(x). 

Thus, the lowest-order WKB solution (7.175) reproduces the classical probability 

and current. 


Application to Bound States 

Consider the potential shown in Fig. 7.33. The WKB solution (7.175) is invalid at 
the classical turning points x t and x 2 , for at these points E = V and hk = 0, thereby 
violating the criterion (7.166). However, the WKB solution becomes valid in regions 
far removed from the turning points where \ E - V\ is sufficiently large. 



FIGURE 7.33 Domains relevant to the 
WKB approximation of bound states. 
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In region I, far to the left of x, (x - oo), the solution is 


(7.176) 


(P i = 


exp 


K 



Kdx 


h 2 K 2 

2m 


= V — 


E> 0 


Far to the right of x 2 , the wavefunction also decays exponentially. 


(7.177) 



In the classically allowed region II, the WKB solution is oscillatory. It is necessary 
in the WKB construction of tp to separate this component of the solution into two 


parts. 



(7.178a) 

<Pn (x) = sin | 

(J>4 

(7.178b) 

p 

<Pu (x) = n sin 

(£**. + «), 


h 2 k 2 

2m 

= E - V >0 


Through connection formulas obtained below, is matched to </>, and cp^ is 
matched to cp m . This connecting process will serve to determine all but one of the 
constants A, B , C, and 5. The remaining constant is determined in stipulating that q> n < 
join smoothly to (p,^. This continuity condition will also be found to generate energy 
eigenvalues within the WKB approximation. 


Connecting Formulas for Bound States 

If <Pi> <Pn < > <Pii > , and <p„, were valid representations of <p throughout their respective 
domains, the constants of these functions could be obtained by simply matching these 
component solutions as was done in preceding sections of this chapter. This method 
clearly cannot be followed in the present analysis since the WKB solutions are invalid 
at the turning points. 

The technique of matching cp , to cp tt < and (p a > to <p m in the WKB approximation 
is as follows. The Schrodinger equation is solved exactly in the regions of the turning 
points for potentials that approximate V(x) in these domains. The asymptotic forms 
of these exact solutions are then used to match <p, to (p„ < and to match (/>„ > to <p,„. 
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FIGU RE 7.34 Approximate linear potentials V x (*) 
and V 2 (x) valid in the neighborhoods of the turning 
points x t and x 2 > respectively. 


Following this prescription, we approximate V(x) in the neighborhood of Xj with the 
linear potential Fi(x). 

(7.179) V(x) ^ K,(x) = E- Fi(x - x^ 

The constant F { is the slope of F(x) at x v Similarly, in the neighborhood of x 2 we 
write 

(7.180) V(x) & V 2 (x) = E + F 2 (x - x 2 ) 

(See Fig. 7.34.) The Schrodinger equation then appears as 

d 2 cp 2mF i ^ 

(7.181) 4— — x i) ( P = 0 x near x t 

^2 2mF 

(7.182) -jZ - t~ 2 ~(x - x 2 )cp = 0 x near x 2 

dxr n 


Further simplification of these equations is accomplished through the change in 
variable 


y = 


2mF x 


1/3 

(x - X,) 


in (7.181) and 


y = 



1/3 

(x - x 2 ) 


in (7.182). Both equations then reduce to the same equation, 



- y<p = o 
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The solutions to this equation are called 1 Airy functions and are denoted by the 
symbols Ai(y) and Bi(y) (see Table 7.3). For the problem at hand, the wavefunction 
p(x) must approach zero in the domains x <3 x, and x > x 2 . Both these regions 
correspond to large positive values of |y|. The function with this property is Ai(y). 
which has asymptotic forms 


(7.183) 


' 4i<y) ~27^ exp H 1 “) (y>0) 

My) ~ si " [5 <_,,)3h + f] <y < 0) 


It is exponentially decaying for y > 0 and oscillatory for y < 0 and strongly 
resembles the behavior of a harmonic oscillator wavefunction across a turning point, 
such as shown in Fig. 7.6. 

In the neighborhood of x 1( from (7.179), we obtain 

p 2 = 2m(E - V x ) ~ 2 mF x (x - Xl ) = -(2 mFfif^y 

2mF 1 dx = —(2mF l h) 2/3 dy 
To the left of x„ p 2 = -H 2 k 2 , so 

h 2 K 2 = (2mF i h) 2/3 y 

and we may write 

£ Kdx = ~j o Vy d y = -b 312 

To the right of Xj, in the oscillatory well domain, p 2 = h 2 k 2 and 

h 2 k 2 — —(2 mF x h) 2,3 y 
so y is negative in this domain. The integral of k gives 

I 

sf-ydy = l(-y) 3/2 , y<0 




Named for an English astronomer, G. B. Airy (1801-1892) 



TABLE 7.3 Properties of Airy functions" 


Differential Equation 


Solutions 

(a) Series representation 


— x<p — 0 


Ai(x) = af(x) - bg(x) 

Bi(x ) = +- bg(xf\ 


where 


a = 3‘ 2/3 /r(2/3) = 0.3550, b = 3“ l/3 /r(l/3) = 0.2588 

1 , 1-4 . 1 - 4-7 . 

/(x)=l+-x 3 +—+ - 

2 . 2-5 . 2-5-8 10 

S (x) = x + -x“ + —x +~^-x + ••■ 


(b) Integral representation 


1 f® 

Ai(x) = - J cos + sxj ds 


Bi(x) = 


e s * (1/3)s3 + sin ly + sx j ds 


Relations to Bessel functions offractional order 

With y = fx 3/2 , the following relations hold. 


Mx) = ~^x/^K ll3 (y) 

Ai(—x) = 

Bi(x) = + /,/,(y)] 

Bi(-x) = JIHV- m (y) - / 1/3 (y)] 

The I and K functions are modified Bessel functions of the first and second kind, respectively. 
Asymptotic forms 

For large |x|, leading terms in asymptotic series are as follows: 

Ai(x) ~ —L - exp ( x 3/2 V x>0 


x < 0 


x > 0 


Al(x) ~^ exp \-i x ')’ 
AKx ) ~ f ^™\ 3 { - x)3 ' 2 + -4 


^ 6XP 3*' 


—--cos \{—x) V2 + - , x<0 

n(-x) 1/4 13 4j 


For further properties of these functions, see Handbook of Mathematical Functions, N. Abramowitz and I. A. Stegun, eds., 
Dover, New York, 1964; H. and B. S. Jeffries, Methods of Mathematical Physics, 3rd ed., Cambridge University Press, 
New York, 1956. 
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In these same respective domains, the WKB functions <p t (7.176) and <j9 n < 
(7.178a), when written in terms of the variable y , appear as 


<Pi = ^7jexp(-fy 3/2 ) 


y > 0 


<i9 “ < = (-yy/* sin CK—y ) 3/2 + y < o 

These agree with the asymptotic forms (7.183) for the exact Airy function solutions 
[corresponding to the approximate linear potential (7.179,180)] provided that we set 
C = 2 and S = it/ 4. 

In this manner we find that the WKB approximation in region I, 


<pi(x) = —p exp M k dxj (x < xj 


(7.184) 


matches (or “connects”) with the WKB approximation 


(7.185) 


<?!!*(*) = -j= sin (J kdx + (xj < x) 


in region II. 

In like manner we find that the WKB approximation in region III 


(7.186) 


= exp ( — f k dx ) (x 2 < x) 

Jk \ Jx 2 ! 


matches with the WKB approximation 


(7.187) 


(Pn* = sin ^J kdx + ^ (x < x 2 ) 


in region II. The remaining constant A is determined in matching </> n < to </) n > . 


The Four Connection Formulas 

There are in total four connection formulas which serve to relate WKB component 
wavefunctions across turning points. In the preceding analysis two of these relations 
were uncovered. Namely, these are given by the manner through which <p } connects 
to (pn < (Eqs. 7.184 and 7.185) and that by which (p^ connects to <p m (Eqs. 7.186 and 
7.187). Carrying through a parallel analysis and employing the asymptotic forms for 
the Airy functions Bi(y ) gives the remaining two relations. The complete list of four 
connecting formulas is given on page 242 1 with x lt 2 denoting either or x 2 . 

1 Here we are assuming that no other linearly independent components of the wavefunction enter the analysis. 



242 ADDITIONAL ONE-DIMENSIONAL PROBLEMS. BOUND AND UNBOUND STATES 



Bohr-Sommerfeld Quantization Rules 

The energy levels of the finite well depicted in Fig. 7.33 may be obtained to within 
the accuracy of the WKB approximation by joining <jo,i < and <59 II > smoothly within the 
well. This gives 


sin ^ J k dx + ~ j = A sin (J k dx + ^ 


With 


r, = pkdx, a = J 


“1 kdX + 4 


the continuity condition above becomes 


or, equivalently, 


sin f rj + - — a 1 = A sin a 


sin \rj + j j cos a — cos ^ ^ j sin a = A sin a 

The solution to this equation which gives A , constant and independent of the param¬ 
eter a, is obtained by setting 1 


(7.190) 


n + 2 = + (" = °’ 2) * * ■) 


1 Writing n + 1 instead of n ensures that tj is nonnegative. 
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P 


X 


1 



X 


FIGURE 7.35 Classical vibrational motion between the 
turning points (x lT x 2 ) depicted in (x, p) “phase space/' The 
enclosed surface has the area | p dx. 


Corresponding values of A are ( — 1)”. Thus, continuity of <p n implies the condition 


n = 



k dx = (n + \)n 


When written in terms of momentum p = hk , this criterion appears as 


(7.191) 




h 

2 


In the corresponding classical motion, the particle oscillates between the turning 
points x i and x 2 . In Cartesian x, p space, this “orbit” is a closed loop, as depicted in 
Fig. 7.35, with area j> p dx. With (7.191) we find that 

(7.192) <{)p dx - (n + \)h 


This equation is nearly the same as the Bohr-Sommerfeld quantization rule 1 (2.6). 
As discussed in Section 2.4, this rule prescribes that an integral number of wavelengths 
fit the orbit perimeter (see Fig. 2.11). When cast in terms of wavelength A = h/p, (7.192) 
becomes 

(7.193) = n + i 


The integral represents the number of wavelengths in the orbit perimeter. The dis¬ 
tinction between this result and the Bohr-Sommerfeld prescription is that in the 
present WKB analysis, the wavefunction may extend into the classically forbidden 
region, or, equivalently, that the wavefunction need not vanish at the turning points. 
If the wavefunction must vanish at the turning points, such as is the case for a very 
sharply rising potential, a half-integer number of wavelengths are allowed between 
turning points, thereby returning the Bohr formula. On the other hand, leakage of the 


1 The distinction between the loop integral in (2.6) and that in (7.192) is that £p o d0is relevant to rotational motion while 
<j>p dx is relevant to vibrational motion. In either case such integrals play a major role in the study of periodic motion 
and are called action integrals. The Bohr-Sommerfeld quantization rule stipulates that these action integrals have only 
discrete values, nh That is, in quantization of periodic systems, one quantizes the action variables <Jjp dx, 
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wavefunction into the classically forbidden domain is evident for a potential with a 
gradual slope at the turning points, which property is seen to be consistent with the 
WKB criterion (7.166). 


WKB Eigenenergies 

The continuity result (7.191) serves to determine eigenenergies within the WKB 
approximation. Since this analysis becomes more accurate for large energies, values 
so found will generally give better estimates for large quantum number n. In that this 
number is also a measure of the number of zeros of the wavefunction between 
turning points, we see that in this limit the wavelength becomes small compared to 
the distance between the turning points. As described in the first paragraph of this 
section, such is the domain of the classical WKB analysis. 

As an example of the application of (7.191), let us consider calculation of the 
energies of the harmonic oscillator. For this configuration the momentum is given by 

p — yj2m(E — m(o 0 2 x 2 /2) 

with turning points given by (7.12). Introducing the variable 

cos 6 = Xy/mo) 0 2 /2E 

permits the condition (7.191) to be written 


4 e c n 

— sin 2 OdO ~ (n + i )h 
o) 0 Jo 


2 nEn 

(D 0 


= (" + l)h 


These are seen to be, somewhat fortuitously, the exact eigenenergies of the harmonic 
oscillator (7.44), valid for all n. 

An example in the opposite extreme is given by the one-dimensional box 
potential (4.1). There is no penetration of the particle wavefunction through the 
sharply rising potential wall, and the validity of the WKB formula (7.191) becomes 
very questionable, especially at low energies. Using this formula, we readily obtain 
the eigenenergies 



2 h 2 
8 mL 2 


=*■( 


i + 


4 n 2 + 1\ 
~ln s ~) 


Here we have written £„ for the exact eigenenergies (4.14), E n = n 2 E x . As 
expected, the estimate gives a large fractional error for small quantum numbers. 
However, in the high-quantum-number domain, n > 1, where the walls of the potential 
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FIGURE 7.36 Domains relevant to the WKB 
approximation of the transmission through a 
potential barrier. 


are many wavelengths apart, we find that the WKB estimate agrees with the exact 
result 


~E n 1) 


Application to Transmission Problems 

In concluding this section we will obtain a very important formula for the transmission 
coefficient relevant to a potential barrier such as depicted in Fig. 7.36. As described 
previously in Section 7.5, the transmitted wave in region III has only one momentum 
component, so that to within the WKB approximation, we may write 


(7.194) 



The procedure we will follow to obtain the incident component of <p x is as follows. 
Rewriting (7.194) as a combination of trigonometric functions permits application of 
the connection formulas (7.189), which allows calculation of cp u . With <p n so found, we 
again rewrite it in a manner that permits application of (7.188) to connect q> n to (p x . 
Finally, <p x is decomposed into incident and reflected components. Comparison of the 
incident component with <p m permits calculation of the transmission coefficient. 
Rewriting (7.194) in the form 


(7.195) 



permits application of (7.189) and we obtain 

(7.196) (p u = ex P J k dx^j - exp ^J k dx 


Let r denote the integral 


r = exp ^ J k dx 
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Appropriate division of the interval of integration gives the relations 


exp ^ - J xdxj=r 1 exp ^J tcdxj 
exp ^ J k dxj = r exp J k dxj 


Substituting these expressions into (7.196) gives 

A 


(7.197) 


<Pn = 


^ P (I> 




'ly*) 


2r^/ic \Jx, / y/K 
which allows application of the connection formulas (7.188). There results 

(7.198) <?>,= - r ~ sin ^ J*’fc dx - ^ ^ cos | J*’fc dx - ^ 


2r y/k 


We are now at the point where we must extract the incident component of <p ,. If we 
label the argument f*‘ kdx — n/4 = z and express both trigonometric terms as 
exponentials, (7.198) may be rewritten 


(7.199) 


A e iz - e~ iz _ i2Are iz + e~ u 
2ry/k 2 i y/k 2 



Now if the wavenumber k were constant, z would have the value - k(x — Xj) - tc/ 4. 
From this we may infer that the second term in the last equation for q> l represents 
the incident component wavefunction. Employing the expression (7.108) for the trans¬ 
mission coefficient T, with the second term in (7.199) representing the incident wave- 
function and (7.194) the transmitted wavefunction, we obtain 


(7.200) 


(r + l/4r) 2 r 2 + 1/2 + l/16r 2 


It is consistent with the WKB criterion (7.166) to neglect all but the term r 2 in the 
denominator of (7.200), thereby obtaining 


(7.201) 



The simplest application of this formula is in calculation of the transmission 
through a square potential barrier. Exact analysis gives the result (7.147). We should 
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find that this expression reduces to the WKB formula in the limit 

Ka — y/2ma 2 (V - E)/h 2 > 1. 

In this limit (7.147) gives the transmission coefficient 


whereas (7.201) gives 


T~ 


16£ 


4ica 


T= e* Ka 


which is seen to be in good order-of-magnitude agreement with the limiting form of 
the exact result given above. Further application of the exceedingly important result 
(7.201) is left to the problems. 


PROBLEMS 

7.62 In the phenomenon of cold emission, electrons are drawn from a metal (at room temperature) 
by an externally supported electric field. The potential well that the metal presents to the free 
electrons before the electric field is turned on is depicted in Fig. 2.5. After application of the constant 
electric field the potential at the surface slopes down as shown in Fig. 7.37, thereby allowing 
electrons in the Fermi sea to “tunnel” through the potential barrier. If the surface of the metal is 
taken as the x = 0 plane, the new potential outside the surface is 

V(x) - <t> + E f - eSx 

where E F is the Fermi level and O is the work function of the metal. 

(a) Use the WKB approximation to calculate the transmission coefficient for cold 
emission. 

(b) Estimate the field strength $, in volt/cm, necessary to draw current density of the order 
of mA/cm 2 from a potassium surface. For J fac (see Eq. 7.108) use the expression J fac = env, where 



FIGURE 7.37 Potential configuration 
for the phenomenon of “ cold emission.” 
See Problem 7.62. 
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n is electron density and v is the speed of electrons at the top of the Fermi sea. The relevant ex¬ 
pression for E f may be found in Problem 2.42. Data for potassium is given in Section 2.3. 


Answer ( partial ) 

(a) Using (7.201), and the form of the potential exterior to the metal given in the state¬ 
ment of the problem, we obtain, for transmission at the Fermi level (V — E F = O - eSx\ 


T — exp — - (* y/2m(<S> — eSx) dx 

L " Jo 


— exp 


4 72m <K 3/2 
3 h ~eg 


7.63 An a particle is the nucleus of a helium atom. It is a tightly bound entity comprised of two 
protons and two neutrons, for which the energy required to remove one neutron is 20.5 MeV. 
(This is the rest-mass energy of ^41 electrons.) A primary mode of decay for radioactive nuclei 
is through the process of a decay. A consistent model for this process envisions the a particle 
bound to the nucleus by a spherical well potential. 1 Outside the well the a particle is repelled from 
the residual nucleus by the potential barrier 

v = 2(z ~ 2)el ^ - 

r r 


The original radioactive nucleus has charge Ze , while the a particle has charge 2e (Fig. 7.38). 

(a) Use the WKB approximation to calculate the transmissivity T of the nuclear barrier 

to a decay in terms of the velocity v = s j2Ejm and the dimensionless ratio yVoAi) = cos W. 
What form does T assume in the limit r 0 -* 0? 

(b) Assuming that the a particle “bounces” freely between the walls presented by the 
spherical well potential with a speed ~10 9 cm/s and that the radius of the heavy radioactive 
nucleus (e.g., uranium) is ~ 10“ 12 cm, one obtains that the a particle strikes the nuclear wall at 
the rate ~ 10 21 s" 1 . In each collision the probability that the a particle penetrates the nuclear 
Coulomb barrier is equal to the transmissivity of the barrier T. It follows that the probability of 
tunneling through this barrier, per second, is 

p= io 21 r 


and that the mean lifetime of the nucleus is 


T 


1 _ 10~ 21 
P - T 


1 The rigid spherical well potential is described in Problem 10.16. The effective one-dimentional Hamiltonian for the 
configuration at hand is given by (10,93) with angular momentum L set equal to zero. This corresponds to assuming in 
part (b) that the bounce motion of the a-particle is through the origin. 
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FIGURE 7.38 Nuclear a particle potential model for the 
process of a decay. See Problem 7.63. 


Use your answer to part (a) for T and the following expression for the nuclear radius 

r 0 = 2x 10“ 13 Z 1/3 cm 

to estimate the mean lifetime for uranium a decay. 


Answer ( partial ) 

(a) 


T = exp 





fi = 


A 

1 


Integrating, one obtains Gamow's formula , 


T = exp 


2A 


(2 W - sin 2W) 


As r 0 -► 0, W -► n/2 and T - exp (~2nA/hv). 

7.64 Use the WKB relation (7.191) to estimate the eigenenergies of the displaced spring potential 

F = ^(x 2 + 2 </>x) 

How do these values compare with the exact values obtained in Problem 7.16? 

7.65 An electron with charge -e and mass m, constrained to move in the x direction, interacts 
with a uniform electric field which points in the positive x direction. 

(a) Show that energy eigenstates may be written as Airy functions. 

(b) Do eigenenergies comprise a continuous or a discrete spectrum? Hint for part (a): 
Set eSx - E - Kx' and then find the value of K that gives Airy’s equation. (See Table 7.3.) 
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7.66 Use the WKB approximation to determine the bound-state energies of the potential well 


V(x) = |x|, \ x \ < a 

a 


V(x) = V 0 = 


i-±C-Y, 

m \aj 


x > a 


Answer 

Eigenenergies appear as 


E„ = £„(n + i) 2 ' 3 


E 3 0 l2 = 


3 V 0 h 

8 Oy/2m 


With^F 0 as given, we obtain E 0 = 0.41 F 0 , so there are four bound states: E 0 = 0.63 £ 0 , £, = 

1.3l£„, Ei = 1.85£ 0 > and £ 3 = 2.3l£ 0 - 

7.67 Show that for the singular potential 


V = aV 0 < 5(x) 


boundary conditions on (p(x) become 
(a) </>(0)_ = (p(0) + 


0>) — [<p'(0)+ - <p'(0)-] = aV o <p(0) 

7.68 Use the result of Problem 7.67 to construct the bound state of the potential well, V= 
— aV 0 S(x). (Hint: Set £ = -|£| and look for the solution for x # o.) 

7.69 Find T and R for the potential barrier V = aV 0 <5(x). 

7.70 The initial state for the harmonic oscillator 

llW0)> = e-° 2 ' 2 f -*L|„> 

»=ox/n! 


represents a minimum uncertainty wave packet. The parameter ^ is real, 
(a) Show that 


l*(0)> = e-* 1 ' 2 I |0> = e~ ,,l2 e l ‘ i \0y 


where |0) is the n = 0 eigenstate, 
(b) Show that for this state 

<*> = » 



<P> =0 


<X2> = 2 ^ (V + 1) <^> = ^ 

zio 0 m 2 
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so that 


and 


(Ax) 2 = 


2w 0 m 


Ax Ap = - 


(Ap) = 


2 hw 0 m 


This property establishes the fact that the given superposition state represents a wave packet of 
minimum uncertainty. 

(c) Show that for this state 

<H> = hw 0 (+ *) 

which gives a physical interpretation of the parameter 

(d) Show that is 

|^(t)> = e- it00tl2 e~ y2f2 exp (^? iWo, a t )|0> 

[Hint: 

|^(t)> = e“ i “ o,( “ t “ +1/2, |i/'(0)> 


Also: 


expC-KUotfl^X-^l") = X ~— 7 =— l w > 

s/n\ y/nl 

Here we have recalled that f($d) | n> = f(n) | n>.] 

(e) Show that in the state ^(r) 


2 h 


<x> = ^ /-cos a>Qt <p> = —#yj2ha>Qm sin w 0 t 


co 0 m 


< x 2 > = <*> 2 + 


h 

2co 0 m 


<p 2 > = <p> 2 + 


hw 0 m 

2 


so that 


Ax Ap = - 


at any time t. The packet remains a packet of minimum uncertainty for all time and oscillates in 
classical simple harmonic motion. Note also that the probability density <i j/(x, r)|^(x, r)> is a 
Gaussian form, centered at <x>. 

7.71 In closed form the wave packet of minimum uncertainty for the harmonic oscillator appears 
(at time t — 0) as 

^(x, 0) = sfp/n 112 exp ^ P 2 (x ~ x 0 ) 2 j 
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(a) Show that 


<x> = x 0 

> 

X 

II 

V 

/\ 

II 

O 

> 

II 


Hence Ax Ap = h/ 2, and we are justified in calling ij/ a packet of minimum uncertainty, 

(b) Show that in the initial state above, 

<H> = (p 0 2 + m 2 w 2 x 0 2 ) + ihco 


and 


<xp + px> = 2x 0 p 0 


(c) In order to establish that remains a packet of minimum uncertainty for all time, 
one must show that Ax A p is constant. Recalling the equation of motion for the average of an 
operator (6.68), 




and introducing the operator 


n = stp + pst- 2 <x><p> 


show that 



<V> 

m 


y (Ap) 2 = -mco 2 <f/> 
at 



2 

- 2mco 2 (Ax) 2 

m 



Using these results, show that for the initial state above, (Ax) 2 and (Ap) 2 are both constants in 
time. 

(d) Show that ^(x, 0) is an eigenfunction of the annihilation operator & What is the eigen¬ 
value of a in this state? [Hint: Employ the representation for ^(x, r) given in Problem 7.70.] 

Note: In quantum optics the radiation field is viewed as a collection of harmonic oscillators. 
In this representation, the appropriate generalization of the state of minimum uncertainty is 
called the coherent state. 
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7.72 The Hamiltonian of a particle is 

H = Aft a + B(a + ft) 


where A and B are constants. What are the energy eigenvalues of the particle? (Hint: Introduce 
the operator 6 = + p; B 1 = <xft + f$.) 

7.73 What is the form of the potential that gives the Gaussian probability density with variance 
a 2 in the ground state? 

7.74 The reflection coefficient for the smooth potential step 


for E > V 0 is 1 


V(x) = 


Vo 


1 + e 


-yx 


sinh [itjkj - fe 2 )/y] \ 2 
,sinh [_7i(k i + k 2 )/yl) 


The energy of incident particles at x 


— oo is 



2m 


while the kinetic energy of transmitted particles at x = + oo is 


h 2 k 2 2 

2m 


= E - 


Vo 


(a) Make a sketch of the potential V(x) and indicate roughly the length scale of potential 
and its relation to the wavenumber y. 

(b) Show that in the limit that V(x) approaches the simple step (Fig. 7.18), R goes to the 
value given by (7.125). 

(c) Show that the classical value of R emerges for wavelengths small compared to the 
potential scale of length. 

7.75 The transmission coefficient for the symmetric potential hill 


V(x) = 


Vo 

cosh 2 (yx) 


for E < V is 


sinh 2 (nk/y) 

sinh 2 (nk/y) + cosh 2 [(7t/2X/p 2 - T] 


where 



> 1 


1 The coefficients R and T given in Problems 7.74 and 7.75, respectively, are calculated in L. Landau and E. Lifshitz, 
Quantum Mechanics , 2nded., Addison-Wesley, Reading, Mass., 1965. 
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Incident and transmitted particles at x = - oo and x = + oo, respectively, have energy 

2m 

(a) Sketch the potential and indicate roughly the length scale of potential and its relation 
to the wavenumber y. 

(b) Show that the classical value of T emerges for values of y appropriate to the classical 
domain. 

\ 

(c) Formulate an expression for the next-order approximation to the entirely classical 
result (b) for the transmission coefficient using the WKB analysis. 

(d) Obtain an explicit expression for the transmission coefficient in the near-classical 
domain that you have formulated in part (c) by expanding the exact formula for T given in the 
statement of this problem. 

Answer ( partial ) 

(d) The classical limit is attained in the limit y 0. From the given expression for T, we 

obtain 


e nkjy + e npi2 j + exp (njyh)(hpy/2 - hk) 

~ CXP [~ ^ 

7.76 A uniform homogeneous beam of electrons is incident on a rectangular potential barrier 
of height K Each electron in the beam has energy E > V and unit amplitude wavefunction 

<P inc = e ik ' x 

If the transmitted electrons have wavefunction 


= <Pm = 097c 1 * lX 

(a) What is the total wavefunction </>,, of electrons in region I? 

(b) If E = 10 eV and V = 5 eV, what is the minimum barrier width compatible with the 
information given above? 

Answers 

(a) In general for unit amplitude incident waves, 

q>i = e ik ' x ± iyjRe~ ik ' x 
<Pm = y/Te*'* 

where the ± signs refer to the sign of sin (2 k 2 a). (See Problem 7.44.) It follows that 
T - (0.97) 2 = 0.94, R = 1 - T = 0.06, and Jr = 0.24, 
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so that 


<p I 


= e* tJC + i0.24e~ ikl * 


(b) We then find that sin 2 ( k 2 2a ) = 8 R/T = 0.51, k 2 2a = 0.80 < n 9 and 


* 2 = ?^J2 =1 ,4xl0«cm- 


Therefore, 


2 a = 0.70 A 



CHAPTER 8 

FINITE POTENTIAL WELL, PERIODIC LATTICE, 
AND SOME SIMPLE PROBLEMS WITH 
TWO DEGREES OF FREEDOM 


8.1 The Finite Potential Well 

8.2 Periodic Lattice. Energy Gaps 

8.3 Standing Waves at the Band Edges 

8.4 Brief Qualitative Description of the Theory of Conduction in Solids 

8.5 Two Beads on a Wire and a Particle in a Two-Dimensional Box 

8.6 Two-Dimensional Harmonic Oscillator 


In this chapter we meet perhaps the most eminently successful application of quantum 
mechanics to a one-dimensional configuration. This is the problem of a charged particle 
in a periodic potential. When coupled with the exclusion principle for electrons, the 
analysis of this configuration provides a deep understanding of the process of conduction 
in solids. In the concluding sections of the chapter some elementary problems in two 
dimensions are given, together with a discussion of degeneracy in quantum mechanics. 


8.1 THE FINITE POTENTIAL WELL 
Eigenstates 

Scattering from a rectangular potential well was discussed previously in Section 7.8. 
The configuration is depicted again in Fig. 8.1. The scattering, unbound states cor¬ 
respond to a continuum of eigenenergies [e.g., (7.129)]: 

E 

k 2m ’ 


E k >0 
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Continuum 

unbound-state 

energies 

E k > 0 



*> 

X 


Discrete 

bound-state 

energies 

E n <0 




Region I 

J 

0 

Regi 

*{x) 

\i 

l) 

on II 

\l 

1 r 1 

Region III 

\ , 


v 

v 

X 


(b) 


FIGURE 8.1 Finite rectangular potential 
well, (a) The potential function V(x) and 
energy spectrum, (b) Typical structure of a 
bound eigenstate. Function oscillates in region 
II where kinetic energy is positive and decays 
in regions I and III, where kinetic energy is 
negative. 


If we seek solutions to the Schrodinger equation for negative energies, £ < 0, only a 
finite, discrete number of eigenstates are found. For the three regions depicted in 
Fig. 8.1, the Schrodinger equation and corresponding solutions are (for |£| < \V\, 
E < 0, V < 0): 


Region I: x < —a 


( 8 . 1 ) 


h 2 . , 

~ 2^<P X *= -\E\<P, <P xx = k 2 <p 


<Pi = Ae**, 


h 2 K 2 

2m 


= |£| > 0 


Region II: — a < x < a 

h 2 


( 8 . 2 ) 


-^ n <P xx =(\ v \~\ E \)q>, 


<p n = Be ikx + Ce 


21.2 


- ikx 


h 2 k 

2m 


<P XX = ~k 2 (p 
| F |-|£|>0 
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Region III: x > a 


(8.3) 


h 2 

~—(Pxx = -|£| 9, 
2m 


9xx = * 2 9 


2,-2 


<p m — De 


~KX 


h 2 K 

~lin 


= |£|>0 


First we note that k and k obey the constraint 

2mI FI 


(8.4) 


k 2 + k 2 = 


The coefficients A, B, C, and D determine the eigenstate corresponding to the eigen- 
energy h 2 K 2 /2m. These coefficients are determined by the continuity conditions at 
x = a, x — — a. Equating <p and its first derivative at these points gives 

Ae~ Ka = Be~ ika + Ce ika 
Be iia + Ce~ ika = De~ Ka 

(8.5) » cAe~ Ka = ik(Be~ ika - Ce ika ) 

ik(Be iktt - Ce~ ika ) = -KDe~ Ka 

These are four linear, homogeneous equations for the four unknowns A, B, C, 
and D. They may be cast in the matrix form (where the right-hand side denotes the null 
column vector) 


( 8 . 6 ) 


= 


[ e ~KB 

_ e -*« 

-e ika 

° 1 

l A \ 

0 

e ika 

e ~ ika 

-e~ Ka 

B 

Ke~* a 

| 

1 

T 

ike ika 

0 

C 

0 

ike ika 

— ike~ ika 

Ke~ Ka 1 

\dI 


= 0 


which serves to define the coefficient matrix 2 and the column vector V. Cramer’s rule 
tells us that this system has nontrivial solutions (i.e., other than A = B = C = D = 0) 
only if the determinant of the coefficient matrix vanishes. 

(8.7) det & = 0 


After a little manipulation (8.6) is rewritten 

G* G 0 

G G* 0 


( 8 . 8 ) 


, ~ ika 


— e 


ika 


i — e 1 


ika 


, — ika 


K 

~lk e 


0 


0 

0 

0 


K 

~lk e 


Ib 

c 


-KB 


D 


= 0 
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where 

(8.9) 


G s (k + ik)e ika 


(Note the rearrangement of the column vector V.) Expanding about the fourth 
column, one obtains 

lG* G 0 0 \ 


G G* 0 

(8.10) det© = det Q Q K g _ Ka 

ik 


= [G 2 - ( G *) 2 ](^l e- 21 '" 


0 0 0 


This is zero when 

( 8 . 11 ) 

or, equivalently, when 

( 8 . 12 ) 

Rewriting (8.9) as 


(8.13) 


ik e 


G 2 = (G*) 2 


G = +G* 


G = (k + ik)e ika = |G|<? i( “ ,+ *> 


tan (/> = - 

K 


allows the conditions (8.12) to be recast in the form 


(8.14) 


e i{ka + 4>) _ _| _g-i(ka + 4>) 


The positive root gives ka + (j> = 0, or, equivalently, 


(8.15) 


tan </> = -=— tan ka 

K 


This may be put in the more normal form 


(8.16) 


k cot ka = —k, — = 1 


The negative root gives ka + 0 = jr/2 or, equivalently. 


(8.17) 


tan (p = - = tan — ka \ — cot ka 
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This may also be put in the more normal form 

G 

(8.18) k tan ka = k, — = — 1 


The values of k that make det & = 0 fall into two categories. These are the solutions 
to (8.16) and (8.18), respectively. From our starting matrix equation (8.8) we see that 
these values of k imply the relations 


(8.19) 


B 

C 


G 

G* 


+ 1 


The minus sign corresponds to the roots (8.16). Substituting this value (B = — C) into 
the last two equations of the set (8.5) gives 

(8.20) ^ = - 1, ^ ^ = -2i sin (ka)e Ktt 


Substituting these values into (8.2) et seq. gives the eigenstate 


( 8 . 21 ) 


<p x = —2iB sin (kd)e K{x+a) 

<p n = 2iB sin kx 

<p m = 2iB sin ( ka)e~ Kix ~ a) j 


k cot ka = —k 


This state has odd parity ; that is, 

(8.22) <p(x) = -<p(-x) 

The second class of solutions corresponds to the plus sign in (8.19) and stems from the 
roots (8.18). Substituting this value (B = +C) into the last two equations of the set 
(8.5) gives 

(8.23) ^ = + 1, g = f = 2 cos ( 


The corresponding eigenstate is 


(8.24) 


<Pi = 
<Pii = 
<Pm = 


2 B cos (i ka)e K{x + a) 

2B cos kx 
2B cos (i ka)e~ K{x - Q) 


r k tan ka = k 


This state has even parity. 

Since both eigenstates (8.21) and (8.24) are bound states, we may impose the 
normalization condition 


(8.25) 



1 


This determines the remaining constant B. 
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p 2 = 2ma 2 \v\lfi 2 



2 a 


FIGURE 8.2 The curves r\ = £ tan £ and the 
circle £ 2 4- r\ 2 = p 2 for the case p slightly less than 
n. Intersections in the first quadrant give bound- 
state eigenenergies for the potential well Hamil¬ 
tonian which correspond to even eigenstates. 


Next we turn to construction of the eigenenergies corresponding to the eigen¬ 
states (8.21) and (8.24). The energy is directly determined from k. For the even eigen¬ 
states, the eigenenergies are determined from (8.4) and (8.24). Written in terms of 
nondimensional wavenumbers, 

(8.26) £ — ka, r\ = Ka 

these equations appear as 


(8.27) 


£ tan f = ij 

WIKI^ 

hr 4 


even eigenstates 


For a given potential width 2a, depth | V\, and particle mass m, (8.27) describes a 
circle of radius p, in Cartesian ct] space. The intersections of this circle (in the first 
quadrant) with the graph of the first equation of (8.27) determine the eigenenergies 
corresponding to the even eigenstates (8.24). This graphical technique is sketched in 
Fig. 8.2 for the case p slightly less than n. The sketch tells us that for this value of p, 
the finite potential well has only one bound even eigenstate. 

The eigenenergies of the odd eigenstates (8.22) are the intersections of the two 
curves 


(8.28) 


f cot £ = -ri 
Z 2 + r, 2 = p 2 


odd eigenstates 
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p 2 = 2ma 2 \V\Hi 2 



-► 

2 a 


FIGURE 8.3 The curves r\ = - £ cot ^ and the 
circle £ 2 + r\ 2 = p 2 for the case p slightly less than 
3?c/2. Intersections in the first quadrant give bound- 
state eigenenergies for the potential well Hamil¬ 
tonian which correspond to odd eigenstates. 


These curves are sketched in Fig. 8.3 for the case p slightly less than 3n/2. For this 
choice of data, we see that there is only one bound odd eigenstate. These two lowest- 
energy eigenstates, (8.21) and (8.24), are sketched in Fig. 8.4. 

At this point we wish to consider again the difference between the unbound 
scattering states of Chapter 7 and the bound states just encountered. The continuity 
conditions on the wavefunction <p and its derivative, together with the statement of 
conservation of energy, determine eigenenergies and eigenstates. For scattering states, 
the continuity conditions (7.139) are in the form of an inhomogeneous matrix equation, 

(8.29) ankj-r = m 

where, for example, the column vector "V is 


(8.30) 


ir = 


IB/ A \ 

C/A 

D/A 

\F/Aj 


The solution to (8.29) is 
(8.31) 


y = gr'ikiW 
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FIGURE 8.4 First two bound eigenstates for the potential well problem. For 2ma l \ V\ jh 2 < n 2 , these 
are the only bound states. 


For these unbound scattering states, conservation of energy serves only to relate 
wavenumbers connected to distinct potential domains. The eigen-fcj-values comprise 

a continuum. For each such fcj value, there corresponds an eigenstate of the fornl 
(7.138). 

For bound states the continuity conditions (8.5) are in the form of a homogeneous 
matrix equation (8.6), 


Q)(K)-r = 0 

which has nontrivial solutions {V / 0) only if 
(8.32) det 3>(k) = 0 

This dispersion relation restricts the eigen- k- values to values that obey certain 
transcendental relations [the first equation in (8.27) and in (8.28)]. In addition, k is 
further restricted by the conservation-of-energy statement, namely the second equa¬ 
tion in (8.27). The intersections of this circle (depicted in Figs. 8.2 and 8.3) with the said 
transcendental curves generate a discrete spectrum of eigenenergies 

* hW 


2m 
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(a) 


(b) 


FIGURE 8.5 Relative orientations of bound-state energies for the finite one-dimensional well. 


Let us consider the time dependence of the eigenstates corresponding to the 
finite potential well. The bound time-dependent eigenstates appear as 

(8.33) *lr«(x, t ) = <p n (x)e~ iE " ,l \ E„ < 0 

with q> n {x) given by (8.1) et seq. For positive energy, the unbound time-dependent 
eigenstates form a continuum, 

(8.34) \lf kl (x,t) = <p kl (x)e~ iEk ' ,m , E kl > 0 

where q> ki (x), for example, is of the form (7.138) with the modification V - \ V\. 

To employ the superposition principle in problems relating to the finite poten¬ 
tial well, one must call on the finite number of bound states and infinite continuum of 
unbound states. 1 


1 Note the continuum of unbound states developed in this chapter excludes states with negative k in region III. The states 
discussed are appropriate to the superposition of a wave packet incident on a potential barrier from the left. For the 
superposition of a state with zero average momentum, one must include the negative k waves in region III. 


The E — 0 Line 


As stated above, energies relevant to the finite potential well are directly obtained from 
k or, equivalently, if. 

h 2 K 2 _ h 2 r, 2 
2m 2 ma 2 

These energies are measured with respect to the top of the well taken as the E = 0 line. 
It is sometimes convenient to measure energies with respect to the bottom of the well 
as the zero energy line (as was the case, for example, for the infinitely deep potential 
well treated in Chapter 4). The energies, measured with respect to the bottom of the 
well are directly obtained from k or, equivalently, £: 


E 


= |K|-|£| = 


h 2 k 2 

2m 


h 2 ? 

2 ma 1 


> 0 


See (8.2) and Fig. 8.5. 


PROBLEMS 

8.1 A deuteron, which is a neutron and a proton bound together, has only one bound state. 
Assume that the potential of interaction between the two particles may be described as a square 
well. The effective mass of the system is 0.84 x 10“ 24 g. The range of nuclear force is approxi¬ 
mately 2.3 x 10" 13 cm, while the ground state of the deuteron is 2.23 MeV below the zero-energy 
free-particle state. Assuming that only the odd-parity solutions are permitted for this case, estimate 
the depth of the potential well, | V \, which you may take to be large compared to the binding energy 
of the system. 

8.2 An electron trapped in a potential well 10” 9 cm wide can be in at most three bound states. 
The binding energy of the highest state is a factor 10“ 8 smaller than the energy (jiti ■ 10 9 ) 2 /2m. 
Estimate the energy of the ground state. 

8.3 Show that the graphical solutions of Figs. 8.2 and 8.3 give the eigenenergies of a one-di¬ 
mensional box, in the limit that the well becomes infinitely deep. 

Answer 

In the said limit p —> oo, the circles of constant p cut the tan and cot curves on the vertical asymptotes 

„ nn 

£ = y (*= 1,2,...) 


(Compare Eq. 4.12.) 

8.4 Given that 


g 2 _2nta 2 \V\ /ln\ 2 

4 ~ h 2 ~ \4) 
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for an electron in a potential well of depth | V\ and width 2a — 10 7 cm, if a 100-keV neutron is 
scattered by such a system, calculate the possible decrements in energy that the neutron may 
suffer. 

8.5 For the potential well described in Problem 8.4, what is the parity of the eigenstate of 
maximum energy? How many zeros does this state have? 

8.6 Consider a rectangular potential well of depth | V\ and width 2a, such that 2ma 2 \ V\/h 2 = 
(8tt/ 18) 2 . The lowest-energy normalized bound state, <p u has wavenumber k a n/4a. Let <p be a 
wavefunction that is a square wave of height 1 f^/Aa and width 4a. The centers of <p and the 
rectangular potential well are coincident. At t = 0 a particle of mass m is in the state 


0 ) = 


3<jp! + 4<p 
5 


At time t = 0: 

(a) What is the expectation of momentum of the particle? 

(b) What is the expectation of energy? 

(c) What is the parity of the state? 

(d) , (e), (f) Repeat parts (a), (b), and (c) for t > 0. 

8.7 Consider the semiinfinite potential well 


V(x) = 


00 , 

-in 

lo. 


x < 0 
0 < x < a 
a < x 


(see Fig. 8.6). 


V i 

a 

_ - 

0 





-in 

Vi 



—a 

i 

a ^ 


FIGURE 8.6 Semimfinite potential well and Its com¬ 
panion finite potential well. (See Problem 8.7.) 
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(a) Using the solutions to the finite potential well (width 2a) developed in the text, sketch 
the first three eigenfunctions of lowest energy for a particle in this well. 

(b) Which ground-state energy is lower—that of the finite potential well (width 2a) or that 
of the semiinfinite well (width a)? 

(c) Are the eigenfunctions you have sketched eigenstates of the Hamiltonian appropriate 
to the finite potential well ? 

8.8 An electron is trapped in a rectangular potential well of width 3 A and depth 1 eV. What are 
the possible frequencies of emission of this system (in hertz)? 

8.9 Establish the following criteria for the number of bound states in a finite potential well: 

(a) (nn) 2 < p 2 < (n - f- l) 2 n 2 (n 4- 1 symmetric states). 

(b) (n — %) 2 n 2 < p 2 < (n + \) 2 n 2 (n antisymmetric states). 

(c) Total number of bound states = maximum integer (p/n). 


8.2 PERIODIC LATTICE. ENERGY GAPS 

In this section we consider the problem of a particle in a periodic potential. This is of 
extreme practical importance in the theory of conduction and insulation in solids. 

Consider the simple model of a solid (more precisely, a metal) in which the 
positive ions comprise a uniform array of fixed sites. The valence electrons are 
assumed to be free. They are the conduction electrons. For sodium, for instance, there 
is one free electron per ion. Each such electron finds itself in a periodic potential 
supported by the ions. Such a one-dimensional potential configuration is depicted in 
Fig. 8.7. 

If the distance between sites is d, then inside the metal the potential is periodic in 
the distance d. 


(8.35) V(x) = V(x + d) 

A simple potential function that maintains this periodic quality and all the salient 
properties of the more realistic potential sketched in Fig. 8.7 is the Kronig-Penney 



FIGURE 8.7 Periodic potential that an electron sees in a one-dimensional crystalline solid. 
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FIGURE 8.8 The Kronig-Penney model for a potential due to fixed ion sites separated by the distance d. 
The dashed curve represents a hypothetical periodic u component of the Bloch function <p = u(x) exp (ikx). 
The eigenfunction <p (8.48 et seq.) and corresponding dispersion relation, (8.53) and (8.55), are obtained by 
matching « and w' at x = 0 4- f to their respective values at x = d — e and matching <p and <p' across the 
potential barrier at x = a. 


potential, depicted in Fig. 8.8. The periodic property of V(x) as given by (8.35) fails at 
the ends of the lattice. To remove this difficulty the model is further simplified. This 
simplification derives from the fact that there are an overwhelmingly large number of 
ion sites in the length of the sample. The change in the character of the potential at the 
ends of the sample is therefore relatively unimportant to the transport properties of an 
interior electron. For this reason we change the ends of the sample to best facilitate 
analysis. It is assumed that when an electron leaves the end of the sample, it reenters 
the front of the sample. This idea is best realized if the one-dimensional potential 
function is assumed to lie on a circle of radius r which is very large compared to the 
distance between ion sites, d (see Fig. 8.9). The Hamiltonian for an electron in this 
potential is 


(8.36) 


H = f- + V(x) 
2m 

V(x) = V(x + d) 


Bloch Wavefunctions 

To find the eigenfunctions of this Hamiltonian, we first recall the displacement 
operator introduced in Problem 3.4: 

mx)=fix + d) 


(8.37) 
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FIGURE 8.9 Ring model of a one-dimensional 
periodic potential. Black dots represent positive 
ion sites. For N sites in all, and N > 1, Nd ^ 2nr. 


The eigenfunctions of this operator are 


(8.38) 


<p = e ikx u(x) 
u(x) = u(x + d) 


with k arbitrary. The eigenvalue of & corresponding to <p is exp (ikd). Although both 
factors of <p, namely exp ( ikx ) and u(x), are periodic, q> need not be. The eigenfunction 
<p(x) is periodic if d, the period of u, is commensurate with 2n/k, the period of exp (ikx): 
that is, if 2n/kd is a rational number. 

Since 3 commutes with ft 


(8.39) [^, /?] = 0 

these two operators have common eigenfunctions. We conclude that the eigenfunc¬ 
tions of the Hamiltonian (8.36) are of the form (8.38). These functions are called Bloch 
wavefunctions. The related theorem that the eigenstates of a periodic Hamiltonian 
such as (8.36) are in the product form (8.38) is called Bloch's theorem. 1 We have 
obtained these functions using the displacement operator More simply, one may 
argue that on the average, the density of an electron beam propagating through a 
crystal with a periodic potential should exhibit the same periodicity as the crystal. 
That is, one expects that 

M*)l 2 = \cp(x + d) | 2 


1 F. Bloch. Z. Physik 52 (1928). 
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This equation admits the solutions 

<p(x) = u(x) exp [ia(x)] 

where, again, u(x) is periodic with period d and a(x) is any real function independent 
of d. In the limit that the periodic potential becomes constant, V = constant, d-* oo, 
and the wavefunction <p(x) becomes the free-particle wavefunction exp (ikx), with k 
arbitrary but real. Since a(x) is independent of the period length (or lattice constant) d, 
this value of a (i.e., kx) is its value for all d and we again obtain the Bloch wavefunction 

tp(x) = e ikx u(x) 

The shape of this wavefunction suggests the manner in which the crystal 
structure influences the wavefunctions of particles propagating through the crystal. 
This structure is primarily contained in the periodic factor «(x), which in turn includes 
the lattice constant d and which modulates the free-particle form, exp (ikx). 

Another way of writing (8.38) is 

<p(x + d) = e ikd (p(x) 

' ' <p(x) = e ikl (p(x — d) 

If the eigenstate <p is known over any cell in the periodic lattice (more generally over 
any interval of length d), equations (8.40) generate the values of <p in all other cells. 

For any value of k, the corresponding function <p, given by (8.38), is an eigenstate 
of When <p is also an eigenstate of ft, the values that k may assume become restricted. 
For example, the eigenstates of ft, with V defined over a ring, have the property 

(8.41) tp(x) = tp(x + Nd) 

Substitution into (8.38) gives 

(8.42) e lkNd = 1, kNd = 2nn (n = 0, +1, +2,...) 

This implies that the allowed values of k form a discrete spectrum [/c„ = n(2n/L)]. 
However, since N is very large (e.g., N 10 23 ), the difference between successive 
values of k is very small and the spectrum of the permitted values of k may be taken to 
comprise a continuum (see Fig. 8.10). With k restricted to the values given by (8.42), the 
ratio 2 n/kd = N/n, a rational number. It follows that for the closed-ring periodic 
potential, the eigenfunctions of ft in the Bloch waveform (8.38) are periodic. 

The Quasi-momentum 

The variable hk is called the quasi-momentum of the particle. We list four of the pro¬ 
perties of hk which motivate this name. 

1. The eigenstates given in (8.38) resemble the form 

(8.43) <p k = e lkx x constant 
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n = 0,1, 2 ,..., 10 


‘ kd/2n 



- 

1 

— 

1 


■ 


1 


N= 50 

n = 0, 1,2,... ,50 



N= 1000 

n = 0, 1,2,..., 1000 


FIGURE 8.10 Permitted values of k for the periodic ring model depicted in Fig. 8.9. For A' > 1 the 
spectrum of permitted k values approximates a continuum. 


This is the momentum eigenfunction of a free particle with momentum hk. 
The momentum of an electron in a periodic lattice is, of course, not constant 
due to the lattice’s space-dependent potential field. Nevertheless, there is a 
constant value of hk associated with every eigenenergy of the Hamiltonian 
(8.36). 

2. The average velocity of a particle in an eigenstate of ft is 


(8.44) 


<»> 


dE(k ) 
dhk 


3. 


Here 1 we have labeled the eigenenergy of the said eigenstate, E(k). The 
relation above follows the classical recipe for obtaining the velocity of a 
free particle with energy E, provided that we associate hk with its momentum. 
If a particle in a lattice is acted upon by an outside force F, its acceleration 
is not F/m, but F/m*. The “effective mass” m* may be less than m, greater 
than m, negative, and even infinite. In one dimension m* is given by 


(8.45) 


m* 


h 2 

d 2 E/dk 2 


which is suggestive of the classical relation for a free particle E = p 2 /2m*, 
again with p = hk. 


1 These properties of the quasi-momentum hk are derived in L. D. Landau and E. M. Lifshitz, Quantum Mechanics , 
2nd ed., Addison-Wesley, Reading, Mass., 1965. 
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4. Eigenenergies E(k) are periodic in k with period 2n/d, so 

E(k) = E(k + 2nn/d), 

where n is a positive or negative integer. The “central” E(k) curve lies near 
the parabola E = h 2 k 2 /2m, which again suggests a free particle with 
momentum hk. 


Eigenstates 

Next we turn to construction of the eigenstates and eigenenergies of the Kronig- 
Penney Hamiitonian. We know that eigenstates are in the Bloch form (8.38). The 
continuity conditions that apply to <p(x) clearly apply also to the periodic component 
u(x). It follows that u(x) and u'(x) must vary continuously from the right side of the 
point x = 0 to the left side of the point x = d, which is one periodic length displaced 
from x = 0 (see Fig. 8.8). With u>(0) denoting u(x) evaluated at x = 0 + e, where t is 
an infinitesimal, this condition on the periodic continuous quality of u and u' gives 
the two equations 


(8.46a) 

(8.46b) 


Now 


u>(0) = u<(d) 
w > '(0) = u K '(d) 


u = e ikx <p{x) 


so that 

u' = (p'e~ ,kx — iku 

and the continuity of u' (8.46b) across a periodic length becomes 
(8.47) <P>'(0) = <p<'(d)e~ ikd 

In the well domain of the potential array 

<p,(x) = Ae ik,x + Be~ iktX (0 < x <, a) 
h 2 k 2 


(8.48) 


2m 


= E 


In the barrier domain (with E > V) 

<p n (x) = Ce ik2X + De~ iklX 
h 2 k 2 2 


(8.49) 


(a <x<a + b = d) 


2m 


= E — V 
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(8.50) 


(8.51) 


The continuity conditions (8.46, 8.47) on u(x) then become 

A + B — e~ ikd (Ce ik2d + De' ikld ) 
k x (A- B) = k 2 e~ ikd (Ce ik2d - De ik2d ) 

The remaining two equations for the four coefficients ( A , £, C, D) are obtained by 
invoking the continuity of <p(x) and <p'(x) across the potential barrier at x = a. This 
gives 

Ae ikta + Be~ ikia = Ce ikia + De~ ik2a 
k t (Ae ikia - Be ~ ik ' a ) = k 2 (Ce ik2a - De~ ikia ) 

The latter four equations may be rewritten in the matrix notation 


= 0 


With @ representing the above 4x4 coefficient matrix and tT the four-column 
vector, the preceding equation may be written 

®(fc k u k 2 )r = 0 

This homogeneous equation has nontrivial solutions only if 
(8.52) det a = 0 


/ 1 

1 

_gU(k 2 -k) 

_ e ~id(k 2 + k) \ 

l A \ 

*1 

-fc, 

-k 2 e m *- k) 

k 2 e~ id(k2+k) 

B 



—e ik2 “ 

_ e ~ik 2 a 

C 

\k l e ikia 

- k 

-k 2 e ik2a 

k 2 e- ik2 “ / 

w 


This is the desired dispersion relation which is seen to involve the propagation con¬ 
stant k and the wavenumbers k x and k 2 . The latter two variables contain the energy 
(8.48, 8.49), so for a given value of fc, the dispersion relation (8.52) determines the 
eigenenergy E. As will be shown, this dispersion relation also exhibits the band-gap 
quality of the energy spectrum attendant to all periodic potentials. The dispersion 
relation (8.52) is similar to (8.7), which gives the eigenenergies for the bound states of 
the potential well problem. The states encountered in the present case may also be 
considered bound states, although the distinction is somewhat academic. The domain 
of existence of the wavefunctions of fl is over the finite interval 0 < x < Nd , which 
makes them normalizable. However, these eigenstates propagate throughout the 
crystal and in this sense carry the quality of an unbound state. Our main goal is 
to obtain the energies of these states. 

From (8.52) one obtains the dispersion relation (after a bit of algebra) 


E > V 

(8.53a) cos k x a cos k 2 b 


k x 2 + k 2 
lk x k 2 

k x 2 -k 2 2 


sin fc,a sin k 2 b = cos kd 

_ 2mV 
~~¥~ 


(8.53b) 
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The related formula for the case E < V is simply obtained from the latter relation 
through the substitution 

h 2 K 2 

(8.54) ik 2 - fc, — - = V — E 

2m 

There results 
E < V 

k 2 - k 2 

(8.55a) cos k x a cosh Kb --sin k x a sinh Kb = cos kd 

2k x k 

(8.55b) k t 2 + k 2 = 

h 

Equations 8.53 and 8.55 are implicit equations for the eigenenergies £ as a function of 
the propagation constant k , valid for all energies. Owing to the transcendental nature 
of these equations, one turns to a numerical technique for obtaining E(k). For example, 
consider that n = 2, N = 1000. Then the right-hand side of (8.55a) is cos (47r/10 3 ) ~ 1. 
One then plots the left side of the same equation as a function of the dimensionless 
energy EjV. Superimposed on this same curve is the line RHS = 1 (Fig. 8.11). The 
values where these curves cross give the eigenenergies E(k). 

Energy Gaps 

The fact that values of the right-hand sides of both (8.53a) and (8.55a) lie between +1 
and — 1 (|cos kd\ < 1) implies that the only solutions to these equations are values 
of E for which the left-hand sides of these respective equations fall in the same interval, 
that is, values of E for which 

(8.56) — 1 < [left-hand sides of (8.53a) and (8.55a)] < +1 

Values of E that violate this condition are excluded from the energy spectrum. 



FIGURE 8.11 Graphical evaluation of eigenenergies of the Kronig-Penney Hamiltonian corresponding to 
kd = 47r/10 3 . Eigenenergies are given by intersections of the horizontal line and the oscillating curve. 
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FIGURE 8.12 Band structure of the energy spectrum of the Kronig-Penney Hamiltonian. The only 
eigenenergies are those values for which the left-hand side of (8.53a) or (8.55a) fails between ± 1. 


The condition (8.56) gives rise to a “band” structure for the spectrum of eigen¬ 
energies. This is again well exhibited with a diagram. In Fig. 8.12, the left-hand sides of 
(8.53a) and (8.55a) are plotted versus E/V. On the same graph we draw the lines 
that represent the constant ordinates, +1 and —1. The values of E that qualify as 
eigenenergies are values for which the oscillating curve falls between the two hori¬ 
zontal lines, +1 and — 1. 

This construction illustrates the band property of the energy spectrum of a 
particle in a periodic potential. This band feature is also illustrated in a plot of E 
versus k which may be inferred from the graph of Fig. 8.12. At the left of Fig. 8.12, 
values of cos kd are marked off. If a horizontal line is drawn from one of these values 
(e.g., cos kd = 1/^/2, kd = ±n/4), the intersections of this line with the oscillating 
curve give all the energies that correspond to the propagation-constant values, 
k = ± n/4d. There are infinitely many of them. Continuing this process for all values 
of kd gives the curve of E versus k sketched in Fig. 8.13a. 

If we look at any single band, the curve E versus k is periodic in k. This results 
from the fact that the right-hand sides of (8.53a) and (8.55a) maintain the same 
values if kd is replaced by (kd + n2n), where n is an integer. The value of E that 
satisfies this equation (i.e., either Eq. 8.53 or 8.55) for a given value of kd satisfies it for 
(kd + n2n). It suffices then to draw all bands in the single interval —n<kd<n. This 
gives the reduced-zone description (Fig. 8.13b) of eigenstates. These bands consist of 
very closely packed discrete energies (recall Fig. 8.10) and constitute all the eigen¬ 
energies of the Hamiltonian (8.36). This discrete nature of the energy spectrum is a 
consequence of the boundedness of the system. The quasi-continuous quality (bands 
of closely packed levels) of the spectrum reflects the propagating nature of the eigen¬ 
states. 





FIGURE 8.13 (a) Typical E versus k curves for the Kronig-Penney potential. The graininess of the curves 
steins from the fact that the k values in each band are discrete |i.e., kd = (njN)2n^ N P 1 or, equivalently, 
(A*) min = n/L], (b) The first four bands in the reduced-zone scheme. Also shown are the first three energy 

gaps, 6E l9 3E 2 , and 3E 3 . 
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Superimposed on the E versus k curves in Fig. 8.13a are the free-particle energy 
curves 


(8.57) 


E = 


h 2 {k + n2nd 1 ) 2 
2m 


(n= ±0,1,2,...) 


This corresponds to a free-particle momentum 

(8.58) p = Hk + n2nd~ l ) 

From Fig. 8.13 we see that (1) much of the locus of the E versus k curves falls near the 
free-particle energy curves, and (2) energy gaps occur at the values 

(8.59) kd = qn 

where q is a positive or negative integer. At these values of k an integral number of 
half-wavelengths span the distance d between ions. 


Bragg Reflection 

To understand the physical origin of energy gaps at these values of k , it is best to 
recall that the one-dimensional solution we have found is appropriate to propagation 
of plane waves through slabs of constant potential V, thickness b, and spaced a normal 
distance d from one another. This situation is depicted in Fig. 8.14,' in which two 
typical wavefronts are also sketched. Suppose that these plane waves are incident at 
the angle 0, such as is drawn in Fig. 8.15. In the Bragg model of reflection, wavefronts 


Surface of constant 
phase for “incident” 
wave: A exp[/(&* - wf)J 



Reflected wave: 

B exp [i(kx + wf)] 



CL 


FIGURE 8.14 Shaded regions depict do¬ 
mains of constant potential. They are slabs 
that extend out of the paper. Surfaces of 
constant phase are also normal to the plane 
of the paper. 


FIGURE 8.15 Constructive interference between reflected waves from different planes occurs when 


which gives 


For normal incidence, 9 


2d cos 9 - Ik = 


2nl 

~F 


kd cos 9 = In 

0, and this condition becomes 
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scatter from ion-site lattice planes. We recall that the condition that reflected waves 
from adjacent planes add constructively is given by Bragg’s formula, 

(8.60) kd cos 6 = qn 

where 0 is the angle that the incident k vector makes with the normal to the lattice 
plane. In the limit of normal incidence, 0 -► 0, and the one-dimensional model of the 
analysis above becomes relevant. Equation (8.60) reduces to the condition (8.59), 
which k satisfies at an energy gap. At these values of k , an integral number of wave¬ 
lengths fit the distance 2d and the reflected waves constructively superpose. They are 
Bragg-reflected . Consider that a wave is moving in one direction with a critical k value 
(8.59). It is soon Bragg-reflected and propagates in the opposite direction. There is a 
similar reversal of direction of propagation on each reflection until finally the only 
steady-state solution is that which contains an equal number of waves traveling in 
either direction. As will be shown in the next section, at these critical values of fc, the 
eigenstates of ft are composed equally of waves moving to the right and left, so that, 
for example, in the well domain of the periodic potential, <p ~ exp(ik x x) + 
exp( —ifc t x) ~ cos (/c^), which is the spatial component of a standing wave. A 
similar standing-wave structure prevails across the barrier domain. When these 
solutions are matched at the potential steps, a standing wave ensues over the whole 
periodic potential. In such states <p> = 0. Electrons are trapped and lose their free- 
particle quality. The effective mass, m*, introduced in (8.45) grows as k approaches 
inflection points of E(k ) between band edges. Energy curves appropriate to a one¬ 
dimensional periodic potential are shown in Fig. 8.13b. 


Spreading of the Bound States 

Let us now demonstrate that the band-energy spectrum relevant to an electron in a 
periodic potential collapses to the discrete bound-state spectrum appropriate to a 
particle in a single finite potential well in the limit that the wells of the periodic 
potential grow far apart (b -► oo). Toward these ends it suffices to demonstrate that the 
dispersion relation (8.55), for the states E < V for a periodic potential, in the limit of 
b -► oo, gives the relations (8.27) and (8.28): 

(8.61) tan \ tan £ = —- 

i rj 

These are the relations for the even and odd states, respectively, of a particle in a finite 
potential well. 

Let us recall that the nondimensional parameters rj, and p introduced in 
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(8.26) and (8.27) contain half the well width, which for the Kronig-Penney potential is 
aj 2, so for the present case 


(8.62) 



i 2 + i = P 2 


Ka 


2m(a/2) 2 V 
ft 2 


In terms of these variables, (8.55a) becomes 

(8.63) cos 2<J cosh j ^ s * n ^ j = cos ^ 


This equation must reduce to the two equations (8.61) in the limit b -► oo, a = 
constant, V = constant. First we note that in this limit 



Dividing through by this exponential factor and allowing b to grow infinitely large 
reduces (8.63) to the form 


(8.64) 


tan 2£ = 


2ft 




- *i 


2 


The double-angle formula for tangents permits this equation to be rewritten as 

tan<|; = ft 
1 - tan 2 Z i 2 - n 2 


which in turn may be rewritten as 

tan 2 £ + 



tan { — 1 = 0 


This is a quadratic equation for tan £. Solving for the two roots gives 


2 tan ( = 



, n 2 + 
“ ft 


These are the two relations (8.61) that give the discrete bound states of a single isolated 
finite potential well. 

Thus we find that the band structure of the energy spectrum of a particle in a 
periodic potential collapses to the discrete energy spectrum of a particle in a finite 
potential well in the limit that the wells of the periodic array became far removed from 
one another. Consider, for instance, a finite potential well that has two bound states. 
Such, for example, is the case if p = 5n/4 (see Fig. 8.2). Fof a periodic array of such 
potentials, the relation (8.55) applies in the domain E < V. If the left-hand side of this 
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FIGURE 8.16 (a) Single isolated finite potential well with two bound states, (b) Corresponding periodic 
potential with two energy bands. For N wells each band contains N states. 


equation is plotted versus E such as in Fig. 8.12, two bands will be found to fall in the 
domain E < V. This transition 1 from the discrete states of an isolated well to the band 
structure of a lattice is illustrated in Fig. 8.16. 


PROBLEMS 

8.10 (a) What is the expectation of momentum for an electron propagating in a Bloch wave- 
function with spatial component 

<p(x) = e ikx u(x)l 

(b) Show that if the periodic function u(x) is real, <p> = hk . 

Answer ( partial ) 

(a) <p> = hk + <u|p|u> 

8.11 What is the period of the Bloch wavefunction under the following conditions? 

(a) kd — 2 In 

(b) kd = (21 + 1)ti 

(c) kd = nn/q 

Here /, n, and q are integers. 

8.12 (a) Use the dispersion relation ( 8 . 55 ) to obtain the dispersion relation for the propagation 
of electrons through an infinite array of equally spaced delta-function potentials 2 separated by d 
cm (see Fig. 8 . 17 ). Note that the delta-function potential may be effected by constructing a 
potential barrier whose height is infinite and whose width is infinitesimal such that the area under 
the potential curve is fixed. This limit is easily constructed with the model at hand by setting 

lim K 2 bd = 2 F = constant 

K-*-ao 

b~>0 


1 Details of a numerical analysis for this transition for the case of a well with four bound states may be found in V. 
Rojansky, Introductory Quantum Mechanics , Prentice-Hall, Englewood Cliffs, N.J., 1938. 

2 This limiting case was, in fact, the one treated by R. <Je L. Kromg and W. G. Penney in their original paper, Proc. Roy. 
Soc. A130, 499(1931). 
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FIGURE 8.17 Periodic delta-function po¬ 
tential. The explicit form of the symmetric 
periodic delta-function potential is given by 
(see Problem 3.6e) 


V(x)= V 0 d 



- (2n + 



ao r 

+ £ <5 x + (2n + 1) 
n = 0 L 



= V 0 d 2 1(2n+ 1>5 


n = 0 


X 2 - 


(2 R 



See Problem 8.12. 


(b) Make a plot of your dispersion function for the value F = 3n/2 and thereby illustrate 
the persistence of the band structure of the energy spectrum in this delta-function limit. 

(c) How is it that electrons are able to propagate through the infinitely high potentials 
presented by the delta functions? 

(d) Write down a formal expression for the potential you have considered. 

(e) What are the eigenstates at the band edges kd = nnl Show that one of the energies at 
a band edge is the free-particle energy h 2 k 2 /2m, while the other energy is larger. In this manner 
obtain an expression for the width of the energy gap at kd — nn. 

Answer ( partial ) 

(a) In the limit given above it follows that 

L 2F „ 

Kb -► 0 

Kd 


Hence sinh Kb -*■ Kb, cosh Kb 1, and d -> a. The resulting dispersion relation appears as 

F sin k x d 

—-— -(- cos k x d = cos kd 

k^d 

8.13 Show that the E(k) spectrum for the arbitrary finite Kronig-Penney array draws close to 
the free-particle parabola E = h 2 k 2 /2m in the limit E > V. 

Answer 

With V/E = e 1, one obtains 


2m 

/c 2 2 = — £(1-0 = k, 2 + 0(e) 


Substitution into the dispersion relation (8.53) gives 

cos k x a cos k x b - sin k x a sin k x b + 0(c) = cos k x (a + b) + 0(c) = cos kd 
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Neglecting terms of 0(e) gives the spectrum k x — k or, equivalently, E = h 2 k z /2m. Recalling 
further that k is discrete (8.42), one obtains E„— n 2 (h 2 /2mL 2 ). 

8.14 The E(k) spectrum for an electron in a periodic lattice, such as illustrated in Fig. 8.13, 
does not fall to zero at k = 0. Estimate this zero-point energy using results appropriate to a particle 
confined to a one-dimensional domain of length L. What value of k is implied by your answer? 
How does this value compare to the minimum value of k for a crystal of length L? 

8.15 (a) Show that the eigenenergies of the one-dimensional box of width a (k^ = nn) lie in 
the energy gaps of the Kronig-Penney potential of well width a (in the domain E < V). [Hint: 
Use (8.55).] 

(b) Show that these box energies become the lower energies of the band gaps for the 
periodic delta-function potential described in Problem 8.12. 

8.16 (a) Show that in the limit that the atomic sites of the Kronig-Penney model become far 
removed from each other (b -> oo), energies of the more strongly bound electrons (E <? V) become 
the eigenenergies k x a = nn of a one-dimensional box of width a. 

(b) In this limit what do the lower-band E(k) curves shown in Fig. 8.13 become? What is 
the functional form of E(k) for these bands? (Note: The approximation in which one begins with 
electronic states of isolated atoms is called the tight-binding approximation.) 

8.17 (a) Construct an equation for the periodic component u(k) of the Bloch wavefunction 
(p - u exp (i/cx), from the Schrodinger equation with a periodic potential V(x). 

(b) The periodic potential V(x) may be expanded in a Fourier series as follows: 



Expand the periodic component u(x) in a similar series, substitute in the equation obtained in 
part (a), and derive coupled equations for the coefficients of expansion u„. 


Answers 

h 2 

(a) — (u" + 2iku - k 2 u) + [£ - K(x)]u = 0 
2m 

(b) [E - B q (ky\u q - oo 2mB q (k)/h 2 = (2 nq/d) 2 + 2k(2nq/d) + k 2 

8.18 Show that in the limit V -*■ 0, the equation for the periodic component u obtained in 
Problem 8.17 gives the free-particle eigenenergy 


h 2 k 2 




2m 


with u — constant. 


8.19 What is the number JT E of discrete energies in any of the energy bands depicted in Fig. 8.13 ? 


Answer 

The k values that enter the lowest energy band are given by the sequence 

, 4 271 ^ 2n N 2n 

* = 0,±1 x ±2 x ±— — 


L = Nd 
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This series is cut off at \kd\ — it inasmuch as energy values begin to repeat beyond this value. 
There is a distinct energy corresponding to each value of | it | in the sequence above. This gives 


./V E 



N 

7 


8.20 What is the number JT k of independent eigenstates in a band for a one-dimensional crystal 
comprised of N uniformly spaced ions? 


Answer 

There is a distinct eigenstate (Eq. 8.46 et seq.) corresponding to each value of k in the series in the 
example above. However, the state corresponding to kd = - it is the same as the one correspond¬ 
ing to kd = + 7t, as may be seen from (8.50) and (8.51). We conclude that the eigenstates correspond¬ 
ing to kd = ±7i are one and the same. Finally, there is only one eigenstate at kd = 0. Thus we 
obtain 





— 1 — 1 =N 


There are as many eigenstates in a sample as there are ion sites. There are approximately half as 
many eigenenergies. 

This result may also be obtained geometrically. Referring to the reduced-zone energy 
diagram (Fig. 8.13b), each energy band has width (&kd) b = 2n. The minimum interval in each band 
is (A kd) min = 2it/N or, equivalently, (A/c) min = lit/Nd = 2it/L. Thus the number of points (states) 
in each band is 


•JT 


k 


(A kd) b 
(A/cJ) mjn 


(Note: With the two spin orientations taken into account, one obtains IN independent states in 
each band. 1 The concept of spin is described in Chapter 11.) 


8.3 STANDING WAVES AT THE BAND EDGES 


Let us return to the nature of the eigenstates of ft at the band edges, that is, at kd = nn. 
We will demonstrate that these eigenstates are standing waves and illustrate the 
relation between the eigenenergies of these states and the energy gaps at the band 
edges. 

The eigenstates of the Kronig-Penney Hamiltonian established above have 
components [see Eqs. (8.48) and (8.49)] 


(8.65) 


<Pi = Ae ik ' x + Be~ iklX 
<p u = Ce ik2X + De ik2X 


1 This result maintains in three dimensions, where N represents the number of primitive cells in the crystal. For further 
discussion, see C. Kittel, Introduction to Solid State Physics, 5th ed., Wiley, New York, 1976. 
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In order for these to be components of a standing wave, the magnitude of the ampli¬ 
tudes of the waves moving to the right and left must be equal. That is, at the critical 
values kd = nn , one must have 


Ml , |C| 

|B| ’ |D| 

We will establish the first equality and leave the second as a problem. At the values 
kd = me, exp (ikd) = ( — 1)". Consider that n is even so that exp(ikd ) = +1. With 
this value substituted into the equations of continuity, (8.50) and (8.51), one quickly 
obtains the following two equations for the expression 2 Ck 2 exp ( ik 2 a ): 

2Ck 2 e lkia = e- ik2b \_A(k l + k 2 ) + B(k 2 - fc,)] 

2 Ck 2 e >kltt = e lk ' a A(k { + k 2 ) + e~ ik ' a B(k 2 - k t ) 


Setting these two expressions equal to each other and solving for A/B gives 


( 8 . 66 ) 


A k 2 - k, (e~ ikia - 
B ~ k 2 + k, \ e ~ ikli - ^ k,a ) 


Forming the square of the modulus |/4/B| 2 .= (A/B)(A/B)* gives 
(8.67) 


A 

2 

k 2 — k x 

2 2 — 2 cos ( k x a 

~k 2 b) 

1 


k 2 + k, 

2 — 2 cos ( k x a 

+ k 2 b) 


k 2 — kj 


k 2 + kj 


1 — cos k x a cos k 2 b — sin k x a sin k 2 b 
1 — cos k x a cos k 2 b + sin k x a sin k 2 b 


We must show that this expression is unity for the allowable values of k x and k 2 , that 
is, those values which are obtained from the dispersion relation (8.53). Again with 
exp (ikd) = +1, this relation reads 


cos k x a cos k 2 b = 1 + 


k x 2 + k 2 2 
2 k,k 2 


sin k x a sin k 2 b 


When this formula for the cos product is substituted into (8.67), the desired result, 
\A/B\ = 1, follows. 

Let us proceed to construct such a standing-wave state. If the potential is placed 
in a symmetric position about the origin, such as in Fig. 8.18, then the Hamiltonian 
commutes with the parity operator and these two operators share a set of common 
eigenfunctions; that is, ft has even and odd eigenstates. It will be shown that eigen¬ 
states at the band edges exist in pairs, with each pair containing an even and an odd 
eigenstate. Very simply, one expects that this is the case since in the steady-state 
situation, electron density \q>\ 2 should enjoy the same symmetry as the periodic 
potential F(.v); that is, | <p\ 2 is even, so <p is either even or odd. We will find that if kd/n is 
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FIGURE 8.18 Standing-wave eigenfunction referred to in the construction cp(x) as given by (8.68) to 
(8.70). Owing to the symmetric form of </>, it suffices to match <p, to <p n at x = a/2. 


an even integer, eigenstates have period d. If kd/n is an odd integer, eigenstates have 
period 2d. Let us consider the construction of the pair of eigenstates at a band edge 
corresponding to kd/n an even integer. Consider first the symmetric eigenstate. In the 
well domain about the origin 

(8.68) <p t (x) = cos k t x (-a/2 < x < a/2) 

To obtain q> m in the second well domain, one uses Bloch’s theorem (8.40) together with 
the value exp (ikd.) = + 1. 


(8.69) <p„,(x) = e*Vi(x - d) = cos fc,(x - d) (a/2 + b < x < a/2 + d) 

The standing wave in the barrier region II which joins these waves is symmetric about 
the midpoint d/2 (see Fig. 8.18). 

(8.70) <p„(x) = D cos k 2 (*- 2 (a/2 < x < a/2 + b) 

The coefficient D and energy h 1 k 1 2 /2m are obtained by matching the components of q> 
and <p’ at the potential interface at x = a/2. There results for the even eigenstates, 


(8.71) 


cos 



cos 


fk 7 b) 



— Dk 2 sin 



Identical equations are obtained by matching <p u to <*>,„ at a/2 + b (see Fig. 8.18). 
Equations 8.71, together with the energy statement 


k 


2 


1 



2m V 



STANDING WAVES AT THE BAND EDGES 287 


are three equations for the three unknowns k u k 2 , and D. They are reminiscent of 
(8.27) and (8,28) and appropriate to the bound states of a particle in a finite potential 
well. Here, as there, solution may be effected through a numerical procedure (see 
Problem 8.24). The companion odd eigenstate (p may similarly be constructed with the 
modification that the standing wave in the barrier region II is odd about the midpoint 
d/ 2. One obtains 


(8.72) 


(Pi(x) = sin ic t x 
<Pu(x) = D sin k 2 



<Pm(x) = sin £j(x — d ) 


(-a/2 < x < a/2) 

(a/2 < x < a/2 + b) 

(a/2 + b < x < a/2 + d) 


Matching conditions at the interface position a/2 gives the following relations for the 
odd eigenstates: 


(8.73) 




_ 2 mV 
~~¥~ 


Again numerical procedure yields values for the energy h^k^/lm and eigenstate 
parameter D. 

The most significant result of such calculation is the width of the energy gap SE n 
at the band edge kd = nn. This is the difference in energy between the even and odd 
standing-wave eigenstates. 

(SE) n = - k t 2 ) 

An analytic evaluation of this energy jump may be obtained in the “nearly free 
electron” model. This model is described in Section 13.4. 


Parity Properties 

Next we turn to a discussion of the parity properties of these standing-wave eigen¬ 
states at the band edges. These states are either even or odd in x. Again consider the 
case that kd/n is an even integer. Then the relation 

<p(x + d) = e ,kd <p(x) 


(8.74) 
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which is true for any eigenstate of the Kronig-Penney Hamiltonian, gives 
(8.75) <p(x + d) = <p(x) 


It follows that for kd an even multiple of n, the period of <p is d. Setting x = — d/2 in 
(8.75) gives 

fd) 

<P\ 


(8.76) 


9 { t') 


From this equation one concludes that <p can be an odd eigenfunction provided that 


(8.77) 


(~d > 

9 \ 2 ! =nr, 


= 0 


This property, taken together with the fact that <p has period d, gives 


(8.78) 



(<p is odd, kd = 2qn) 


with n an integer. The only stipulation on the even eigenfunctions is that they are of 
period d. 

In this manner we find that the eigenfunctions of the Kronig-Penney Hamil¬ 
tonian at the band edges kd = 2qn exist in pairs. Each such pair contains an even 
eigenfunction and an odd eigenfunction. A typical pair of these functions is sketched 
in Fig. 8.19. The eigenenergies that accompany these eigenstates are the close-spaced 
pairs of values depicted in Fig. 8.13, where the vertical lines kd = 2qn intersect the 
oscillating curves. 

Having treated the case where kd is an even multiple of n, we next consider the 
case kd — (2q + l);t, again with q an integer. From (8.74) one obtains 


(8.79) 


<p(x + d) = —<p(x) 

<p(x + 2d) = -<p(x + d) = +<p(x) 


It follows that for kd an odd multiple of n, the period of q> is 2d. Setting x = — d/2 in the 
equation above gives 


while x = — d gives 

(8.81) <p(d) = <p(-d) 

Equation (8.80) indicates that q> can be an even eigenfunction provided that 

(8.82) <^±(1 + 2 n) = 0 [kd = (2 q + l)jr] 

with n an integer. 
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FIGURE 8.19 Typical pair of eigenfunctions for the Kronig-Penney Hamiltonian at the band edges; 
kd = 2qn. Periodicity of (p is d. 


Equation (8.81) indicates that <p can be an odd eigenstate provided that 
(8.83) <p(±nd) = 0 [kd = (2 q + l)it] 

again with n an integer. 

A typical pair of eigenfunctions is sketched in Fig. 8.20, together with 
accompanying plots of electron density | <p | 2 . From this sketch one notes that each pair 
of eigenstates, corresponding to kd an odd multiple of it, contains one eigenstate with 
density \q>\ 2 , maximum at the ion sites and minimum at the barrier centers, while the 
other eigenstate has its extremum values of \<p\ 2 reversed. 

Thus we conclude that at the band edges [_kd = 2 qn or kd = (2q + l)jr] eigen¬ 
functions appropriate to the Kronig-Penney Hamiltonian are standing waves and 
that there are two such functions with opposite parity at each edge. 
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Only even eigenfunctions are such that 
*>[±(1 + 2n)d!2\ = 0 



FIGURE 8.20 Typical pair of eigenfnnctions for the Kronig-Penney Hamiltonian at the band edges: 

kd - (2 q + 1)tt. Periodicity of (p is 2d. 


PROBLEMS 

8.-21 The standing-wave quality of the eigenstate (p(x ) at the band edges was demonstrated for 
the component of <p in the valley regions of the potential (| A/B | = 1) for the case exp (ikd) = +1. 
Following this analysis, demonstrate that the component of <p in the barrier domain is also a 
standing wave (i.e., show that | C/D | = 1) for the case exp (ikd) — — 1. [See Eq. (8.65) et seq.] 

8.22 Show that the expectation of momentum <p> vanishes for a particle in a standing-wave 
eigenstate. 

8.23 Consider a typical pair of eigenstates appropriate to kd ~ 2qn and the adjacent pair 
appropriate to kd = (2q + 1)tl By inspection only, conclude which pair of corresponding eigen- 
energies is of higher value. 

8.24 (a) Introducing nondimensional variables 

k x a k 2 b , ma 2 V 

{ = T- p 
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show that (8.71) and (8.73) relevant to even and odd standing-wave band-edge solutions, re¬ 
spectively, give the dispersion relations 

i tan £ = -y/( 2 - p 2 tan ^ Ji 2 - P 2 j (even) 


2 - p 2 J (odd)' 

(b) Numerical solution of either equation may be effected by plotting the right-hand side 
and the left-hand side of the equation as functions of £ (or ^) on the same graph. Intersections 
then give the eigenenergies E = (: 2h 2 /ma 2 )£ 2 . Use this procedure to estimate the lowest even and 
odd eigenstate energy corresponding to the barrier parameters, p = n/2, (a/b) 2 = 15. 

(c) Use your answer to part (b) to obtain the width of the energy gap SE at this band edge. 
8.25 It was shown in Problem 8.13 that in the high-energy domain E V, the E(k) spectrum 
approaches the free-particle curve E = h 2 k 2 /2m . Show that the dispersion relation appropriate to 
the band edge kd = 2nn t (8.73), yields a free-particle standing wave in this limit. 


i cot i = -yp - p 2 cot p ye 


Answer 

With k t m k 2 , (8.73) gives (dropping the tilda notation) 


The second equality gives 


sin (k i a/2) _ cos (k , a/2) 
sin (k x b/2) cos (k x b/2) 



so 


k x d ~ 2nn — kd 

When substituted back into the expression above, one obtains D — 1, which is necessary in order 
that the eigenstate (8.72) with k x — k 2 be a free-particle standing wave. 


8.4 BRIEF QUALITATIVE DESCRIPTION OF THE THEORY 
OF CONDUCTION IN SOLIDS 

The spectrum of eigenenergies of electrons in an actual three-dimensional crystalline 
solid closely parallels that of the Kronig-Penney model described previously. In the 
three-dimensional case one also obtains a band structure for the allowed eigen¬ 
energies. The electrons in a solid occupy these bands. The properties of the two bands 
of highest energy for most practical cases determine whether the solid is an insulator, 
a conductor, or a semiconductor. 
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_L 

Conduction 6 eV 

band 


Valence 
band 

FIGURE 8.21 Energy bands of diamond, a good insulator. 

Suppose that the band structure of a solid is such that the band of highest energy 
is full (see Fig. 8.21). Furthermore, the gap between this filled band and the next 
completely unoccupied band is reasonably large. For example, for diamond this gap 
has a width of 6 eV. When an electric field is applied, electrons in the filled bands have 
no nearby unoccupied states to accelerate to. The sample remains nonconductive. It 
is an insulator. Furthermore, photons that comprise the visible spectrum do not have 
sufficient energy (hv) to raise electrons from the valence band (last filled band) to the 
conduction band, so that diamond is transparent to light. 

These statements are precisely true at absolute zero (— 273°C). The student will 
recall that at absolute zero a system of particles falls to its lowest energy state, called 
the ground state of the system. When the temperature is raised, thermal agitation 
excites electrons to states of higher energy. For instance, for diamond at room tem¬ 
perature the characteristic energy of thermal agitation is ~0.03 eV. The concentra¬ 
tion of electrons which are raised to the conduction band is arl.l x 10~ 34 
electron/cm 3 . This gives rise to a conductivity which is lower than can be measured 
with present-day equipment, and diamond remains an insulator at room temperature. 

In some crystalline solids, the conduction band is empty and the energy gap to 
the valence band is not prohibitively large. For instance, in silicon, this gap is 1.11 eV 
wide. In germanium it is 0.72 eV wide. At room temperature the concentration of 




0.72 eV 


:L 

r 




T= OK 



Room temperature 


FIGURE 8.22 Valence and con¬ 
duction bands for germaninm, a 
typical semiconductor, at absolute 
zero and room temperature. 
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FIGURE 8.23 In a conductor the 
states in the conduction band are 
partially filled. The diagram to the 
right indicates the manner in which 
electrons fill the corresponding bands 
in the reduced-zone description for the 
idealized one-dimensional model. The 
kd Fermi energy E F is also shown. 


electrons in the conduction band in silicon is 7 x 10 10 electrons/cm 3 . In germanium it 
is 2.5 x 10 13 electrons/cm 3 (see Fig. 8.22). These densities give measurable conduc¬ 
tivities. Such materials are called intrinsic semiconductors. The conduction of an 
extrinsic semiconductor is due to the presence of impurities in the sample. 

A semiconductor acts as an insulator at sufficiently low temperatures. It begins 
to conduct at higher temperatures. In a semiconductor, charge transfer in the valence 
band may also contribute to conduction. In this case it is simpler for, say, calculation 
of conductivity, to speak of hole conduction. A hole is an unfilled state, found usually 
in the valence band. 

In a metal the band of highest energy is only partially filled and electrons are 
readily accelerated by an electric field, to states of higher energy (see Fig. 8.23). 
Photons also fall prey to these electrons, which explains the opacity of metals to 
light. Note that the Fermi energy, described in Chapter 2, appears in the conduction 
band. 


PROBLEMS 

8.26 What is the minimum frequency of radiation to which diamond is opaque? What kind of 
radiation is this (e.g., x rays, etc.)? 

8.27 The mobility p of an electron in an electric field E is defined by 

v = pK 

where v is the drift velocity of the electron. In a given semiconductor the mobility of electrons is p nJ 
while the mobility of holes is p p . If at a given temperature, the density of conduction electrons is n 
electrons/cm 3 and the density of holes is p holes/cm 3 , obtain an expression for the current flow 
in the semiconductor if an electric field E is applied across it. 






8.5 TWO BEADS ON A WIRE AND A PARTICLE 
IN A TWO-DIMENSIONAL BOX 

Exchange Degeneracy 

In this and the remaining two sections we discuss some simple examples of quantum 
mechanical systems with two degrees of freedom (see Section 1.2). The first such 
example is that of two beads constrained to move on a straight frictionless wire that is 
tightly stretched between two perfectly reflecting, rigid walls. The space between 
walls is L (see Fig. 8.24). We will assume that the particles do not interact with each 
other (they are “invisible” to each other). The Hamiltonian for this system is 

(8.84) #(x„ x 2 ) = ^ + v( Xl ) + V(x 2 ) 

The two particles have the same mass, m. The potential functions F(x,) and V(x 2 ) are 
relevant to a one-dimensional box. Their properties are given in Section 4.1. 

This Hamiltonian may be partitioned into two independent terms. 


H(xi, x 2 ) = /^(x,) -I- fi 2 (x 2 ) 

(8.85) #i(x,) = ^ + Vi*i) 

ti 2 (x 2 ) = ^ + V(x 2 ) 

2m 

Under such circumstances, solution of the Schrodinger equation 

(8.86) H<p(x t , x 2 ) = E<p(x u x 2 ) 
is greatly simplified. It is given by the product 

(8.87) VmmiXu * 2 ) = pJXl 



*1 


*2 



X 


FIGURE 8.24 Coordinates of two beads on a 
wire stretched between two perfectly reflecting 
walls separated by the distance L. 
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where 

( 8 . 88 ) 


= £n,<P n ,(jCl) 
^2(Pn 2 (x 2 ) = E n2 (p„ 2 (x 2 ) 


The function q> ni is the eigenfunction of fl l corresponding to the energy £ ni , while 
<p„ 2 is the eigenfunction of H 2 corresponding to the eigenenergy E„ 2 . 


(8-89) <P» = Jl sin E„ = n 2 El 

where n denotes either n, or n 2 . 

Let us test to see if (p„ t „ 2 , as given by (8.87), is an eigenstate of x 2 ). 

6<p miHl (.x u x 2 ) = (fii + H 2 )(p nx {x y )(p n2 (x 2 ) 

(8.90) = + <P»fi 2<P ni 

= E n,<P„ t <Pn 2 + E„ 2 (p Kl (p„ 2 
Htpmni = ( E m "b E „ 2 )(p„ lll2 

Thus we find that <p ni q>„ 2 is an eigenstate of fl{x x , x 2 ), and furthermore that the eigen¬ 
energy corresponding to this state is 


( 8 - 91 ) E nini = E„ t + E H2 = («j 2 + n 2 2 )£ 1 

For example, the eigenstate 


(8.92) 



has corresponding eigenenergy 


(8-93) £ 2.3 = £.(4 + 9)= 13£, 

This energy is doubly degenerate since the eigenstate 


(8.94) 



also corresponds to the eigenenergy £ 2> 3 . One may look upon the difference between 
<P 2 ,3 and <p 3 , 2 as being due to the exchange in the positions of particle 1 and particle 2. 
Such degeneracy is called exchange degeneracy. 



Symmetric and Antisymmetric States 

If two eigenstates correspond to the same eigenenergy, any linear combination of these 
eigenstates also corresponds to the same eigenenergy. Of all such linear combinations, 
two are of particular physical significance. These are of the form 


(8.95) 


(Ps = 

(Pa = 



[(Pn>( x i)(Pm( x 2) + <P ni (*2)<Pn 2 (*l)] 


O ni (jc iM, 2 (x 2 ) - <Pm( x 2Mi 2 ( x i)] 


The symmetric state cp s has the property that 

(8.96) <ps( x i. x i) = <Ps( x 2 , x i) 

It is symmetric under the exchange of the particles. The antisymmetric state (p A has 
the property that 

(8.97) (p A (x „ x 2 ) = -<p A (x 2 , x i) 


It is antisymmetric under the exchange of particles. 

When referred to systems with two degrees of freedom, such as that of two 
particles in a one-dimensional box, the probability amplitude related to the system is 
given by (see Problem 3.20) 

(8.98) P i2 dx i dx 2 = M x i» x 2> I 2 dx i dx 2 

P 12 dx 1 dx 2 is the probability of finding particle 1 in the interval dx t about the point 
and particle 2 in the interval dx 2 about the point x 2 , in any given measurement. 
When the two particles in the one-dimensional box are identical (m, = m 2 ), 
such as in the case considered, we note that for both classes of wavefunctions (sym¬ 
metric and antisymmetric) 

(8.99) |</>s( x i> x 2>| 2 = l<Ps(x 2 , x^l 2 , I <p A (x lt x 2 )\ 2 = | <p A (x 2 , x^l 2 

Physical properties of the system are not affected by an exchange of the position 
of the two particles. This is a manifestation of a quantum mechanical property attached 
to identical particles : that is, in quantum mechanics identical particles are also indis¬ 
tinguishable (they cannot be labeled). In the scattering of electrons off electrons, for 
example, the scattered beam contains both incident and target electrons. The indis- 
tinguishability of these particles must be taken into account in any consistent formula¬ 
tion of the theory of such scattering. It is the indistinguishability of identical particles 
which selects cp A or <p s (8.95) to be the physically relevant linear combination of 
eigenstates for the two-particle problem. 
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If the masses of the two particles in our one-dimensional box are different 
(m t and m 2 ), the Hamiltonian (8.84) becomes 

(8.100) /?(*„ X2 ) = M + V(xi) + V{Xi) 

The particles are now distinguishable and the states of the system do not suffer 
exchange degeneracy. The eigenstate 


( 8101 ) 2 = i)<P„ 2 (x 2 ) 

corresponds to the eigenenergy 


( 8 . 102 ) 


^«i»2 — E ni + E ni 



h 2 n 2 
2L 2 


The exchange state <p ni „ 1 corresponds to the eigenenergy 


(8.103) 


'n 2 n 1 



n 2 \h 2 n 2 

+ m 2 ) 2L 2 # E " ,n2 


Thus the exchange degeneracy associated with systems containing identical particles is 
removed. 

We now turn to the time-dependent Schrodinger equation for systems with two 
degrees of freedom. 


(8.104) = 

ot 

The solution of this equation is (see Section 3.5) 

( 8 - 105 ) 'I'nn = (PntHiiXi, x 2 ) exp 

Given the arbitrary initial state x u x 2 ,0), the state at time t > 0 is 

x 2 , 0 = exp x 2 , 0) 

Examples of the use of this equation are given in the problems that follow the next 
subsection. 


Symmetry and Accidental Degeneracy 

Much of the preceding analysis may be carried over to the problem of a single particle 
moving in a two-dimensional box (see Fig. 8.25). This is another case of a system with 
two degrees of freedom. In the example of two beads on a wire, cited above, the 



298 FINITE POTENTIAL WELL, PERIODIC LATTICE, AND SOME SIMPLE PROBLEMS 




(0,0) (L,0) 



FIGURE 8.25 Particle in a two- 
dimensional box. 


good coordinates are (x,, x 2 ). For the single particle in a two-dimensional box, 
good coordinates are (x, y). The Hamiltonian for this system appears as 


(8.106) 


8 (x, y) = ^ + ^+ V(x) + V(y) 
2 m 2m 


The potential F(x) is the same as that of a one-dimensional box which lies between 
x = 0 and x = L on the x axis, whereas V(y) is the same as that of a one-dimensional 
box that lies between y = 0 and y = L on the y axis. Eigenfunctions and eigen- 
energies are 

2 (n.nx\ . (n 1 ny\ 

(8.107) <p„ ,„ 2 (x, y) = - sin f-L-j sin I— J 

F»,» 2 = £ i(«i 2 + «2 2 ) 


This eigenenergy also corresponds to the eigenstate 


(pn 2 n,(X, y) = ^ Sin 



The probability density \<p\ 2 may be plotted as a height above the xy plane. The 
distinction between |<p„,„ 2 | 2 and |<p„ 2 „,| 2 is then as follows. The surface |<p„,„ 2 | 2 is 
obtained from the surface | <p„ 2 „, | 2 by reflecting this surface through the plane x — y — 
0. The energy corresponding to both these distributions is the same. The degeneracy of 
these states is sometimes called symmetry degeneracy (as opposed to exchange 
degeneracy). Degeneracy that is neither symmetric nor exchange is often referred to as 
accidental degeneracy (see Problem 8.34). 







PROBLEMS 


8.28 At time t — 0, two particles of mass m x and m 2 , respectively, in a one-dimensional box of 
length L, are known to be in the state 


^ Q) _ 3 <Ps( X l)<P4( X 2) + 7<jP 9 (x 1 )<p 8 (x 2 ) 

758 

(a) If the energy of the system is measured, what values will be found and with what 
probability will these values occur? 

(b) Suppose that measurement finds the value E 5A . What is the time-dependent state of 
the system subsequent to measurement? 

(c) What is the probability of finding particle 1 (with mass m x ) in the interval (0, LI 2) 
at t = 0? 


Answer ( partial ) 

(c) If the state of the two-particle system is <p(x„ jc 2 ), the probability of finding particle 1 
in the interval dx x (independent of where particle 2 is) is 

P(x l )dx x =dx l f \<p(x u x 2 )\ 2 dx 2 

8.29 Show that (p A (x lt x 2 ) in (8.95) may be written as a 2 x 2 determinant. 

^ 8.30 Show that q> A and (p s in (8.95) correspond to the same eigenenergy relevant to the 
Hamiltonian (8.84). 

8.31 In the event that two particles in a one-dimensional box are identical one must ask: What is 
the probability of finding a particle in the interval dx about x? In this vein, show that for either 
<Ps(* i. * 2 ) or <p A (x u x 2 ), the two integrations 



give the same functional form. 

8.32 Consider two identical particles in a one-dimensional box of length L. Calculate the expected 
value for the square of the interparticle displacement 

d 2 = (x, - x 2 ) 2 


in the two states <p s and q> A . Show that 


<d 2 > s < (d 2 ) A 

thus establishing that (in a statistical sense) particles in a symmetric state attract one another 
while particles in an antisymmetric state repel one another. Such attractions and repulsions are 
classified as exchange phenomena. They are discussed in further detail in Chapter 12. 


299 



300 FINITE POTENTIAL WELL, PERIODIC LATTICE, AND SOME SIMPLE PROBLEMS 


Answer 

With (p Hl (x 0 represented by K>, cp ni ( x 2 ) by |«i>,and <j£?„ 1 (x 1 )<j£? n2 (x 2 ) by the symmetric and 

antisymmetric states appear as 

\<PS.A> = —7= (l»l»2> ± l«l«2» 

n/2 


Thus 


2 <.d 2 )s.A = I ±<«l«2l>* 2 (l”l"2> ± l«l»2>) 

= Cn^l^ln^) + <Wi« 2 M 2 1«i«2> ± <«i"2M 2 |"i«2> 

±<«l«2M 2 |"l»2> 


In the last two ± contributions with d 2 = x\ + x 2 - 2x,x 2 , only the -2x,x 2 term is found to 
survive. Considertheterm^njnjl^ 2 !”!^) = — 2<n t w 2 |x 1 x 2 |nirt 2 > = —2<n 1 |x 1 |n 2 Xn 2 |x 2 |ii 1 X 
In that <«! |x, |n 2 > = (ri, |x 2 1« 2 > = x I2 (write out the integrals and change variables), one obtains 

<n 1 h 2 |x,x 2 |n,n 2 > = <n, |x 2 |n 2 ><n 2 |x, |n 2 > = |x 12 | 2 


There results 

<d 2 >s=<d 2 > A -4lx 12 l 2 <<d 2 > A 


8.33 For a single particle in a two-dimensional box such as described in the text, one may also 
construct symmetric and antisymmetric states. The symmetric state <p s has the property 

<Ps( x > y) = <Ps(y> x ) 


while the antisymmetric state has the property 

(p A (x,y) = -<p A (y>x) 

What are the eigenstates, cp s and q > A , that correspond to the energy 29 The symmetry of these 
eigenstates reflects the fact that there is no intrinsic distinction between the diagonal halves of the 
box depicted in Fig. 8.25. 

**f 8.34 Construct the eigenstates and eigenenergies of a particle in a two-dimensional rectangular 
box of edge lengths L and 2L. Take the origin to be at a corner of the rectangle. Account geo¬ 
metrically for the removal of most of the degeneracy present in the case of the square, two- 
dimensional box described previously. The degeneracy present for this configuration (e.g., the 
energy 5E is doubly degenerate) is sometimes called accidental degeneracy , in that it is neither 
exchange- nor symmetry-degenerate. 


8.6 TWO-DIMENSIONAL HARMONIC OSCILLATOR 


The two-dimensional problem we consider now is that of a point particle of mass m, 
constrained by a set of four coplanar, orthogonal springs, all with the same spring 
constant K (see Fig. 8.26). 


fi, , P, 2 ^ P/ 

n(x, y) = — I- 

2m 2m 


K 2 K : 
+2 X + 2 y 


H(x, y) = H(x) + H(y) 


(8.108) 
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FIGURE 8.26 Two-dimensional 
harmonic oscillator. Springs arc 
free to move on tracks but are 
otherwise constrained to displace¬ 
ments parallel to the coordinate 
axes. All springs have the same 
spring constant K. 


Again, we find that the total Hamiltonian partitions into two independent parts, 
and These are the Hamiltonians relevant to one-dimensional harmonic 
oscillation in the x and y directions, respectively (see Sections 7.2 through 7.4). The 
eigenstates and eigenenergies of these Hamiltonians are 


(8.109) 


= A ni 3r ni {£)e-^ 
= fow 0 (»i + |) 
<P*M = A^je^e -” 2 ' 2 
E „ 2 = hco 0 (n 2 + i) 


The nondimensional displacements £ and r\ are defined by (7.46) 


=2 _ m<t, 0 X _ n 2 2 




= fi 2 X 2 


( 8 . 110 ) 




while „(£) is the nth-order Hermite polynomial (7.58) and A„ is a normalization con¬ 
stant (Problem 7.7). 

Owing to the separability of ft(x, y ), it follows that its eigenstates are the product 

forms 


( 8 . 111 ) 


<Pn,ntf, ri) = (p ni (0<PnM 

(p nin2 = A nin2 ^ ni (i)^ n Me- <i2+ " 2}/2 
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while the eigenenergies of fl(x , y) are the sums 

/O 11 2^ ^"l"2 = ^"1 

1 ’ } E ntn 2 = fc»o(«l + 7 + «2 + 2) = + W 2 + 1 ) 

For example, the ground state of the two-dimensional harmonic oscillator is 

< Po.o = A 0 A 0 jr 0 (OjroMe - ((2+ ' ,2>/2 

(8.113) ,) = - -L exp pV±l!>J 

^0,0 = h(0 0 

This is the only nondegenerate eigenstate of the two-dimensional harmonic oscillator. 
All the remaining states are degenerate. The order of the degeneracy of the eigen- 
energy E nin is obtained from (8.112), from which we see that any eigenfunction 
<p ni .<p„ 2 . whose indices n,', n 2 sum to the value (n t + n 2 ) corresponds to the same 
eigenenergy, E nitt2 . 

(8.114) ["eigenfunctions corresponding to"| _ T <P„, <Pn 2 , suc h that "I 

L Kn 2 J ~ L"i' + "2 = "1 + nj 

For example, to find the eigenstates that correspond to the eigenenergy 

(8.115) E = 5 hw 0 = (4 + 1 )h(o 0 
one must find all pairs of integers and n 2 ' that sum to 4. 


(8.116) 


n,' + n 2 ' = 4 

(«,', n 2 ) = (0, 4),(4,0), (1, 3), (3, 1), (2, 2) 


It follows that E = 5hw 0 is a fivefold-degenerate eigenenergy. The five degenerate 
eigenstates are 


(8.117) 


(Po(0<P*(n) = 904 
94(09o(l) = 940 
9i(09s(l) = <Pi3- 
9z(09i (l) = 9z i 
92(092(ri) = 922, 


= eigenstates corresponding to E = 5 tuo 0 


Of these five states, <p 0A suffers symmetry degeneracy with <p 40 , as does cp l2 with <p 31 . 
On the other hand, the three states 904 , 913 , and <p 22 are accidentally degenerate with 
each other. 



PROBLEMS 

8.35 What is the order of degeneracy of the eigenstate 

E s = ha> 0 (s + 1) 

of the two-dimensional harmonic oscillator? 


Answer 

The degeneracy equals the number of ways of writing an integer s as the ordered sum of two 
numbers. There are (s + 1) ways to do this. 

8.36 (a) Write down the Hamiltonians, eigenenergies, and eigenstates for a two-dimensional 
harmonic oscillator with distinct spring constants K x and K y . 

(b) If K y = 2K X , show that the eigenenergies may be written 

E ni „ 2 = hwoiny + 2n 2 + 3) 

(c) For part (b), what is the order of degeneracy of £ 2>3 ? List the corresponding eigenstates. 
Account for the absence of symmetry degeneracy among these states. 

8.37 A right circular cylinder of infinite height and large, but finite radius is uniformly, positively 
charged throughout its volume. The charge density is p 0 esu/cm 3 . An electron moves in a plane 
normal to the cylinder. Its position is close to the central axis of the cylinder (see Fig. 8.27). 

(a) What is the electrostatic potential 0> near the central axis of the cylinder? 

(b) What are the eigenenergies of the electron ? [Hints: For part (a), use Poisson’s equation, 
V 2 <p = — 4rcp = — 4np 0 . The radial operator in V 2 , in cylindrical coordinates, is r~ 1 d/dr{r d/dr). 
From symmetry you may assume <P = <&(r). For part (b), note that the potential energy of the 
electron is V(r) = — |e|0(r), where r 2 = x 2 + y 2 .] 



Motion of 
electron 
is restricted 
to this domain 





Uniformly positively 
charged cylinder 


FIGURE 8.27 Configuration for 
Problem 8.37. 
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8.38 A particle moves in the xy plane in the potential field 

V = V(x) + V(y) 

V(x) = V t = constant 
V(y) — V 2 = constant 

Give the time-dependent wavefunction ip(x, y, t) of the particle corresponding to the initial data 

«Kx, o, 0) = «K0, y, 0) = 0 

8.39 A particle of mass m is confined to move on the two-dimensional strip 

-a < x < a, -oo<y<oo 

by two impenetrable parallel walls at x = +a. 

(a) What is the minimum energy of the particle that measurement can find? 

(b) Suppose that two additional walls are inserted at y = ±a. Can measurement of the 
particle's energy find the value 37t 2 h 2 /8wa 2 ? Explain your answer. 

8.40 Consider that three-dimensional space is divided into two semiinfinite domains of constant 
potential V, and V 2 . 

V =V X , z > 0 

V=V 2 , z< 0 

A beam of particles carrying the current fik,M| 2 /m particles/cm 2 -s is incident on the z = 0 
interface and is in part reflected and transmitted. Particles in the reflected beam have momentum 



FIGURE 8.28 Orientation of k vectors for a beam of particles incident on the z = 0 plane at the angle a. 
(See Problem 8.40.) 
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hk x \ while those in the transmitted beam have momentum hk 2 . The vectors k u k/, k 2 are all 
parallel to the xz plane. The configuration is shown in Fig. 8.28. 

(a) What is the wavefunction ij/ l appropriate to a particle in the upper half-space z > 0? 
What is the wavefunction 0 2 of a particle in the lower half-space (i.e., that of a particle in the 
transmitted beam)? 

(b) Determine the relation between the angles a, a\ and a" through matching 0 j to 0 2 and 
their derivatives across the 2 = 0 plane. 

(c) Using the matching equations obtained in part (b) determine the transmission co¬ 
efficient T and reflection coefficient R . Show that T -f R - 1. 

Answers ( partial ) 

(a) The wavefunctions of particles in the'upper and lower half-spaces are 

ij/ l — Ae 1 * 1 + Be 1 * 2 
ij/ 2 = Ce 

The phases <f> u 0 2 , and <j> 3 are 

= k x • r — cot = k x x sin a — k t z cos a — cot 
<f> 2 — kj' • r — cot = fcjX sin a' + k x z cos a' — cot 
<j> 3 = k 2 • r — cot = k 2 x sin a" — k 2 z cos a" — cot 

= £ - K„ = E - V 2 , hio = E 

2m 2m 

(b) Matching to ij/ 2 on z = 0 gives 

^iki* sin a ^ikiJtsina' _ ^ik 2 ^ sin a" 


For this equation to be satisfied for all x, it is necessary that the phases be equal. 


kj sin at = k x sin a' = k 2 sin a" 


a = a' and 


sin a 
sin a" 


^2 

ki 


E- V 2 1 1 ~ Vj/E 
E-K V 1 - VJE 


where n is the relative index of refraction. (Compare with Snell’s laws of optical refraction.) These 
results, together with the matching equation dij/Jdz = dij/Jdz on z = 0, give 


A + B = C 

k 2 cos a" 

A -B = —-C 

k x cos a 


which serve to determine T and R : namely, 
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The transmission coefficient is seen to involve only the normal components of incident and 
transmitted fluxes. 

8.41 Calculate the reflection coefficient of sodium metal for low-energy electrons as a function of 
electron energy and angle of incidence. For electrons of sufficiently long wavelength, the potential 
barrier at the metal surface can be treated as discontinuous. Assume that the potential energy of an 
electron in the metal is -5 eV. Calculate the “index of refraction” of the metal for electrons. (See 
Problem 8.40.) 

8.42 A beam of electrons of energy £ in a potential-free region is incident on a potential step of 
5 V at an incident angle of 45°. Is there a threshold value of £ below which all the electrons will be 
reflected? If so, what is this value? 

Answer 

Call the threshold (or “critical”) incident energy £ c . Then at £ c , the angle of refraction a" = tt/ 2. 
That is, at £ c the transmitted ray runs along the interface between the two media. If £ is increased 
above E c (at the same angle of incidence a), electrons penetrate the potential step and R < 1. On 
the other hand, if £ is decreased below £ c , there is no transmitted ray at all. The analytic mani¬ 
festation of this observation is that a" becomes imaginary for £ < £ c , while R maintains its value 
of unity for all such values of £. From Snell’s law (for a = tc/4), 

1 

sin a = —- — n sin a" 

v/2 

where n is the index of refraction, 

n — 

At £ c , sin a" — 1 and one obtains £ c = 2V — 10 V. The reflection coefficient is given by 

cos a — n cos a" 
cos a -f n cos a" 

For the problem under discussion 

cos a" = yj 1 - sin 2 a" = /l-*— 

V 2 n~ 

The critical value of In 2 is In 2 = 1. If £ < £ c , then 2n 2 < 1 and cos a" becomes imaginary so that 
for these values of incident energy, R assumes the form R = \ z/z \ , where z is a complex number and 
z is its conjugate. It follows that R - 1 for £ < E c . 
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CHAPTER 


ANGULAR MOMENTUM 


9.1 Basic Properties 

9.2 Eigenvalues of the Angular Momentum Operators 
93 Eigenfunctions of the Orbital Angular Momentum 

Operators L 2 and L, 

9.4 Addition of Angular Momentum 

9.5 Total Angular Momentum for Two or More Electrons 


Our study of the applications of quantum mechanics to three-dimensional problems 
begins with a description of the properties of angular momentum. We first consider 
orbital angular momentum, which is closely akin to angular momentum encountered in 
classical physics. Angular momentum in quantum mechanics, however, is a more general 
concept than its classical counterpart. In quantum mechanics, in addition to orbital 
angular momentum, one also encounters spin angular momentum. Spin angular momentum 
is an intrinsic, or internal, property of elementary particles such as electrons and photons, 
and has no classical counterpart. The operators corresponding to the Cartesian com¬ 
ponents of angular momentum in quantum mechanics obey a set of fixed, fundamental 
commutator relations. These relations are first derived for orbital angular momentum 
and then employed as the defining relations for angular momentum in general. Eigen¬ 
values of angular momentum stemming from these commutator relations are obtained, 
and it is at this point that a distinction between orbital and spin angular momentum first 
emerges. 



9.1 BASIC PROPERTIES 


The significance of angular momentum in classical physics is that it is one of the 
fundamental constants of motion (together with linear momentum and energy) 
of an isolated system. As we will find, the counterpart of this statement also holds 
for isolated quantum mechanical systems. This conservation principle for angular 
momentum stems from the isotropy of space. That is, as described previously in 
Section 6.3, the physical laws relating to an isolated system are in no way dependent 
on the orientation of that system with respect to some fixed set of axes in space. 

Classically, angular momentum of a particle is a property that depends on the 
particle’s linear momentum p and its displacement r from some prescribed origin. It is 
given by (see Fig. 1.9) 

(9.1) L = r x p 

One may also speak of the angular momentum of a system of particles, or of 
a rigid body. For such extended aggregates, one must add the angular momentum of 
all particles in the system to obtain the total angular momentum of the system. 


Cartesian Components 

The classical Cartesian components of the orbital angular momentum L for a particle 
with momentum p = (p x ,p y , p z ) at the displacement r = (x, y, z) are 

f-'x — yPz ZPy 

(9.2) L y = zp x - xp z 

L z = xpy - yp x 

The quantum mechanical operators L x , L y , and L z , corresponding to these 
observables, derive their definitions directly from the classical expressions above, 
with p replaced by its corresponding gradient operator. There follows 

£* = PPz - zPy = “ lh (y Yz - 2 dy) 

(9.3) = 

L ' = *Py-tP* = - ih { x y y - y lL) 


In terms of the three-dimensional vector linear momentum operator 


(9.4) 


P = (Px’Py’Pz) = ~ ih 


( 


d_ d_ d\ 
dx dy dz) 


= -ihV 
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the equations above may be written as the single vector equation 
(9.5) L = —ihr x V 


Commutator Relations 

Let us examine the commutation properties of these operators. If, for example, 
L x does not commute with L y , then these components of angular momentum cannot 
be simultaneously specified in a single state, that is, these operators do not have 
common eigenfunctions. 

To gamin e this specific question, we employ the basic commutator relation 
(9.6) [*, PJ = ft 


There follows 


(9.7) [£j> L y ] — L x L y L x 

= op, - mop, - m - op, - mop . - m 

= itpjiip, - pj) - 9P,0P, - PJ) 

= ihop y - pp,) 

— ihL z 


In similar fashion we obtain 


(9.8) . 


[L y , ftL x 
= ftty 

[L x , Ly-\ = ftU 


These commutator relations are sometimes combined in the single vector equation 
(9.9) iht. = t x t 


which in determinantal form appears as 


(9.10) 


ih(e x L x e z L 2 ) 


*, e , e z 

L x Ly L z 


L r L, L, 


As illustrated in Problem 9.1, only one of the three Cartesian components of 
angular momentum may be specified in a quantum mechanical state. Suppose, 
for example, that <p is an eigenstate of L z . What will measurement of L x find? To 
answer this question we must bring the superposition principle into play. Expand <p 
in the eigenstates of L x . The squares of the coefficients of expansion give the distri¬ 
bution of probabilities of finding different values of L x . 



312 ANGULAR MOMENTUM 


Although no two values of the Cartesian components of angular momentum 
can be simultaneously specified in a quantum mechanical state, if one component, 
say the value of L z , is specified, it is still possible to specify an additional property 
of angular momentum in that state. This additional property is the value of the 
square of the total angular momentum, L 2 , or, equivalently, the magnitude of L 

(L = 7LL = yz 5 ). 

The total angular momentum operator is the vector operator 

(9.11) t = e x L x + e y L } + e 2 L z 
from which we may form £ 2 . 

(9.12) £ 2 = L x 2 + L 2 + £ 2 2 

To show that there are states of a system in which L z and L 2 are simultaneously 
specified, one need merely show that £ 2 and £ 2 commute. Then we know that these 
operators have simultaneous eigenfunctions. That is, there are states that are eigen¬ 
functions of both £ 2 and £ 2 . Let us prove the commutability of £ 2 and £ 2 . 

[£.. £ 2 ] = £4, 4 2 + 4 2 + 4 2 ] 

= LL Z , L x 2 ] + [L 2 , L, 2 ] + 0 

= L X [L Z , L x ] + [L„ L X ]L X + L y [L 2 , L y ] + [L 2 , L y ]L y 
— ih[L x Liy + L y L, x L, y L x I^ X L*^\ 

= 0 

In similar manner we find that L x and L y also commute with L 2 . This must be 
the case because we have in no way given any special significance to the z direction. 
In general 

, Q1 „ [£*> £ 2 ] = [4, £ 2 ] = [£ 2 » £ 2 ] = o 

(913) [£, £ 2 ] = o 

It follows that the Cartesian components of L have simultaneous eigenfunctions 
with L 2 . However, the individual components of £ do not have common eigenstates 
with one another (except for the special case of zero angular momentum). These 
properties are depicted in a Venn diagram in Fig. 9.1. 

The preceding discussion tells us that L 2 and L 2 , say, have common eigen¬ 
functions. Let us call these eigenfunctions q> lm . The integral indices / and m are 
related to the eigenvalues of L 2 and L z as in the following eigenfunction equations. 

L 2 q>im = h 2 l(l + l)cp lm (/ = 0,1, 2,...) 

£z<P/m = h™<Pim (m = + / in integral steps) 


(9.14) 
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Eigenstate 
of L y and L 2 


Eigenstate 

A. 

of L 1 but not 

A /\ A 

of L x , L or L z 


FIGURE 9.1 Venn diagram for the eigen¬ 
states of L x , I v , L z , and L 2 . Every point 
represents an eigenfunction of L 2 . Depend¬ 
ing on which sector the point is in, it is also 
an eigenfunction of or L z . The state 

at the center is the null eigenvector of 1 
and l 2 . It corresponds to the eigenvalues 
L x = L y = L z = 0. Peripheral points de¬ 
pict states that are eigenstates of L 2 only. 
Can you think of one such function? Note 
that the space of eigenstates of v is 
"bigger” than the space containing all the 
eigenstates of L v , L v , and L z . Compare 
with Fig. 5.12. 


(These equations are derived in the next section.) The form of the first equation 
indicates the following. Suppose that a system (e.g., a wheel) is rotating somewhere 
in space, far removed from other objects. We measure the magnitude of its angular 
momentum. What possible values can be found? The values that experiment finds 
are only of the form L = h^l(l + 1), where / is some integer. For example, one 
would never measure the value L = h^Jl, since it is not of the form L 2 = h 2 l(l + 1). 
There is no integer for which /(/ + 1) = 7. This is similar to the fact that a particle 
in a one-dimensional box is never found to have the energy E = 7£ t . This value 
does not fit the energy eigenvalue recipe E = n 2 Ey. 

Suppose that we measure the magnitude of angular momentum of the wheel 
and find the value L 2 = 30ft 2 . This corresponds to the / value l = 5. Having measured 
L 2 , the system is left in an eigenstate of L 2 . What value does subsequent measurement 
of L z yield? The answer is given by the form of the eigenvalues of L z given in (9.14). 
For the case in point, since l = 5, L z can only be found to have one of the eleven 
values 

L z = 5ft, 4ft, 3ft, 2ft, ft, 0, -ft, -2ft, -3ft, -4ft, -5ft 

Suppose that measurement finds L z = 3ft. Then the wheel is left in the state <p 5>3 . 

The form of equations (9.14) indicates that the eigenvalues of L 2 are (21 + 1)- 
fold degenerate. For the problem considered, all the eleven states <p 5 5 ; <p 5i 4 ;...; <p s , _ j 
correspond to the same value of L 2 (i.e., L 2 = 30ft 2 ). (See Fig. 9.2.) 

Uncertainty Relations 

Angular momentum is a vector. The magnitude of this vector is given by L 2 . Having 
measured L 2 , is it possible to measure any of the three Cartesian components of L 
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FIGURE 9.2 The eigenvalue L 2 = h 2 /(l + 1) is 
(2/ + l)-fold degenerate. For a fixed magnitude, 

L = hy/l(t + 1), there are only 21 + 1 possible 
projections of L onto a given axis. (See Fig. 9.3c.) 


and leave the system (such as a wheel, a particle, an atom, a rigid rod, etc.) with the 
same value of L 2 that it had before measurement? Specifically, suppose that we 
measure L 2 and L z and find the values 56 h 2 and 3 h, respectively (i = 7, m = 3). 
We know that the system is left in a simultaneous eigenstate of L 2 and L z , namely, 

Vl.3- 

It is impossible to further resolve the state of the system. We cannot obtain 
more information on the vector L without destroying part of the information already 
known. Suppose that L x is measured and the value 5 h is found. In measuring L x , 
the information about L z previously determined is destroyed. 1 The system is left 
in a simultaneous eigenstate of £ 2 and L x . Since this is not an eigenstate of L z , 
subsequent measurement of L z is not certain to yield any specific value. Similarly 
for measurement of L y . This conclusion is contained in the uncertainty relation 

(9.15) AL y AL z >*\<L x )\ = h ^ = ^ 

Consider the case of a wheel whose center is fixed in space. L 2 and L z are 
measured What motion of the wheel will preserve these values but not preserve 
L x and L y ? A very worthwhile model for such motion is given by a classical solution 
in which the angular momentum vector of constant magnitude precesses about the 
z axis at a constant inclination to that axis (see Fig. 9.3), thereby maintaining L z . 
(Such motion is realized by a spinning top, with fixed vertex, in a gravity field.) 

In the classical problem L is precisely determined as a function of time. At any 
instant L may be observed and completely specified. Not so for the quant um 
mechanical motion. If the wheel is in an eigenstate of L 2 and L z , it is in a superposition 


1 That is, the outcome of subsequent measurement of L. is rendered more uncertain. 
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zk 



FIGURE 9.4 For the quantum mechanical state in 
which L 2 and L z are specified, L may be pictured as 
being uniformly distributed over the surface of a cone 
with half-apex-angle 6 = cos" 1 mj^/i(/ + 1). 


state (i.e., a linear combination of the eigenstates) of L x or L y . At best one can only 
speak of the probability of finding a certain value of L x or L y . If a system is in such 
a state with definite / and m values, it is therefore more consistent to view the related 
configuration as one in which the L vector is uniformly spread over a cone about the 
z axis with half apex angle 0 = cos” 1 mjjl(l + 1) (see Fig. 9.4). 

For a given value of L [i.e., &>//(/ + 1)] the maximum value of L z is hi But 

l < y/l(l + 1). It follows that the angular momentum vector is never aligned with 
a given axis. Furthermore, there are only a discrete, finite (21 + 1) number of in¬ 
clinations that L makes with any given axis. This extraordinary property (classical 
physics permits a continuum of inclinations) is sometimes called the quantization 
of space. For reasons that will become clear in the following sections, / is often 
referred to as the orbital quantum number while m is often referred to as the azimuthal 
or magnetic quantum number. 


Orbital Versus Spin Angular Momentum 

The commutator relations (9.8) are the trademark of angular momentum in quantum 
mechanics. Although they are consistent with the differential and coordinate- 
momentum operator relations (9.3 et seq.), they may be taken independent of these 
and assumed to be the defining relations for quantum mechanical angular momentum. 
When such is the case, angular momentum need not refer to the space coordinates 
or linear momentum components of a particle, since the relations (9.8) by them¬ 
selves do not. The first example that incorporates this concept is given in Section 9.2, 
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where the eigenvalues of angular momentum are obtained using only the commutator 
relations (9.8). As will be shown in Section 9.3, only a subset of these eigenvalues 
are relevant to orbital angular momentum. Orbital angular momentum derives 
from the space and momentum coordinates of a particle and is akin to classical 
(r x p) angular momentum. In contrast, spin angular momentum does not relate to a 
particle’s coordinates or momenta, nor are the eigenstates of spin dependent on 
boundary conditions imposed in coordinate space. Spin, as mentioned previously, 
is an internal property of a particle, like mass or charge. It is an extra degree of freedom 
attached to a quantum mechanical particle, and must be prescribed together with 
the values of all other compatible properties of a particle in order to designate the 
state of the particle. The properties of spin are developed in detail in Chapter 11. 

PROBLEMS 

9.1 Show that if a state exists which is a simultaneous eigenstate of L x and £ y , this state has the 
eigenvalues L x = L y = L s - 0. 

Answer 

Let cp be the said state. Then 

0 = [£*, Ly]cp = ihL z (p 

It follows that <p is an eigenstate of L z corresponding to the eigenvalue L z = 0. (cp is a “null eigen¬ 
function” of £ z .) From the uncertainty principle, (5.94) and (5.95), and the fact that <p is an eigen¬ 
state of L x and L y we find that 

0 = AL* AL Z > ^ | <L y > | 

Since <p is an eigenstate of £ y , there is no spread in the values obtained on measurement of L y 
in this state. This fact, combined with the preceding equation, gives 

<L y > = L y - 0 

Similarly, L x = 0. 

It follows that a state of a system corresponding to finite angular momentum cannot be a 
simultaneous eigenstate of any two of the Cartesian components of L. Furthermore, from the 
defining equations for £*, £ y , and £ z (9.3), it follows that any constant is a simultaneous, null 
eigenfunction of £*, £ y , and £ z . 

9.2 Show that L x and £ 2 are Hermitian. 

Answer ( partial ) 

To prove the Hermiticity of £*, we must show that 

L x = C 
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or, equivalently, that 
Look at the pp 2 term. 


W. - *p,y = (9P, - ip,) 

w.y = pjp = pj = ppz 


The last two equalities follow from (a) p z and f are Hermitian, and (b) [y, p z ] = 0. 

93 Measurements are made of the angle 0 that L makes with the x axis of a collection of non- 
mteracting rotators, all of which are known to have angular momentum L = ft N /56. What is 
the minimum 0 that will be measured ? 

9.4 If [/?, L x 2 ] = [A, £/] = 0, what is [P £ 2 ]? 


92 EIGENVALUES OF THE ANGULAR MOMENTUM OPERATORS 

In this section we derive the eigenvalues of angular momentum that follow from the 
commutator relations (9.8). Eigenvalues relevant to two classes of angular momentum 
emerge: orbital and spin. In the remainder of the text 3 will be used to denote angular 
momentum in general while L will be reserved for orbital angular momentum and § 
for spin. The operator J may represent L, or S, or the combination L + S. The 
defining relations for the components of 3 are: 

[3 X) «Iy] = itlJ z 

(9.16) [3y, i,] = ihJx 

llJj = ftJy 

(9.17) P = J x 2 + Jy 2 + J 2 

The components of 3 obey all rules obtained above from the commutator relations 
(9.8). These include: 

lJ x , P] = [Jy, P] = [p, P] = 0 

(9.18) h 

Aj x Ajy>-KJ 2 )| 

I i«rr Operators 

We seek the eigenvalues of J 2 and J 2 . To facilitate the derivation we introduce the 
“ladder operators” J+ and J_. The reader will find these similar to the annihilation 
and creation operators (a, & f ) introduced in Section 7.2. The ladder operators are 
defined according to 

I, = 7 x iJy 

3- = J x - iJy = j: 


(9.19) 
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Some immediate properties of these operators are 

i :l, hi = hj + 

IJ„J-1 = -hJ_ 

(9.20) 

hi = o 
V 2 , J-1 = 0 

The latter two equations follow from (9.8). To establish the first two relations one 
merely inserts the definitions of J+ and J -. For example, 

(9.21) [j 2 , */ + ] — [*/ 2 , J x + iJ y 2 = Jxi + Jy] 

= ihJ y — i • ihJ x = h(J x + iJ y ) = hJ + 

Other relations that J+ and satisfy are 

J 2 = J _J + + J 2 + hj 2 

(9.22) - J + J_ + J 2 -hJ z 
[J + ,J_] = 2fc/ z 

Consider the relation 

(9.23) */ 2 = {J x — iJy)0 x “f" iJy) “h Jz 2 4- 2 

= J x 2 + Jy 2 + K 2 + KJJy - JyJ X ) + z 

With these relations between J 2 , J z , J + , and J_ established we turn to construction 
of the eigenvalues of L z and £ 2 . 

Let 

(9.24) J z <p m = hm<p m 

We wish to show that m is either an integer or an odd multiple of one-half. 
Consider the operation 

hh tym = (hJ + + J + ^z) ( Pm “ 

J z (J + (p m ) = h(m+l)(J + q> m ) 

where we have employed (9.21). The latter equation (9.25) implies that J + q> m is an 
(unnormalized) eigenfunction of J z corresponding to the eigenvalue h(m + 1). 
That is, 

(9.26) J + (p m = (p m + 1 
Applying J+ again gives 

(9.27) J + (J + (pm) — J + (p m +i = tym + 2 
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In a similar manner, we obtain 
(9.28) J _ (p m = 


■ Vm - 1 — tym — 2 


Thus we have found a scheme of generating a sequence of (unnormalized) 
eigenfunctions of J 2 from a single eigenfunction with successive values of m in 
the sequence differing by unity. 


(9.29) 


(* • • > <Pm- 2 > (pm- U ( Pm + 1> <Pm + 2 > • • •) 


Since J 2 commutes with J 2 , these operators have common eigenfunctions. 
Let (p m be a common eigenfunction with the eigenvalue h 2 K 2 , that is, 

(9.30) 3 2 <p m = h 2 K 2 <p m 

Operating on this equation With J + gives [using the third equation in (9.20)] 

(9.31) h J 2 (p m = h 2 K 2 (J + <p m ) - 3 2 (3 + <p m ]) 

The last equality asserts that 3+ cp m = (p m+l is also an eigenfunction of J 2 cor¬ 
responding to the eigenvalue h 2 K 2 . It follows that the sequence of eigenfunctions 
of J z found previously (9.29) are all eigenfunctions of J 2 corresponding to the same 
eigenvalue h 2 K 2 . How many such eigenfunctions are there? From (9.30) one obtains 

(9 32) <J2> = ft2 * 2 = <J * 2> + <J y 2} + < J * 2 > 

h 2 K 2 = <J* 2 > + <J y 2 > + h 2 m 2 

where the average has been taken in the <p m state. It follows that 
(9.33) h 2 K 2 > h 2 m 2 

(recall <J X 2 > > 0; see Problem 4.13) or, equivalently, 


(9.34) 


K I > ml 


For a given value of K > 0, the possible values of m in the sequence (9.29) fall between 
+ K and — K . If rn max is the maximum value that m can assume for a given magnitude 
of angular momentum, hK , then 


(9.35) 
Similarly, 

(9.36) 


h<p n 


J-<Pn 


From (9.22) and the last two equations, one obtains 


(9.37) 


J 2 (Pm = 


^ ^ < Pm m « x Jz Vmm.x “h z < Pm mmx 

h 2 m mzx (rn max + 1 ) 

- 1 ) 
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m 


max 


m 


max 


- 1 


+ K 'i 


m ~ 0 


successive values 
* of m differ 
by unity 


'"min- K J 

FIGURE 9.5 The possible values that m may assume, for a given value of J 1 = h 2 K 2 , form a symmetric 
sequence abont /?; = 0. 


It follows that 

(9.38) m rnax( m rnax + 1) = m rnin( m mm ~ 1) 

which is satisfied if 


(9.39) 


= -m„ 


The possible values that m may assume for a given value of J 2 form a symmetric 
sequence about m = 0 (see Fig. 9.5). 

Let us call 


(9.40) 






Since m runs from —j to +;' in unit steps, one obtains 


(9.41) 


j = an integer if m = 0 is included in the 

sequence of m values 

j — i x an odd integer if m = 0 is not included in the 

sequence of m values 


Furthermore, if / is an integer, the related m values are integers. If j is an odd multiple 
of one-half, the related m values are odd multiples of one-half (Fig. 9.6). 

In either case, inserting j = m max = -rn min into (9.37) gives the form of the 
eigenvalues of J 2 . 


(9.42) 


J 2 = h 2 K 2 = h 2 jXj + 1) 
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FIGURE 9.6 The angular momentum qnantum number j, which enters in the eigenvalue expression J 2 = 
h 2 j(j + 1), may be either integral or an odd multiple of one-half. In either case, for a given valne of /, the 
azimuthal quantum number, runs from —/ to +/ in unit steps. 


Angular Momentum Eigenstates 

In this manner we find that the eigenvalues of J 2 and J z take the form 


J 2 = h 2 j(j + 1) 

J.-*., + J) 

with; an integer or half an odd integer. The structure of these eigenvalue equations 
is very significant and is another trademark of quantum mechanical angular mo¬ 
mentum. In that they stem directly from the commutation relations (9.16), which in 
turn are obeyed by all quantum mechanical angular momenta, it follows that such 
eigenvalue relations are also appropriate to orbital angular momentum, £; spin 
angular momentum, §; or their sum, L + S. Such, for example, are the eigenvalues 
of £ 2 , L z as given in (9.14). 

As will be shown in the following section, boundary conditions imposed on the 
common eigenstates of £ 2 , £ z infer that the related eigenvalues (/, m,) be integral. 
Thus, of the entire spectrum of quantum angular momentum ;' values, only a subset 
(/=; = integer) correspond to orbital angular momentum. The complete; spectrum 
(integral and half-odd-integral values) will be found to correspond to either spin 
angular momentum or the combination of spin plus orbital angular momentum. 
An example of the latter case is given by atomic electrons which have both orbital 
and spin angular momentum and for which one must write 3 = t + S. For the present 
we will concentrate on orbital angular momentum. 

The eigenvalue equations for the orbital angular momentum operators L 2 
and £ z (with m written for m,), together with the equations for £±, appear as 


(9.44) 


L 2 <pim = h 2 l(l + 1 

L z cp lm = hmq> lm (m =-/,...,+0 
L + (p, m - <P(. m+ 1 (£+ = + iL y) 

L-<p lm = <p Um -i (£_=£ x -iL y ) 
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Since m = / is the maximum value of m and m = — / is the minimum value of m, 


(9.45) 


L+ (Pn = 0 

L-<jO|,_| = 0 


These equations will be used in the next section for the derivation of the <p lm eigen- 
functions. 


The Rigid Rotator 

As an application of the preceding results relevant to the eigenvalues of L 2 and L 2 , 
let us consider the problem of the energy spectrum of a rigid rotator. The rotator 
has two particles each of mass M separated by a weightless rigid rod of length 2a. 
The midpoint of the rotator is fixed in space (Fig. 9.7). The moment of inertia of the 
rotator, taken about this point, is 

/ = IMa 2 

Let the rotator be far removed from any force fields so that its energy is purely 
kinetic. 


(9.46) 


E 


L 2 

21 


The quantum mechanical Hamiltonian operator is 
(9.47) n = ^ 


and the time-independent Schrodinger equation for this system appears as 
(9.48) ft<p = l^-)(p = E<p 



midpoint fixed in 
space 


FIGURE 9.7 Rigid rotator with fixed midpoint. Moment of inertia about mid¬ 
point is / = 2Ma 2 . 
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The eigenvalues of fi are the same as those of the square angular momentum operator 
L 2 . With the results obtained we may rewrite the equation above with the l, m indices. 

= El<Plm 

(9.49) r h 2 l(l + 1) 

E ‘ - 21 

This energy is (2/ + l)-fold degenerate. For any value of /, there are (2 1 + 1) eigen- 
functions 

(9.50) (pij, {(pim) 



All these 
eigenvalues of 
l 2 correspond 
to the same 
eigenenergy, \2fl 2 /2I 


FIGURE 9.8 Term diagram for the rigid rotator of moment of inertia, /. The /th eigenenergy, h 2 l(l + 1 )/2/, 
is (21 + l)-fold degenerate. 
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all corresponding to the same eigenenergy, (9.49). The energy of the rotator does not 
depend on the projection of L into the z axis or onto any other prescribed direction. 
The energy-level diagram for this system is sketched in Fig. 9.8, together with the 
“term notation” of levels. This notation is common to atomic spectroscopy and will 
be used in the next three chapters. When a particle is in a state of definite orbital 
angular momentum, characterized by the quantum number / = 0,1,2,..., one speaks 
of the particle being respectively in an S, P, D, F,... state. 


PROBLEMS 


9.5 Show that the frequencies of photons due to energy decays between successive levels of a 
rotator with moment of inertia / are given by 


h(D 


h 2 \ 

—J(l + IX or 



9.6 An HC1 molecule may rotate as well as vibrate. Discuss the difference in emission frequencies 
associated with these two modes of excitation. Assume that only / -+ / + 1 transitions between 
rotational states are allowed. Spring constant and moment of inertia may be inferred from the 
equivalent temperature values for HC1: hco 0 /k B — 4150 K; h 2 /2Ik B = 15.2 K. 

9.7 Show that 

(a) [£*,*] = 0 (f) [p x ,L x ] = 0 

(b) [£„*] = ft* (g) lp x) L y ] = ihp z 

(c) [£ y ,f] = ift* (h) [P„L M -] = ihp x 

(d) [£*,*] = (i) ip z , £j = ihp y 

(e) [£ y , 2] = [j>, £j (j) [£„M = [0 y ,£j 

9.8 Calculate 

(a) L z kr 

(b) L z sin kr 

(c) L z f(kr) 

explicitly in Cartesian coordinates, with r z = x 2 + y 2 + z 2 . The function / is an arbitrary function 
of r, and Ac is a constant wavenumber. 

9.9 (a) Prove that 

© = £ x r — ihr = ihr — r x £ 


(b) Show that this operator is Hermitian. 

(c) Show that 

[£ 2 ,r] = -2 ih& 

9.10 Show that 

lL x \ £/] = [£/, £, 2 ] = [£, 2 , £ x 2 ] 
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9.11 Evaluate 

(a) [£ 2 , p] (c) [t, p 2 ] 

(b) [t,p] (d) 

Note that parts (b) and (d) have nine components. They are called dyadic operators. 

9.12 Show that 

[L x ,r 2 ] = [£ y ,r 2 ] = [L z ,r 2 ]- 0 

9.13 Show that the expression 

<J 2 > = h 2 jU+ 1) 

is implied directly by the two assumptions: 

(a) The only possible values that the components of angular momentum can have on 
any axis are h( — j \..., + j). 

(b) All these components are equally probable. 


Answer 

Because all axes are equivalent, 


<J 2 > = (J/ + Jy 2 + L 2 ) = <L 2 > + <Jy 2 > + <J 2 > = XJ* 2 > 

Since all values of J x 2 are equally probable. 


<J X 2 } = h 2 (m 2 ) = t , 2 ^ ^ ^ ,U| ^ 


Substituting the relation 


into the above gives 


I m 2 = 


2j +1 2j + 1 

JU+ D(2y + i) 


m = 1 


as _ h2 jd + 0 1 / f a 


<J/> = 


3 = 3 < ‘ /> 


<J 2 > = h 2 Xi+ i) 


9.3 EIGENFUNCTIONS OF THE ORBITAL ANGULAR MOMENTUM 
OPERATORS L 2 AND L 2 

Spherical Harmonics 

There are two techniques for obtaining the common eigenfunctions <p lm of the orbital 
angular momentum operators L 2 and L z . First, one may directly solve the eigenvalue 
equations 


(9.51) 


= h2 Kl + 1 )<Plm 
U<f> Im = hmVlrn 
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(9.54) 


Second, one may seek solution to the equation 

(9.52) £ + (p u = 0 

Once having found q> u , the remaining eigenfunctions of £ 2 and L z , corresponding 
to the orbital quantum number /, 

(9.53) {<Pi m } = (<Pn, ..., <p tj _ ( ) 

are obtained by applying £_ to <p n . That is, 

= £-<?,, 

<Pl,l-2 = £- <P/.I— 1 

In either technique for obtaining the eigenfunctions < p lm , it proves both con¬ 
venient and practical to work in spherical coordinates (r, 9, <j>) (see Fig. 1.6). These 
coordinates are related to the Cartesian coordinates (x, y, z) through the trans¬ 
formation equations 

x = r sin 6 cos </> 

(9.55) y = r sin 0 sin 0 

z = r cos 9 

With these equations, the Cartesian components of L, (9.3), are transformed to 
(see Problem 9.14) 




4- cot 6 cos <j) — 
dq> 


(9.56) 


L y = ih\ -cos 0 ^ + cot 6 sin <p 


-) 

dcj>) 




Using expressions (9.56) we obtain first the ladder operators 

£+=£,+ i£„ = he^li cot 9 -f- 

(9.57) V d< P 

and second, the operator L 2 


(9.58) 


We are now prepared to seek solutions to (9.51). This is the first technique, as 
mentioned above, for finding the eigenstates <jo, m . These solutions are quite common 
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to many branches of physics. They are called spherical harmonics and are universally 
denoted by the symbol Y™. Following this protocol we change notation: cp lm -+ Y\ m . 


Angular Momentum and Rotation 

Before discussing these solutions we note two points. First, all the angular momentum 
operators, when expressed in spherical coordinates as listed above, are independent 
of r. They are functions only of the angular variables (0, </>). This means that the eigen¬ 
functions of L 2 and L z may be chosen independent of r, that is, Y™ = 17"(0, </>). 
This property stems from the fact that angular momentum operators are related to 
rotation. For instance, the operator 

(9.59) A„=l + iS+-j 


(described previously in Section 6.3) when acting on /(r) rotates r through the azi 
muthal displacement so that 


(9.60) 


W(r) = /Or + ar) 

Sr = <5<J> x r 


So the effect of the operation £<J> • 1 on a function r is to cause a rotational displace¬ 
ment of r. If Si |> is parallel to the z axis, St |> * 1 = &<j)L z . This operator induces a 
rotation of r about the z axis, without changing the magnitude of r. If we write /(r) = 
/(r, 0, 0), then L z when operating on / affects only the variable <f>. When L 2 operates 
on this function, 0 and <f> are both affected, but not r. So here we have the reason 
that the eigenstates of L 2 and L z may be chosen independent of r. 


Normalization 

The second point we wish to note relates to the normalization of the Y™ functions. 
This normalization is taken over the surface of a unit sphere. The differential element 
of area dS, on the surface of a sphere of radius a , is conveniently expressed in terms 
of the element of solid angle d£l. 

(9.61) dS = a 2 dO. = a 2 sin 0 d6 d<i> 

(see Fig. 9.9). The solid angle subtended by dS about the origin is dS/a 2 = d(l. The 
solid angle subtended by a sphere (more generally any closed surface) about the 
origin is 

/* f2n /*n p2n /*1 

(9.62) dCl = d<j) sin 6 dO = d<t>\ d cos 6 = An steradians 

Jail directions Jo Jo Jo J-l 

which is the same as the area of a unit sphere (a sphere of unit radius). 
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(b) 

FIGURE 9.9 (a) Element of the solid angle dQ — dSfa 2 . (b) Solid angle subtended by the hemisphere about 
the origin O is 2tc. 


To normalize the eigenfunctions Y™, set 

(9.63) f \Yr\ 2 dQ.= l 

* 4n 

which we see is the same as requiring that | Y t m \ 2 integrate to unity over the surface 
of a unit sphere. 

We are now prepared to discuss the solutions to (9.51). The eigenfunction 
equation for L z gives 


(9.64) A- Y, m = imY, m 

o<p 

This equation determines only the <f> dependence of Y, m . If we set 

(9.65) TO <f >) = ®„(0©, m (0) 


330 angular momentum 


the equation above gives 

(9.66) = -4= 

y/2n 

which satisfies the normalization 

(9.67) ' fW |4>J 2 = 1 

Jo 

The index m can be determined from the single valuedness 1 of the wavefunction <J>. 
That is 

0(0) = 0(0 + 2 7t) 

e f«2* _ J 

which is only satisfied for integral values of m: 

(9.69) m = 0,1,2,... 

As demonstrated in Section 9.2 the values of m run from -f to + /, whence / is also 
an integer. Thus we obtain the result stated previously that the /, m orbital angular 
momentum quantum numbers are integers only. We also see how this property 
follows directly from boundary conditions imposed on the wavefunctions Y t m . 
Spin, being an intrinsic property of a particle, is not so constrained, and the related 
quantum s numbers may assume half-odd-integral as well as integral values. 


Legendre Polynomials 

We have found that the eigenfunction Y t m has the structure 


(9.70) 


Y, m = 


e i-O0 ( *(0) 

y/2n 


Substituting this function into (9.51), together with the explicit expression for L 2 as 
given by (9.58), gives the following equation for ©, m (deleting / and m indices, for 
the moment): 


(9.71) 


1 


sin 9 d$ 


d (. Q d&\ 

—( sin0 de) + L 


/(/ + 1) - 


m 


sin 2 6 


,]© = 


0 


‘ On physical grounds it is more appropriate to require that |<P| 2 be single valued. However, this can be shown to be 
equivalent to the single valuedness of tD for the case in point For further discussion, see K. Gottfried, Quantum Mechanics, 
W. A. Benjamin, New York, 1966. 
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or equivalently, in terms of the variable, 

fi s cos 0 

(972) |[ (1 -'‘ !, S] + [' ( ' + 1) -T^?] e -° 

-1 < M < +1 

Let us outline the method by which this equation is solved. 1 Setting m = 0 
and /(/ + 1) = X in (9.72) gives Legendre’s equation, 

(9J3) + 

where we have set ©? = ©,. Referring to (9.58), we see that (9.73) is an eigenvalue 
equation for L 2 /h 2 (corresponding to L z = 0), with eigenvalue X. A solution to 
(9.73) may be sought as a series 2 in powers of fi. The requirement that this series 
solution remain bounded in the interval -1 < g < +1 implies that: (1) the eigen¬ 
value X must be of the form /(/ + 1), where l > 0 and is an integer, and (2) the series 
solution for ©, contains, at most, a finite number of terms. The first conclusion 
returns the form of the eigenvalues of L 2 given previously by (9.14), namely, L 2 = 
h 2 l(l + 1). The second conclusion indicates that 0, is a polynomial of order /. These 
polynomials, called Legendre polynomials, are commonly denoted as P t {p), so that 
apart from a multiplicative constant, &,(p) = P,(p). The series summation for this 
solution may be expressed in the concise form, called the formula oj Rodrigues, 

<974) 

With this solution to (9.73) at hand, the solution to (9.72) is obtained by first 
constructing the associated Legendre polynomials. These are defined by 3 the following 
differential operation on Pi(p): 

(9.75) Pf(g) = (-l) m (l - g 2 r> 2 

dfi m 


1 For a more detailed description of this method of solution, see E Merzbacher, Quantum Mechanics , 2nd ed„ Wiley, New 
York, 1970. A closely related but more concise technique of solution is described in P. Stehle, Quantum Mechanics , 
Holden-Day, San Francisco, 1966. 

2 This method of series solution is explicitly demonstrated in Chapter 10 in the generation of Laguerre polynomials, 
which are components of the wavefunctions for the hydrogen atom, 

3 Another popular notation for these polynomials includes the (- 1 ) m factor explicitly in the Y { m functions. 
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for positive integers m < /. Differentiating Legendre’s equation (9.73) m times with 
2 = 1(1 + l), and 0, set equal to P,, and employing the definition (9.75), one readily 
deduces the equation 


(9.76) 


T »[ (1 ~ ^ 


i m”| r 

+ 

u J 


/(/ +1) - 


Comparison with (9.72) indicates that P, m (/i) is a solution to this same equation. 
Furthermore, (9.72) remains unchanged if m is replaced by -m, and we may con¬ 
clude that P,~ m (p) is also a solution to this equation, so that apart from a multi¬ 
plicative constant, P, m is equal to P, _m . 

In summary, we have found that the solutions ®7(p) to (9.72) are given by 
the associated Legendre polynomials P, m (ji). In addition, we see from the foregoing 
construction how the quantum conditions (9.14) emerge from the requirements 
that 17 ( 0 , 4>) remain nonsingular and single valued in the intervals -1 < p < +1, 
0 < <f) < In. 

The precise relation between 0"(ju) and P t m (p) as defined by (9.75) follows 
from the normalization condition (9.63). 




There results 
(9.77) 


©7(p) = 


21 +1(1- m)f 
2 (/ + m)!_ 


1/2 

pr(fi) 


The first few spherical harmonics, Y t m , are listed in Table 9.1. Important properties 
of the Legendre polynomials, P„ are listed in Table 9.2, while properties of the 
associated Legendre polynomials, P| m , are listed in Table 9.3. 


Polar Plots of Y[" and Spherical Harmonic Expansions 

When a system such as a rigid rotator is in an eigenstate of L 2 and L z , the z axis 
is said to be preferred. Namely, measurement of L 2 is certain to find a specific value. 
However, in this state, it is still true that the x direction is in no way preferred over the 
y direction. Thus the probability density, |T, m l 2 . is rotationally symmetric about 
the z axis or, equivalently (from 9.70), | y, m | is independent of <£. The function 1171 
is a surface of revolution about the z axis. 

(978) ia = -4l©."(co S e)l 



TABLE 9.1 The first few normalized spherical harmonics and corresponding associated Legendre 
* polynomials" 


17W 


[21 + 1(1- m) f| 1/2 

' - T~ 7, - 7, P " (cos 6)e 

4« (/ + m)!_ 


J‘ , d cos 0 ^ y;-( rrr = s u . 


Po = i 

P, 1 = —sin 0 
Pj° = cos 0 


P 3 3 = A sin3 0 


r,-' 


1 /( 2 /+ 1 )! - 

T777 /---Sin' 111 

2 1 /! V An 


n 21 + 1 
15 =V-^r p ' (cose) 

I 2/ 4- 1 

II w, *)l 2 = 


m = -1 

Y[~ m 


4n 


p t ~ l = ^sin 0 

y 0 ° - ( 

P 2 2 = 3 sin 2 0 

V 

P 2 l — -3sin0cos0 

yi 1 = - 

p 2 ° = |(3 cos 2 0 - 1) 


P 2 " 1 = £ sin 0 cos 0 

y 0 - 1 

1 2 

P 2 ~ 2 = £sin 2 0 


P 3 3 = -15 sin 3 0 

yr 1 = 

P 3 2 = 15 sin 2 0 cos 0 

i 

P 3 * - sin 0(5 cos 2 0-1) 

v 2 _ 1 

^ "4 

P 3 ° = K5 cos 3 0 - 3 cos 0) 

v - - 

P 3 " 1 — £ sin 0(5 cos 2 0—1) 

i 

P 3 “ 2 = £sin 2 0cos 0 



= (-i w m r 

12 


\4«/ 


KrJ" 


oi<t> 


COS 0 
l‘ /2 

sin 9e 


1/2 


y,- 2 


y 3 3 = 


y , 2 = 


sin 9 cos 


1 /5\ 1/2 

(-1 (3 cos 2 0-1) 

1 /15\ 1/2 

= - I — I sin 0 cos 9e l<t> 
2\2n) 

1 /15\ 1/2 

-y sia2ee - 2 * 

1 /35V' 2 . _ 

-«(7j sin0 ^ 

1 /105\ 1/2 

- [ —) sin 2 0 cos 0c 2l> 

4 \2nJ 


y , 1 = 


1 /2iy /2 A 

- I — I sin 0(5 cos 2 0 - iy* 


■‘-50” 

1 /21\ 1 

= - 1 — I sin 0(5 cos 2 0 — 1 )c '* 

"r 


y ,- 1 


(5 cos 3 0 — 3 cos 0) 
1/2 


y 3 ~ 2 


1 /105\ 1/2 , 

= 7 (7T~ I s ’ n2 ^ cos & e 2l * 
4\2n 


'•-SO”- 


0c“ 3 * 


“Defining relations for P/Oi) and P, _ "(/i) are given in Table 9.3. Comparison with other notations for the 
spherical harmonics and their related functions may be found in D. Park, Introduction to the Quantum Theory, 
2nd ed., McGraw-Hill, New York. 1974. 
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TABLE 9.2 Properties of the Legendre polynomials 

Generating Formulas 

(1 - 2fiS + A 2 ) -1/2 = X P M si 
1 = 0 


Pfa) = 


2 1 /! dfx 1 


(d 2 - 1 )' 


-lS)iSl 
/ = 0, 1,2,3,... 


Legendre’s Equation 


(1 - d 2 ) 


2 J 2 P,(d) , dPM 


PP -2d -p + 1(1 + l)P,(d) = 0 

dg dg 


Recurrence Relations 

(/ + l )P t+l (ji) = (21 + l )fJ>An) - iP t -M 


(l - p 2 )~Pi(p) = -ifiPM + iPi-i(v) 

dfi 

Normalization and Orthogonality 

J 1 (, = m) 

= 0 (/ ^ m) 

The First Few Polynomials 

P 0 = 1 P 2 = i(3M 2 - 1) P. = i(35^ 4 - 30/j 2 + 3) 

P. = g P 3 = USg 3 ~ 3g) P s = M63g 5 - 70/i 3 + 15 g) 

Special Values 

Plg) = (-i)‘P,(-g) P,(l)=l 


Polar plots of these functions for / = 0, 1, 2, and all accompanying m values, in any 
plane through the z axis, are sketched in Fig. 9.10. 

The functions Y, m (6,<f>) are a basis of the Hilbert space of square-integrable 
functions tp(0, 4>) defined on the unit sphere. Such functions may be normalized as 
follows. 


(9.79) 


MO, </.)|| 2 = <vk> = 



d cos 0 tp*tp = 1 


The expansion of <p in spherical harmonics is given by 
(9.80) <KM)= t X 

1 = 0 |m| < l 


The coefficient of expansion a lm is given by the inner product, 

a im = (Yr\<P> = cos 0[TO 4)]*m 4>)' 


(9.81) 
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TABLE 9.3 Properties of the associated Legendre polynomials 


Definition 

prw = (- ini - n 2 r 2 ~ pm; p,° = p, 

For these equations, mis taken as > 0. In the formulas below, however, m may be < Oalso;/ = 0123 


Differential Equation 


d 2 pr(n) „ dprtn) 


(1 - P 2 )^^ - 2,^ + L + 1) - , ^ 2 1 Pf 

L i - n 1 


dn 2 


dn 


in) - o 


Recurrence Relations 

(21 + i )nP, m (n) = (i - m + i )P,+i m (n) + (/ + m)P,. l m (n) 

(2i+ i)o - n 2 y i2 pr(n) = p,-r +i (n)~ p„r + '(n) 

dP m (u) 

(1 “ = (l+ -d-m + 1 )P l+ r(n) 

= - lnPi m (n ) + d + m)P,-r(M) 

(l - n 2 )' l2 Pi m "(n) = d- m)nPr(n) -d + m)P,- X m (n) 

= -(I+ m+ l)P, m (n) + (I — m + 1 )P l+ ,"00 



Normalization and Orthogonality 
2 (/ + m)\ 


Pi m (n)P* m (li)dn = 


2/ + 1 (/ - m)! 


(/ = *) 


= 0 




Suppose that at a given instant a system (e.g., a rigid rotator) is in the state <p(0, <p). 
Then the probability that measurement of L 2 finds the value h 2 l(l + 1) is 

(9-82) P[hH{l + 1)]= I |a, m | 2 

m — -l 

while the probability of finding L z with the value hm is 
(9.83) P(tim) = £ ]a lm \ 2 

l=\m\ 

For example, consider that a rotator is in the state 

<p(0, 4>) = A sin 2 0 cos 2<f> 
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FIGURE 9.10 Polar plots of | K"| versus 0 in any plane through the z axis for / = 0, 1, 2. The equality 
I Y t m \ = | Y t ~ m \ is exhibited. 

What values of L 2 and L z will measurement find ? To answer this question, in principle 
we should first evaluate the coefficients a im given by the operation (9.81). However, 
for the case at hand, reference to Table 9.1 reveals that <p is the simple superposition 

<p = A'(Y 2 2 + y 2 - 2 ) 

where A and A are constants. So the only coefficients that enter the expansion (9.80) 
are a 22 and a 2 _ 2 . We may conclude that measurement will find the value L 2 = 6 h 2 
with probability 1 and the values L z - ±2h with equal probabilities of No other 
values of L z and L 2 would be found for a rotator in the state given above. 


Second Construction of the Spherical Harmonics 

Let us now turn to the second procedure for finding the Y™ eigenfunctions, initiated 
by (9.52). Consider that we have already solved for the eigenfunction of L z , so that 
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(p im is known to be in the form given by (9.70). Equation (9.52) then becomes 

(9.84) L+ e w 0,'(0) = he i4> ^ + i cot 0 = o 

Bringing the exp (il<f>) factor through the differential operator gives (deleting the 
/-scripts for the moment) 


(9.85) 

Substituting the relation 

(9.86) 


— 0 = / cot 6 © 


/ cot 6 = — In sin* 6 

0 u 


and then dividing through by 0 gives 

(, - 87) 4i®-i in0 -s insin ' e 

This is simply integrated to yield 

(9.88) &i = An sin' 6 
where A n is a normalization constant. It follows that Y‘ is 

(9.89) Y, 1 = sin' 6 e"* 

yj'ln 

which agrees with the values given in Table 9.1. The eigenfunction Y t l ~ 1 is obtained 
from Y t l through the operator £_ . 

(9.90) L_ Y/ = Y t l ~ 1 
In this manner we obtain 

(9.91) Y}- 1 = A^^'-^sin*- 1 61 cos 0 

which is also in agreement with the values given in Table 9.1. The relations between 
£+, and the Y™ functions with correct normalization factors are given in 
Table 9.4. 

We conclude this section with the following example. Suppose that a rigid 
rotator is in the eigenstate of L 2 and L z corresponding to / = 1 and m = 1 (i.e., Yi 1 ). 
What is the probability that measurement of L x finds the respective values m = 0, 
±1? To answer this question we must expand Y ^ in the eigenfunctions of L x . 
These eigenfunctions are solutions to the equation 

L x X(6 , <j>) = hotX(0, <i>) 


(9.92) 
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TABLE 9.4 Normalized relations between £ + , £_, L x , L s and tbe states |/m>* 

£ 2 | Im) = mh\lmy 

£ + |/m> = fi[(l — m)(l + m + + 1> 

£- |/m> = *[(/ + m)(/ - m + 1)] 1/2 |/, m - 1> 

£jf»>> = - m)(/ + m + l)] 1,2 |/,m + 1> + i«[(/ + m)(l -m + 1)] 1,2 |/, m - 1> 

£,|/m> = - m)(/ + m + l)] 1/2 |/, m + 1> + iifiW + m)(l - m + 1)] 1/2 |/, m - 1> 

£ ± |/m> = hW + 1) - m(m ± l)] 1/2 |/,m ± 1> 


J These normalization relations also apply to the total angular momentum operators, j ± , j x> j yi 7., and 
7 2 , where 

= trj(j + 


The student may question why these functions are not simply the spherical har monise 
y, m . After all, there is no intrinsic difference between L x and L z . The answer is that the 
eigenfunctions of L x are the Y, m functions if we define the x axis as the polar axis, 
so that 6 is angular displacement from the x axis. However, for the problem at hand 
the z axis is the polar axis and the X functions are a bit more complicated. 

Writing L x as 

(9.93) L x = KL + + £_) 

it is clear that L x Y™ gives a combination of spherical harmonics with the same l value. 
Also, since all Y t m functions with |m| < / are eigenfunctions of £ 2 with eigenvalue 
h 2 l(l +1), any combination of such functions is an eigenfunction of £ 2 with eigenvalue 
h 2 l(l + 1). 

With these properties in mind we seek a solution to (9.92) in the form 

(9.94) X = aYS + bYS + cYr 1 


The problem of finding the eigenfunctions of L x (corresponding to / = 1) is then 
reduced to finding the coefficients a, b, and c in the expression above. 

From the properties of £ + and £_ listed in Table 9.4, we have 


(9.95) 


£ + y!° = V2&V 
£ + yr‘ = V2fty,° 
£_y,° = y^yr 1 

£- Ti 1 = v/2ftTi 0 


Substituting the expansion (9.94) into the eigenvalue equation (9.92) and using 
the relations above gives the equation 


(9.96) (ay, 0 + fey, 1 + fey, -1 + c y,°) = ^(ay, 1 + by, 0 + cy,- 1 ) 

Since the Y, m functions form a linearly independent sequence, it follows that the only 
way to guarantee equality for all values of 0 and <j> in the equation above is to set the 
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coefficients of individual Y™ functions equal to zero. This gives the following set 
of three homogeneous algebraic equations: 


(9.97) 


—•Jltt. 1 0 

1 -y/20L 1 

, o 1 -V2« 



A nontrivial solution of these equations occurs only for values of a that make the 
determinant of the coefficient matrix vanish. Setting the determinant equal to zero, 
one obtains 


(9.98) a (a 2 - 1) = 0 
which gives the eigenvalues 

(9.99) a = 0, a = 1, a = — 1 


Substituting these values back into (9.97) gives the (normalized) eigenvectors 


(9.100) 


*o = 



(V - Tr 1 ), 


x+ = t(V +^/2Y 1 ° + Yi' 1 ), 


a = 0 


a = +1 


X.=^Y l 1 - y /2Y l °+Y l ~ 1 ), *=-1 

With these eigenfunctions of L x at hand it becomes a matter of inspection to construct 
the linear combination that gives 1 . It is given by 


(9.101) T! 1 = *(X + + V 2X 0 + X.) 

It follows that if the rotator is in the eigenstate of L 2 and L z corresponding to / = 1, 
m = 1, then the probability that measurement of L x finds the value +h is L the 
probability of finding —h is and the probability of finding 0 is | (Fig. 9.11). 



FIGURE 9.11 Given the state L 2 = 2 ft 2 , 
L z = tu what is the probability that measurement 
of L x finds the values ±tu 0? Geometrical con- 
struction shows that two projections of L give 
L x — 0, while one projection gives L x — + h and 
one projection gives L x = —ft. 




PROBLEMS 


9.14 Use transformation equations (9.55) to obtain the expression 

Answer 

From (9.55) we obtain the following useful relations. 


r 2 = x 2 + y 2 + z 2 , 

08 _ cos 0 cos 8 
dx r 


cos 8 = 


z 

r 


tan <j> = - 
x 


S<t> y 2 

_ =-- cos" <j) 

dx x 2 


dd sin 0 cos 0 
dy r 

d8 _ sin 8 
dz r 

dr _ x dr y dr z 

dx r* dy r ’ dz r 

For example, from cos = z/r, one obtains 

_cin - - AI _ _ ^ _ ^OU/r) 

dx dx r r 3 r 

Substituting these expressions in the expansion 


d<j> cos 2 </> 

dy x 


d<t> 




dz 


cos 8 sin 8 cos 0 
r 


L 2 = 


-•v* 


'to 


— ih x(^ ^ d Or 0 

\dy 08 dy d<j> dy dr t 


(08 d d(j) d dr d\"l 

*\dx d8 dx dtp dx dr) J 


gives the desired result. 

9.15 (a) Whatistf.LJ? 

(k)_Calculate the root-mean-square deviation A(j> for a particle in the uniform state 

(f> = \jsjln. (Hint: Perform your integrals over the interval 

(c) Write down an uncertainty relation seemingly implied by your answer to part (a) and 
argue the physical inconsistency of this relation in view of your answer to part (b). 


Answers 

(a) 

(b) MU-X/y/3 

(c) One is tempted to write A0 A L. > h/2; however, by virtue of the result in part (b), 


340 
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uncertainty in 0 greater than tt/^/ 3 has little physical meaning. In the extreme that the system is in 
an eigenstate (e.g., Y { m ) of £ = , AL Z = 0 and the uncertainty relation gives A0 = oo. Thus we may 
conclude that the assumed uncertainty relation is erroneous. [Note: Consider the space of functions 
5* whose elements have finite norm on the finite interval (0, 2n) (i.e., Jo" cp*cp dtp < oc). It has 
been pointed out by D. Judge 1 that £ z is not Hermitian on this space. As a consequence, the 
derivation of the uncertainty relation between 0 and £ z from their commutator relation fails. 
The non-Hermiticity of L z on g^ may be seen as follows. It is evident that the Hermiticity con¬ 
dition <£ 2 <pi \(p 2 y = (<P\\L z (p 2 y is valid only on the subspace g^' c: g^ whose elements are 
periodic: cp( 0) = <p(2n). Hence £ z is non-Hermitian on g^. Specifically, note that even though 
(p(<p) is periodic, the product <l>(p(<j>) is not periodic and one may not invoke Hermiticity of L z with 
respect to functions of this type. This is the crux of the breakdown in the proof of the uncertainty 
relation. See Problem 5.42.] 

9.16 In regard to inconsistencies presented by the azimuthal angle 0, as discussed in Problem 
9.15, it has been pointed out by W. Louisell 2 that more consistent angle variables are sin 0 and 
cos 0. 


(a) Show that 


[sin 0, £ J = ih cos 0 
[cos 0, £j = — ih sin 0 


(b) Use these commutator formulas to obtain uncertainty relations between sin 0, L z 
and cos 0, L z . 


Answer ( partial ) 

(b) 


A L z A sin 0 
A L z A cos 0 


> 


> 


fr<COS 0> 
2 

ft<sin 0> 
2 


9.17 (a) Show that the operator 


= exp 


'i A d>L z \ 


when acting on the function / (0) changes f by a rotation of coordinates about the z axis so that the 
radius through 0 is rotated to the radius through 0 + A0. That is, show that 

= m + H) 

(b) Show that the operator 


= exp 


(i A0 • £ 


1 D. Judge, Nuovo Cimento 31, 332 (1964). For further discussion and reference, see P. Carruthers and N. Nieto, Rev. Mod. 
Phys . 40,411 (1968) 

2 W. Louisell, Phys. Lett. 7, 60 (1963). 
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FIGURE 9.12 The rotation operator ^ changes 
/(r) by rotating r through the azimuthal increment 
See Problem 9.17. 


when acting on/(r) changes/by rotating r to a new value on the surface of the sphere of radius 
r, but rotated away from r through the azimuth A</>, so that r(0, </>)-> r' = r(0, <p + A<j>). For 
infinitesimal displacements Sijt, we may write 

*»f(r) = fir + *) 

<5r = 8«|> x r 

See Fig. 9.12. 


Answers 


(a) 



= + A<t> 


V 

6<p 


3 2 f 
2 d<j> 2 


+ ••■ = /(* +A*) 


(b) Let d<f> be an infinitesimal angle so that A<t> = nd<j> in the limit that nf>l. For the 
infinitesimal rotation 


r' = r + <5r = r + <5<|> x r 

/(r + <>r) = /(r) + x r-V/(r) 

= /(r) + ^tx V/(r) 

= /(f) + ^frx p/(r) 
= /(r) + L/(r) 


so that 
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In the Taylor series expansion of/(r + <5r) above we have only kept terms of 0{S<j}). [The ex¬ 
pression Sr ~ <5<|> x r is valid only to terms of 0($<j>).] In this manner we obtain 


/(r + Sr) + t j/(r) = R s +f( r) 

For a finite rotational displacement through the angle A<|> = m5<|>, we apply the operator 
n times: 

t> = — (j ^ ^ 

and pass to the limit n -> oo or, equivalently, A<j)/S<t> -+ oo. 

Ra<p = lim |/ + — <5<J> • L 

{Note: The operator R d + rotates r to r + <5<|> x r with respect to a fixed coordinate frame. If, on 
the other hand, the coordinate frame is rotated through £<|> with r fixed in space, then in the new 
coordinate frame this vector has the value r — Sty x r. Thus, rotation of coordinates through <5<|> 
is generated by the operator R-s+) 

9.18 Show that L 2 may be written as 

n > 2 /a d 1 d 2 \ 

L “ ~ h W + cote ee + tirSeW 2 ) 

9.19 Show by direct operation that 

L 2 Y 2 2 = 6h 2 Y 2 2 
L z Y 2 2 = 2h Y 2 2 

9.20 First calculate P 2 (m) using the generating function (1 - 2 fis + s 2 )~ 1/2 . Then obtain P 2 l (//) 
using the relation between P t and P x m given in Table 9.3. Having found P 2 1 , form 0 2 1 and then Y 2 x . 
Check your answers with the values given in Table 9.1. 

9.21 Using the explicit form of Y x m y show that 

<>71 Y v m ') = </m|/ f m'> = 0 to # rri 

9.22 Operate on Y}~ 1 with £_ to obtain the angular dependent factor of Y{~ 2 . 

9.23 Assume that a particle has an orbital angular momentum with 2 component hm and square 
magnitude h 2 l(l + 1). 

(a) Show that in this state 

a x > = a,> * 0 




= e 


,IA4‘Lf* 


(b) Show that 


<£, 2 > = <l, 2 > = 


h 2 l(l + 1) - m 2 h 2 
2 


[Hints: For (a), use £+ and £_ . For (b), use £ 2 = L x 2 + L 2 + £ 2 2 .] 
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9.24 The same conditions hold as in Problem 9.23. What is the expectation of the operator 
j(L x L y + L y L x ) in the Y ( m state? 

9.25 A D 2 molecule at 30 K, at t = 0, is known to be in the state 


m <M) 


3 Y x l + 4T 7 3 + T? 1 

s/26 


(a) What values of L and L z will measurement find and with what probabilities will these 

values occur? 

(b) What is ij/(9 , 0, r)? 

(c) What is <£> for the molecule (in eV) at t > 0? 

(Note: For the purely rotational states of D 2 , assume that h/4nlc = 30.4 cm’ 1 .) 

9.26 At a given instant of time, a rigid rotator is in the state 


<p(0, <f)) — — sin <f> sin 6 

' 4k 


(a) What possible values of L z will measurement find and with what probability will these 
values occur? 

(b) What is <L X > for this state? 

(c) What is <£ 2 > for this state? 

9.27 Suppose that a rotator is in the state Y 1 ~ 1 . What values will measurement of L x find and 
with what probability will these Values occur? (Hint: Most of the analysis in the text [(9.92) et seq.] 
involving the expansion of the state Y x 1 may be used*here.) 

9-28 A one-particle system is in the angular state Y { m . Measurement is made of the component of 
L along the z f axis. The z' axis makes an angle k with the z axis. What is the expectation of this 
component? What is the expectation of the square of this component? (See Fig. 9.13.) 
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Answer 

For the first problem we must calculate <e z > * L>, where e z > is the unit vector in the direction of the 
z axis. For the second problem, we must calculate <(e z - * £) 2 >. The components of e 2 . are 

e z - — (sin X cos /?, sin X sin /?, cos X) 

where ft is the azimuthal coordinate of e z with respect to the original axes. 

<e z - • £> = sin X cos ft(L x } + sin X sin fi(L y ) + cos A<L Z > = hm cos X 
<(e z - *£) 2 > = sin 2 A<L x 2 ) + cos 2 A<L_ 2 > 

9.29 With ©,(//) replaced by in (9.73), show that single differentiation of this equation gives 
(9.72) with ©(//) - P'ifi) and m = 1. 


9.4 ADDITION OF ANGULAR MOMENTUM 
Two Electrons 

In this section we examine the relation between the angular momentum of a total 
system and that of its constituents. This problem is of practical importance in atomic 
and nuclear physics where one encounters systems of many particles (e.g., electrons, 
neutrons, protons, etc.). In many cases one is chiefly concerned with the resultant 
angular momentum of the atom or nucleus. 

Consider two systems that are rotating about a common origin. They could be 
two rotators or two electrons in an atom (Fig. 9.14). We will speak in terms of an 
atom. If the angular momentum (neglecting spin) of the first electron is Lj and that 



L=Lj +L2 


FIGURE 9.14 Classical addition of angular momen¬ 
tum. The two angular momentum vectors L t and L 2 
add to give the resultant L. 
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of the second electron is L 2 , the magnitude and z component of the total angular 
momentum of the composite system of the two electrons is 

1Q2) = = ^i 2 + U 2 + 2Lj • t 2 

L z = L lz + L 2z 

Suppose that the total system is in a state with definite values oiL lz ,L 2z (e.g., |m 1 m 2 ». 
How much further may this state be resolved? Since there are only two good 
quantum numbers associated with each electron (i.e., m x l x and m 2 l 2 ), one suspects 
that the composite system will have no more than four good quantum numbers. 
As it turns out, the eigenstate |m 1 m 2 > may further be resolved to the state | l x l 2 m x m 2 }. 
This state cannot be further resolved. For instance, one might wish to measure L 2 . 
If the atom is in the state |/ 1 / 2 m 1 m 2 ) before measurement, we are not assured that 
it will be in that state after measurement of L 2 . That this is so follows from the fact 
that L 2 does not commute with, say, L lz . 

(9.103) [L lz , L 2 ] = [L lz , l 2 + L 2 2 + 2t, • t 2 ] 

— 2| L, Xz , l* x ' L 2 ] = 2ih(L ly L 2x — L Xx L 2y ) 

In order to establish that the set of eigenvalues (£, l 2 ,m x , m 2 ) are good quantum 
numbers (i.e., that these values may be simultaneously specified in an eigenstate 
|/i/ 2 m 1 m 2 », one must show that the set of four operators (L u , L 2z , L x 2 , L 2 2 ) are 
a set of mutually commuting operators. The fact that no other commuting operators 
(restricting the discussion to the angular momentum properties of the system) can 
be attached to this set indicates that (L iz , L 2z , L x 2 , L 2 2 ) is a complete set of co mm uting 
operators. 

We wish to show that 

(9.104) lL lz> L 2z ] = [L lz , L^] = [Li,, L 2 2 ] = [L 2 „ L, 2 ] 

= LL 2z , L 2 2 ] = [Li 2 , L 2 2 ] = 0 

The fact that [£j 2 , L lz ] = 0 was shown in Section 9.1. The commutators [Li„ L 2z ] 
vanish because the coordinates of system 1 are independent of the coordinates of 
system 2, so that, for example, 



All other terms in (9.104) vanish for similar reasons. 

Suppose that we measure L 2 and L z and establish the state | lm). Can this state 
be further resolved? Yes. One may subsequently measure L x 2 and L 2 and not 
destroy the eigenvalues of L 2 and L z already established. After measurement, the 
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system is left in the state To show that /, m, /*, and l 2 are good quantum 

numbers, we must establish that the set (Z^ 2 , L 2 2 , £ 2 , L z ) is a set of commuting 
operators. The only questionable pairs are of the form 

[L^L 2 ] and [Lj 2 , £j 


Expanding these, we obtain 


(9.105) 


[Lj 2 , £j 2 + L 2 2 + 2tj • t 2 ] = 2[L, 2 , £j • t 2 ] = 2[L, 2 , tj] • t 2 = 0 
[L, 2 , LJ = [£j 2 , Lj, + I 2 J = [Lj 2 , Lj J = 0 


Coupled and Uncoupled Representations 

Thus we find, in quantum mechanics, that the angular momentum states for a 
composite system consisting of two subsystems are characterized by either of two 
sets of good quantum numbers. These correspond, respectively, to the eigenstates 
| / 1 / 2 Wim 2 ) and | ImlJ^. The latter states pertain to problems where the total angular 
momentum of the composite system is important. We will call this representation 
where L 2 and L z (together with L 2 and L 2 2 ) are specified the coupled representation 
(Fig. 9.15). The representation where the z component and magnitude of angular 
momentum are specified for all subcomponents (i.e., Z^ 2 , L lz , L 2 2 , L 2z ) will be called 
the uncoupled representation . 



I 


FIGURE 9.15 In the coupled representation, L } 
and L 2 couple to give L, which then exhibits discrete 
orientations along any prescribed axis. In this vector- 
model sketch of the state | the z components 

of L, and L 2 are not conserved. This corresponds to 
the fact that most generally, \hn! x l 2 ) is a super¬ 
position state involving all m 2 values with fixed 
m x + m 2 — m. 
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\ 

\ 

\ 


FIGURE 9.16 Angular coordinates for particle m v 
and particle m 2 . Two important addition theorems in¬ 
volving the angle ft between Om, and 0 m 2 are 

(a) cos /? — cos 0, cos 0 2 

+ sin sin 0 2 cos (4> l - $ 2 ) 


(b) 


P,( cos/?) = £ 

m= - l 


(/ — m)! 
(/ + m)! 


x PAcos 0 1 )P / m (cos0 2 y m ^>-^) 
2n 

21 + 1 
/ 


The eigenstates in either representation are constructed from products of the 
eigenstates Im^) and |m 2 / 2 >. In the uncoupled representation the simultaneous 
eigenstates of (L l 2 , L lz , L 2 2 , L 2z ) are given by the products 

(9.106) = |/ 1 m 1 >|/ 2 m 2 > 

or, equivalently, 

V‘(01> V 2 (0 2,<Pl) 

The spherical coordinates of electron 1 are 8 U <j>i while 0 2 , </> 2 are the coordinates of 
electron 2 (Fig. 9.16). For given values of /, and l 2 there are (2/j + l)(2/ 2 + 1) 
linearly independent eigenstates of the composite system each of the form (9.106) 
and each with specified values of (l u l 2 , m u m 2 ). 

Eigenstates | ImlJ^ of the coupled representation are simultaneous eigenstates 
of the commuting operators 

L 2 = L t 2 + L 2 2 + 2t 1 t 2 
(9-107) L z = L u + L 2z 

Li 2 , L 2 2 

Any such state may be written as a superposition of the eigenstates of the uncoupled 
representation (9.106). In both representations /j and l 2 are good quantum numbers. 
It follows that in the expansion 

(9.108) I lmlil 2 y = 717] \lil2 m i m 2}(lil2 m i m 2\l m hl2y 

mi+m2=m 
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summation can only run over the quantum numbers m x and m 2 . The constraint 
+ m 2 = m stems from the middle equation (9.107) and the orthogonality of 
the states | / 1 / 2 m 1 m 2 >. Equation (9.108) may be rewritten 

(9.109) \lml 1 l 2 >= C nim2 |/ 1 I 2 mim 2 > 

mi + m2 — m 

c mim2 = 

The expansion coefficients C mim2 are called Clebsch-Gordon coefficients and their 
significance is as follows. Let the composite system be two electrons. In the state 
| ImlJ 2 > it is known that these electrons have respective angular momentum quantum 
numbers / x and l 2 , and total angular momentum and z component quantum numbers 
l and m. The question then arises as to what measurement of L l2 and L lz will find 
in the state | The answer to this question is that 

(9.110) |C mim J 2 = probability that measurement finds 

one electron with L lz = m x h and the 
other electron with L 2z = m 2 h 

As an elementary illustration of the technique employed to construct these 
coefficients, let us consider expansion of the state 


Um/ 1 / 2 > = |1, -1,1,1> 

With m x + m 2 = — 1, the expansion (9.108) becomes 

|1, -1,1, 1> = C O -i|l,0>|l, -1> + c. 10 |l, -1>|1,0> 

The coefficients C 0 - 1 and C _ x 0 are determined by normalization and propitious 
application of the L+ and L_ operators. For the case at hand, we operate on the last 
equation with 

L_ = -I - L 2 _ 


There results 

L_ 11, — 1,1,1> = 0 

= (Lj_ + L 2 _)(C 0 -i| 1,0>|1, -1> + C_ 10 |l, -1>|1,0» 
= n /2(C 0 -i + C_ 10 )|1,-1>|1,-1> 

We may conclude that 


Co-i — — C_io 

Normalization of the state 11, — 1,1,1 > gives C 0 _ t = l/>/2. 



Values of / for Two Electrons 

Next we consider the problem of finding the allowed values of (/, m), given (l u / 2 ). 
This problem is directly related to “two-electron atoms,” such as He and Ca, whose 
energy levels are /-dependent. Suppose that one electron is a p-electron (i.e., it is 
in a P state) and the other electron is a d-electron. What values can result for / and m 
(still neglecting spin)? 

Let us consider the general case where the two electrons have respective / values 
/ x and / 2 . Since 


L z — L lz + L 2z 

it follows that the maximum value m can have is 


or, equivalently, 

(9.111) 


m 


max 


= mi 


+ m 2r 


^raax 



+ b 


It is clear that of the various values the total angular momentum quantum number / 
may assume, the maximum value is equal to m max . With (9.111) we then obtain 

(9.112) / max = h + l 2 

In that / is an angular momentum quantum number, successive values of / differ 
from / max in unit steps down to some minimum value. What is this minimum value? 
To obtain it, we note the following. 

As noted previously, in the uncoupled representation there are (2l x -l- l)(2/ 2 + 1) 
independent, common eigenstates of L x 2 , L 2 2 , L lz , and L lz relevant to the two- 
electron system. These states span a (21 x -I- l)(2/ 2 -I- 1 )-dimensional space. A change 
in representation 1 from this basis to the common eigenstates of L 2 , L z , L x 2 , and L 2 2 
maintains the dimensionality of this space. This observation affords a method of 
obtaining / min . That is, keep decreasing / max in unit steps until the total number of 
independent states equals (2/ x + l)(2/ 2 -I- 1). 

Now the number of independent eigenstates with a given / number is 2/ H- 1. 
Then the value of / min we seek satisfies the equation 

'X 2 (2/+ 1) = (2/ 1 + l)(2/ 2 + 1) 

1 “^min 

This relation is satisfied if we set 


(9.113) 


^min I ^1 ^2 


1 The notion of changes in representation was discussed in Section 7.4 and will be developed further in Chapter 11. 
350 
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In this manner we find that the values of l corresponding to a system comprised of 
two electrons with respective / values and l 2 are 

(9.114) / = |/i — f 2 l. h + h 

For the problem cited above with one p electron (/j = 1) and one d electron 
(/ 2 = 2), the total angular momentum may be any of the values 

/ = 1, 2, 3 

L=hJ 2, L=hJ6, L = h s /12 

There are a totality of 

N = (2x1 + 1)+ (2x2+1)+ (2x3 + 1) = (2xl + 1)(2 x 2 + 1) 

= 15 

states, corresponding to these three values of /. For the case of two p electrons 
(/j = / 2 = 1) there are nine eigenstates. These are listed in Table 9.5. 

The distinction between the coupled and uncoupled representations is brought 
out in the following two sets of eigenstate equations. 

Coupled Representation 


I L2 \ 


/(/ + l) \ 

u 

IfoiMj) = h 2 

m/h | 



^i(U + !)| 

\M 


\l 2 (l 2 + 1 )/ 


TABLE 9.5 Nine common eigenstates |/m/,/ 2 ) of the opeators: L 1 , L 2 , Z., 2 , L 2 2 for two 
p electrons 


Diagramatic 

Representation 11 

llm/Jz) = X ^mimiKl m l)l M2 m 2>2 


tT 

|22 11> =|11> 1 |11> 2 


T- + -T 

|2111> = VillOillO), + ^110)1111)2 


T1 + - • + IT 

120 11) = V^l 1 1>I -J>2 + v/§l 10 >l|l°>2 + Til 1 ’ -'>1 

n>2 

•i + 1’ 

12,-1 11) = VillO),!!.-1> 2 + VilU-1>.|10> 2 


u 

|2,-2 11) = |1, - 1),11, -I), 


T---T 

|11U> = Villi), |10>2 - I0 >1 1 H>2 


U - IT 

| 10 11) = 1 1 >1 | 1, — 1 >2 — \/ll U “ 1 )2 1 11 )2 


■i-i- 

|i.-i ii) = v A|io>,|i. —i>, - v /i|i.-i>,i |0 >2 


U - ■• + !! 

loo ii> = vTl 1 1 >, 11, i >2 - vTl io>, i io> 2 + vjI h - ')i 

1 1 1 >2 


* The diagramatic representation of states is such that an up-arrow, a down-arrow, and a dot represent, 
respectively, ih = 1,-1, and 0 of individual electrons. 
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Uncoupled Representation 


/£ \ 
L ‘U 


1 mjh \ 

L lz 

|/l/ 2 WiW 2 ) = fl 2 

m 2 /h 

u 2 


W 1 + 1 ) 

f 2 
\ L 2 


( / 2 (/ 2 + l)j 




These equations are relevant, for example, to the case of two electrons, given that 
one is an £ electron and the other, an l 2 electron. 

For three electrons, in the uncoupled representation the six operators 


(£i 2 , £1 z> l 2s , l 3z ) 


form a complete commuting set. Good quantum numbers associated with these 
states are (l u m u l 2 , ro 2 , / 3 , ro 3 ). In the more relevant coupled representation, the 
six operators 

(£ 2 , L z , £j 2 , £ 2 2 , £ 3 2 , Ai 2 ) 


form a complete commuting set. The operator A 2 is given by 

(9.115) A 2 = a l2 (Li 4- t 2 ) 2 4- a 13 (ti 4- t^) 2 + ^ 23(^2 4- t 3 ) 2 

where the a coefficients are arbitrary. If l' is the eigen-/-value related to A t 2 , six good 
quantum numbers for the case at hand are (/, m, l u / 2 , / 3 , /')• 


PROBLEMS 

9.30 What are the eigenvalues of the set of operators (Lj 2 , L lz , L 2 2 , t 2z ) corresponding to the 
product eigenstate I m , / j ) | m 2 1 2 ) ? 

931 Let 3! and 3 2 be the respective angular momenta of the individual components of a two- 
component system. The total system has angular momentum 3 = 3! + 3 2 . Show that: 

(a) Jj*J 2 — jiJ 1 + J 2 - 4- J 1 - J 2 +) "l” *1 iz^ 2 z 

(b) J 2 — J 2 4 - J 2 -l- 2 J\ z J 2z 4 - (J\ + J 2 - 4 J 1 - J 2 +) 

9.32 (a) Using the expansions developed in Problem 9.31, operate on the coupled angular 
momentum eigenstates for two p electrons as listed in Table 9.5 with £ 2 and £ 2 , respectively, to 
verify the Im entries in each of the nine | /m/ 1 / 2 > eigenstates. 

(b) What are the Clebsch-Gordon coefficients involved in the expansion of the state 

| 0011 >? 

(c) What is the inner product <201110011>? 

933 (a) With respect to the diagrammatic representation of states depicted in Table 9.5, 
what are the states corresponding to the diagrams 


*0 = --, *1 = U + JT, *3 = ti? 
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(b) Expand each of these functions in terms of the nine diagrams listed in Table 9.5. 

(c) Are any of these three states eigenstates of L 2 ? [ Hint: Use the expansions obtained in 
part (b).] 

(d) Two electrons are known to be in the coupled state i^. What values of total angular 
momentum L will measurement find and with what probabilities will these values occur? 

9.34 Two p electrons are in the state |/m/^) = |1, -lll>.IfmeasurementismadeofL lz inthis 
state, what values may be found and with what probability will these values occur? 

9.35 Twop electrons are in the coupled angular momentum state | lml x l 2 y = |2, -2, 11). What 
is the joint probability of finding the two electrons with L lz = L 2z = -hi 

9.36 How many independent eigenstates are there in the coupled representation for a two- 
component system, given that /j = 5 and l 2 = 1 ? Make a table listing the ml values for all these 
states. 

9.37 Show that A 1 2 as given by (9.115) commutes with L 2 and L z . 

9.38 The eigenstate corresponding to maximum / for the three-electron case is 


(a) What are the eigenvalues of £ 2 , L z corresponding to this state? 

(b) What is the eigenvalue of the operator A x 2 given by (9.115) corresponding to this state ? 


9.5 TOTAL ANGULAR MOMENTUM FOR TWO OR MORE ELECTRONS 


We are now concerned with the possible values the total angular momentum / 
numbers may assume for a system of N electrons with respective values: l u / 2 ,..., l N , 
in the coupled representation. A totality of (2l 1 + 1) (2/ 2 + 1) • • (2 l N + 1) product 
states may be formed which are simultaneous eigenstates of the set of operators 



f 2 f 2 f 2 

> -^1 > ^2 5 



We must make sure that our procedure for calculating these l values preserves this 
number of states. This affords a check that we have found all l values. 

The possible values that / can assume may be obtained by one of two techniques. 
The first technique follows from the rule (9.114) for the addition of the angular 
momenta of two electrons with respective l values: / x and l 2 . In this case the combined 
angular momentum 

L 2 = (t x + t 2 ) 2 
has eigenvalues, h 2 l(l + 1), where 

/ = |/i + / 2 l,...,Ui -/ 2 I 

Consider the case of three electrons. Their total angular momentum is given by 

L 2 = (L x + L 2 + t 3 ) 2 
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This may be rewritten in the form 

D = (t' + t 3 ) 2 
t = + t 2 

Suppose that one of the l values corresponding to L' 2 is /'. Then the / values cor¬ 
responding to the total angular momentum £ 2 are 

(9.116) / = |/' + / 3 |,...,|/'-Z 3 | 

This again follows the rule of (9.114). For example, consider the case of three p 
electrons (/j = / 2 = l 3 = 1). Then for the first two electrons we have 

Z' = |/i + / 2 |,...,|/i -/ 2 I = 0,1,2 


Adding the third electron gives [using (9.116)] the Z values 


Z' = 0 
/' = 1 
/' = 2 


/ = |/' + Z 3 |,...,|Z'-Z 3 
l = 1 

l = 0 , 1 , 2 

/ = 1, 2, 3 


Thus we obtain the result 


Z = 0,1,2, 3 for three p electrons 


There is a distinct eigenstate for each distinct manner in which / may be formed. 
This gives a total number of 

(2 x 0 + 1) + 3(2 x 1 + 1) + 2(2 x 2 + 1) + (2 x 3 + 1) 

= 1+ 9+10+ 7 = 27 

states, which agrees with the product 

(21 ! + 1)(2Z 2 + l)(2/ 3 + 1) = 3x3x3 = 27 

For the case of N electrons with respective / values / l5 Z 2 , ..., l N , we follow a 
similar procedure. First, we add the angular momenta of the first two electrons. 
This gives 

/' = |/ 1 + / 2 |,...,|Z 1 -/ 2 | 

To these values we add the angular momentum of the third electron to obtain 


Z" = |Z' + / 3 |,...,|Z'-Z 3 
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There is a separate sequence of /" values for each value of Adding the angular 
momentum of the fourth electron gives 

r = \r + U\,-.;\r-u\ 

We continue in this manner until all individual angular momentum / values are 
accounted for. The final sequence gives all possible values of /. For three electrons the 
sequence of /" gives all the values of /. For four electrons the sequence for /"' gives the 
values of /. 


Addition Rules 

The values of total / obtained by sequential addition as described above may more 
simply be arrived at by the following rule. Consider N electrons with respective 
angular momentum values: /,, Z 2 ,..., V These values may always be ordered so that 


1 1 < I 2 ^ ^ In 


Let 


A = 


N- 1 




Then we have the following: 

(a) If /,v — A > 0, 

(9.117) / nta = l N — A 

(b) If / N — A < 0, 

(9.118) /'” in = 0 

(c) In all cases 

(9.119) /““= £/, 

1=1 

(d) The possible values of / that give the values of total L, 

L 2 = (L, + L 2 + • • • + Ljv) 2 = h 2 l(l + 1) 


are given by 
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As a simple example of this technique, consider the case of two p electrons and one 
/ electron (/ = Z 2 = 1, /3 = 3). Then 

A = 1 + 1 - 2 
/ 3 — A = 3 — 2 = 1 = / min 
/ max = 1 + 1 + 3 = 5 


Therefore, 


/ = 1, 2, 3, 4, 5 for two p-electrons and 

one /-electron 


The electron orbital angular momentum notation s, p, d, /, ... stems from 
atomic physics. The correspondence between these letters and / values of individual 
electrons follows the scheme 


symbol 

s p d f 9 h ■■■ 

/ value 

0 1 2 3 4 5 


This notation will be used again in Chapter 12. 

In Chapter 10 we will see how L 2 enters the Hamiltonian for one and two- 
particle systems. The Y t m functions will take on further significance. They will emerge 
as the angular dependent factors of the energy eigenfunctions for these systems. 

The topic of the addition of angular momentum is returned to in Chapter 
11, where the rules developed above are applied to the addition of spin angular 
momentum. In Chapter 12 these rules are again applied to the addition of orbital 
and spin angular momentum as related to one- and two-electron atoms. 

PROBLEMS 

9.39 What are the possible values of / for: 

(a) Four p electrons? 

(b) Three p and one/(/ 4 = 3) electrons? 

9.40 What is the wavefunction (in Dirac notation) for three p electrons in the state with / = m = 3 ? 

9.41 Show that the two schemes for obtaining the total l value for three electrons with respective 
/ values l u l 2 , and / 3 , as described in the text, are equivalent. 
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9.42 (a) Show that the technique of sequential addition for obtaining total / values in the 
coupled representation gives 


( 2/ 1 + /)( 2/ 2 + 1 )...( 2 / jv + 1 ) 

eigenstates. (Hint: Assume that / < l 2 < • ■ * < l N .) 

(b) How many eigenstates are there for three/electrons? 

9.43 In the uncoupled representation, N electrons are described by the simultaneous eigenstates 
of the 2 N operators 

(L\ , L-iz, L>2 2 > f-2z» ■ ■ • > £/V 2 > f-'JVz) 

In the coupled representation, the N + 2 commuting operators 

(£*,£.,£,*, £ 2 a ,...,V) 

are relevant, and there are iV + 2 good quantum numbers corresponding to these operators. One 
suspects that 2N ~~ (N + 2) — N — 2 operators may be added to this sequence, yielding a set of 
2 N commuting operators. 

(a) Construct such a set of N — 2 operators, {A 2 }. 

(b) Show explicitly that the terms in the sum A 2 2 commute with the sequence of N + 2 
operators given above. 

Answer (partial) 

(a) The first operator is 

A 2 = a 12 (t i + t-2) 2 + ^13(^1 + t 3 ) 2 + 

The second operator is 

A 2 — £ a ili2h ( L it + t i2 + t i3 ) 2 

t'l *12* *3 


= I a, i2 (t, + 


it #ii 


The (N — 2)nd operator is 

N 

^N -2 ~ X a ivi N - 1(^11 + ' ' ’ ^fjv-i) 2 

i 1 * 1 

9.44 The spherical harmonics Y t m (6 , 0) are simultaneous eigenstates of L z and £ 2 . How must the 
Cartesian x, y, z axes be aligned with the spherical r, 0 , <f> frame in order for this to be true, or is the 
validity of this statement independent of the relative orientation of these two frames? 

9.45 Suppose that L 2 is measured for a free particle and the value 6 h 2 is found. If L y is then 
measured, what possible values can result? 

9.46 The parity operator, IP, in three dimensions is defined by the equation Pf(r, 6 , (f >) = 
f(r, n — 6, n + <p). Show that pY t m — ( — ) l Y t m . That is, the parity of Y t m (odd or even) is the same 
as that of L (Compare with Problem 6.23.) 
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9.47 Establish the following equalities. 



y = 



(n 1 + yr'x 



' 2 % 

\5 


( Y 2 2 - y 2 " 2 ), yz= - 



z 


+ n"x » 

-Z), 2z 2 - jc 2 - y 2 - r 2 

^(Ji 2 + y/6Y 2 °+ Y 2 ~ 2 ) 



CHAPTER 10 

PROBLEMS IN 
THREE DIMENSIONS 


10.1 The Free Particle in Cartesian Coordinates 

10.2 The Free Particle in Spherical Coordinates 

10.3 The Free-Particle Radial Wavefunction 

10.4 A Charged Particle in a Magnetic Field 

10.5 The Two-Particle Problem 

10.6 The Hydrogen Atom 

10.7 Elementary Theory of Radiation 


In this chapter we discuss the structure of the Schrodinger equation for a particle moving 
in three dimensions. General properties are developed through examination of the free- 
particle problem in Cartesian and spherical coordinates. Separation of variables in 
spherical coordinates yields product solutions for the free-particle problem comprised 
of spherical harmonics and spherical Bessel functions. Solution to the corresponding 
radial wave equation for the hydrogen atom gives Laguerre polynomials. Application is 
also directed toward the motion of a charged particle in a magnetic field. The chapter 
concludes with an elementary description of the theory of radiation from atoms and the 
formulation of selection rules. 


10.1 THE FREE PARTICLE IN CARTESIAN COORDINATES 

We again recall that the linear momentum operator p is given by 
(io.i) p= -m 
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Inserting this form into the Hamiltonian for a free particle of mass m moving in three 
dimensions gives 


( 10 . 2 ) 



2m 


V 2 


It follows that the time-independent Schrodinger equation for this same particle 
appears as 


(10.3) 



il il 

5x 2 dy 2 



<p = E<p 


or, alternatively, 
(10.4) 



E = 


h 2 k 2 

2m 


Separating variables 

(10.5) <t> = X(x)Y(y)Z(z) 


permits (10.4) to be rewritten as 


( 10 . 6 ) 



= -k 2 




2 


In the last equation, the left-hand side is a function only of x, while the middle term 
is a function only of y and z. The only way for the equality to hold for all (x, y, z) is 
for both terms to be equal to the same constant. Labeling this constant k 2 gives the 
equation 

(10.7) X xx + k 2 X = 0 

which has a solution 1 


( 10 . 8 ) 


X = A'e ik * x 


In similar manner we obtain 


(10.9) Y = B'e ik ^, Z = C'e iklZ 
where 

(10.10) k 2 = k 2 + k 2 + k 2 


Here we consider only the forward propagating wave. 
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Combining all three factors X, Y, and Z gives the solution 
(10.11) <jp = A'B'C'ex p [i(k x x + k y y + k z z)~] = q> k = Ae ikr 

The wavevector k and position vector r have components 


( 10 . 12 ) 


k = ( k x ,k y ,k 2 ) 
r = (x, y, z) 


The function <p k so obtained is an eigenfunction of H (10.2) with the eigenvalue 


(10.13) 


E k 


h 2 k 2 
2m 


Plane Waves 


The corresponding solution to the time-dependent Schrodinger equation (3.52) 
appears as 


(10.14) 


^ k (r,t) = Ae i(k ' r - Ul) 


hat = E k 


This solution represents a propagating plane wave. At any instant of time, ij/ k (r, t) is 
constant on the surfaces k • r = constant. These are surfaces normal to k. Consider 
one such surface. The projection of r onto k 

(10.15) r y = ^ 

from any point on this surface is constant. This is the normal displacement between 
the origin and the surface. See Fig. 10.1. Rewriting (10.14) in the form 

(10.16) iAk(r,0 - -<“/*>'! 

reveals that the rate of increase of r | ( with respect to a surface of constant i j/ k is the 
wave speed 


(10.17) V = T 

k 

The normalization constant A may be chosen so that 

(10.18) <iAkl*Ak'> = <<Pkl<Pk'> = <k|k'> = jjj<p k *<p k dxdydz = S( k - k') 
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FIGURE 10.1 At any instant of time, the 
plane wave 

|/V(r, t) - A exp [/(k • r - wr)] 

is constant on the surface k • r = constant. 
These are surfaces normal to k. At every 
point r, on such a surface, the projection 
r I, — k • r jk is constant. 


The three-dimensional delta function is defined as the product 

(10.19) <5(r - r ') = < 50 * - - y')$( z - z ') 

and has the representation 


<5(r 


( 10 . 20 ) 




(2 ny 

dk = dk x dk y dk 2 

Comparison of this representation with (10.18) yields the normalized wavefunction 

,ik * r 


( 10 . 21 ) 


<P k = 


1 

( 2 *) 


3/2 


Superposition of Free-Particle States 

A free-particle wave packet may be represented by the superposition 

(10.22) #r,0 - JJjKk.Oe" 1 ^ 

with corresponding inverse 

dr = dx dy dz 


(10.23) 
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FIGURE 10.2 In the plane-wave decomposi¬ 
tion of the free wave packet r), as given by 
(10.22), the Fourier amplitude 6(k, t) is such 
that 

l*(k, t)\ 2 dk 

is the probability that measurement finds the 
particle with momentum in the volume element 
ft 3 d k about the value hk. 


As in the one-dimensional case, the coefficient b gives the probability 


(10.24) P(k)dk = \b(k,t)\ 2 dk 

that measurement at the instant t finds the particle with momentum in the volume 
element h 3 dk about the value hk (Fig. 10.2). 

If the probability amplitude fe(k, r) is peaked about a value of k, say k 0 , then the 
three-dimensional wave packet (10.22) propagates with the group velocity 

(10.25) y 9 = V k oj(fc)| k=ko 

where V k is written for the gradient with respect to k. Inasmuch as (10.22) depicts the 
state of a free particle, for each k-wave component one has 

h 2 k 2 

(10.26) E k = hco = ~ 

2m 


This gives co(k), which with (10.25) yields 


(10.27) 


= 


This is the classical velocity of a particle of mass m, moving with momentum hk 0 . 
For a free particle 

(10.28) [p, /?] = T [p, p 2 ] = 0 

so that p and H have simultaneous eigenstates. These are the functions <p k ( r). In the 
eigenstate <p k , the linear momentum hk and energy h 2 k 2 /2m are specified. The state 
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cannot be further resolved. For instance, suppose that we measure the z component 
of the angular momentum of the particle L z . This measurement destroys the in¬ 
formation in the state before measurement, relating to the linear momentum p. 
The components of p and L, in general, do not commute. 

What, then, are the states for the free particle, which include specification of L 2 
and L z ? To find these states it proves most convenient to express H in spherical 
coordinates. This is discussed in the next section. 


PROBLEMS 


10.1 If t/f(r, t) is a free-particle state and b(k , t) the momentum probability amplitude for this 

* 

same state, show that 




b*bdk 


10.2 At time t = 0, a free particle is in the superposition state 

tT 3/2 

ip(r, 0) = —— sin 3x ex P E(5y + z)] 

(a) If the energy of the particle is measured at t = 0, what value is found? 

(b) What possible values of momentum ( p x , p,., p z ) will measurement find at t = 0, and 
with what probability will these values occur? 

(c) Given the above state ^(r, 0), what is iA(r, t)? 

(d) If p is measured at t = 0 and the value p = h(3e x + 5e y + e.) is found, what is <A(r, t)? 

10 3 (a) What is the Hamiltonian for N free, noninteracting particles of mass m? 

(b) What is the eigenstate of this Hamiltonian corresponding to the eigenvalue 


(c) Show that the eigenstate found in part (b) is also an eigenstate of the momentum 
of the center of mass. What is the velocity of the center of mass in this state? 


Answers ( partial) 


» ft 2 

(a) V, 

A 2m 


(± ± j>\ 

[dXj’dy/ dzj 


(b) «/'k,.k 2 .. . kN = >1 exp ( 

\ j= 1 

(c) v CM = X hkj/M 
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Hamiltonian 


We wish to express the free-particle Hamiltonian (10.2) in spherical coordinates, 
(r, 0, 0) (see Fig. 1.6). We have already found the classical expression for H in spherical 
coordinates in Chapter 1 [see (1.20)]. Let us again construct this classical form. How¬ 
ever, in the present instance we wish H to include the angular momentum term 

(10.29) L 2 = (rxp) 2 = r 2 p 2_ (r . p)2 
The linear momentum is written p. It follows that 


(10.30) 



2m 2mr 2 


where is written for the radial component of the particle’s momentum. 
(10.31) A = -(r-p) 

r 


If we wish to carry (10.29) over to quantum mechanics, we must make sure that all 
terms in fl are Hermitian. The two operators in (10.30) arer' 2 £ 2 and / r 2 . To examine 
the Hermiticity of the first operator, we note the following. 


Rotation and Angular Momentum 

In Section 9.3 we found that the effect of the rotation operator when operating 
on a function /(r) is to change/by rotating r to r + &)> x r. Suppose that a function 
/ is isotropic 1 in r; that is, / is independent of the direction of r. It depends only on the 
magnitude of r. Any function of the form f(r 2 ) is isotropic in r. For example, / = 
ar 2 + br 4 , where a and b are constants, is isotropic in r. What is the value of/(r 2 ) on 
the surface of a sphere of radius r 0 ? The answer is, the constant f(r 0 2 ). An isotropic 
function is constant on the surface of any given sphere about the origin. Now suppose 
that we operate on an isotropic function with R 6<t> . This causes/to change by rotating 
r to the value r + 8<t> x r. The new vector lies on the same sphere on which r lies. 

(r + fk|> x r) 2 = r 2 + 2r • 5<J> x r + 0(d<j> 2 ) = r 2 

Terms of 0(3<f> 2 ) are neglected while the middle term vanishes because r is normal to 
5<|> x r. It follows that the operator R 6<> has no effect on/(r 2 ). 

(10-32) /W(r 2 ) = fir 2 ) 

1 One may also say that f is spherically symmetric. 
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Since = (1 + i64> • L/h), we may conclude that 

(10.33) f(r 2 ) = 0 

In that this statement is true for all axes of rotation about the origin, or equivalently, for 
all directions of the vector 6«t>, it follows that any isotropic function is a null eigenstate 
of the three components of angular momentum as well as of £ 2 . 

(10.34) Lj(r 2 ) = L y f(r 2 ) = 4/(r 2 ) = £ 2 /(r 2 ) = 0 

As noted previously in Section 9.2, these spherically symmetric states are called 
S states. 

If g(r) is any function of r (for example, g = x/r) and /(r 2 ) is any isotropic 
function, then owing to the conclusion immediately above, 

L 2 Rr 2 )g(T) = f(r 2 )L 2 g( r) 

(£ 2 /(r 2 ) - f(r 2 )L 2 )g(r) = [£ 2 , fir 2 )]gi r) = 0 

Since this latter equality holds for all differentiable functions g, we obtain 

[£ 2 , fir 2 )-] = 0 


Similarly, 

(10.35) [£ x , fir 2 )] = [£,. fir 2 )] = [4, fir 2 )] = 0 

We are now prepared to investigate the Hermiticity of the term r" 2 £ 2 in the 
Hamiltonian (10.30). With t~ 2 denoting multiplication by r~ 2 , we write 

(10.36) (r 2 L 2 y = £ 21 * -21 = £ 2 r 2 = r 2 £ 2 

so that r 2 £ 2 is Hermitian. In the last equality we used the fact that £ 2 commutes 
with the isotropic function r~ 2 . 

Radial Momentum 

Next we consider the operator 

(10.37) fi r = r \r • p) = r~ l (xp x + yP y + zp z ) 

Forming the Hermitian adjoint of gives 

(10.38) (A) f = [r \*p x + 9P y + 2p 2 )V 

= itpJir'y + i9p y )'ir l y + MJir'y 
= Mr' + - 

# r l <cp x + ■■■ 
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The operators 1 and Jc cannot be brought through p x . Similarly for the other two 
terms. We conclude that is not Hermitian. 

The more appropriate operator corresponding to radial momentum is given by 
the symmetric form (see Problems 10.5 and 10.6) 

(10-39) p r = + *♦) 

or, equivalently, 

(10.40) A = ^ r ‘* + *‘ r ;) 

The component of p in the direction of r is given by 

(10.41) -r-p = — ih-r- V = — ih^- 

r r dr 

while the second term in p r is given by 

(10.42) p-r- = -ifiV-e, 

r 

where e r is written for the unit radius vector, r/r. Let /(r) be a differentiable function 
of the radius vector r. Consider the operation 

(10.43) pj{r) = ~ 

_ ~ih 

2 

_ -ih 
2 

Equivalently, we may write 


(10.44) 


With the above definition of p r , we may write the following for the Hamiltonian 
operator: 

n 2 r 2 
ft _ Pr_ + ^ 

2m 2 mr 2 



(10.45) 
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The student may well ask the following question at this point. We know that the 
Hamiltonian fl has the correct representation 


(10.46) 


f _ h 2 V 2 

2m 2m 


How are we assured that /?, as given by (10.45), with the definition of p r obtained by 
symmetrization of , is equivalent to this correct form (10.46)? This question is 
answered by demonstration. The representation of the Laplacian operator V , in 
spherical coordinates, is 


(10.47) 


V 2 = 


13|_ 
r dr 2 



1 6 _ . 8 1 8 2 \ 

sin 9 89 89 sin 2 9 8<f> 2 ) 


Noting the equality 
(10.48) 


1 d V _!£. (i <L \ = ii!_ r 

rdr/ r2r\rdr / r dr 2 


and recalling the expression for £ 2 , as given by (9.58), permits the equation 


(10.49) 


ft 2 v 2 _ £ 2 

2m 2m 2 mr 2 


This is the correct form of fl, in spherical coordinates. In the next section we will 
examine its eigenfunctions and eigenvalues. 


PROBLEMS 

10.4 What is the time-independent wavefunction in spherical coordinates of a free particle of 
mass m, zero angular momentum, and energy E which satisfies the property |r</>| = 0 at r = 0 ? 
(Hint: Introduce the function u = rq>.) 

10.5 Show that 

[f, Pri = ifl 

10.6 The current vector J associated with a wavefunction i^(r, r) is given by ( 7 . 107 ) 

j =— (i^*Vi// - <av«A*) 

2 mi 

The wavefunction t) may be termed source-free, if 

V- J = 0 

* 

for all values of r. 

(a) What is the eigenfunction of p„ corresponding to the eigenvalue tiki 

(b) Calculate V • J for this eigenfunction of p r . 
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Answers 

(a) Integration of the eigenvalue equation 

1 6 

-ih- — r<p k = hk<p k 
r or 


gives 


Jkr 


<i>k = a- 


The corresponding time-dependent solution is 

= — e i{kr - m,) 
r 

This ^outgoing wave” is a solution to the time-dependent Schrddinger equation for a free particle 
with no angular momentum. It is important in the construction of scattering states, which will 
be discussed in Chapter 14. 

(b) The current vector corresponding to (p k only has an r compoiifent. 

, _\A\ 2 (hk/m)_m 
Jr “ r 2 “ 47cr 2 


The divergence of this current is 

V * J = —r “ r 2 J r = 0 (for r ^ 0) 
r dr 

Since J is radial and a function only of r, we may write 

V * J dr = 

The spherical volume V has radius R and is centered at the origin, while dQ is an element of solid 
angle about this same origin. Given these two properties of V * J, it follows that 

V • J = r(0)<5(r) 

The three-dimensional Dirac delta function is <5(r) [see (10.19)]. 

[Note: Thus we see that the eigenstates of p r have the unreasonable property of implying 
that a constant flux of particles, T(0), emanates from the origin. We may infer from this that the 
operator p r , in spite of its symmetric form (10.39), and proper commutation property with r 
(Problem 10.5), is not a good observable equivalent. Nevertheless, for problems involving a 
central potential, in quantum mechanics the operator p r proves to be a valuable tool. It is interest¬ 
ing to note that inconsistencies that accompany p r are also found in classical mechanics. If a 
free point particle crosses the origin, p r changes sign instantaneously. This jump in p r stems from a 
choice of coordinate frame. It is in no way associated with a force (the particle is free). 1 ] 



J-dS 


= R 


= f IB 

J 4n 4nr 2 


r 2 dil = r(0) 


1 For further discussion of this problem, see R. L. Liboff, I. Nebenzahl, and H. A. Fleishmann, Am. J. Phys. 41, 976 (1973). 
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10.7 Show that the kinetic-energy operator 

* h 2 . 
f = - — V 2 
2m 

is Hermitian for functions in $ 2 (the space of square integrable functions—see Section 4.4). 
[Hint: Use Green's theorem 

f (fV 2 g - gV 2 f) dt = f {fig - grn • ds 

J v Js 

The volume V is enclosed by the surface S.] 

10.8 Show that 

V--JW0 = 0 


for the superposition state 


•A = lAl + ^2 


provided that 


and 


V- J(^,) = v-J# 2 ) = o 


Im(iA,*VV2 + i) = 0 


103 THE FREE-PARTICLE RADIAL WAVEFUNCTION 

The time-independent Schrodinger equation for a free particle in spherical coordinates 
appears as 

ao.*.) 

The quantum number k is defined below. The radial kinetic energy operator p r 2 /2m 
is inferred from (10.48), while the angular momentum operator £ 2 is given by (9.58). 
Insofar as p r 2 is a function only of r, and L 2 is a function only of the angle variables 
(0, <p), one may seek solution to (10.50) by separation of variables. Substituting the 
product form 

(10.51) <Pum( r > <f>) = R k ,(r)Yi m (0 . <t>) 

into (10.50) gives 


£\ 

r 2 ) 


+ ~2 Wklm ~ EklmVklm 


(10.52) 
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In obtaining (10.52) we have recalled the eigenvalue equation for £ 2 (9.51). With the 
substitution 


E = 


h 2 k 2 


( 10 . 53 ) 2 m 

x = kr 

(10.52) becomes the “spherical Bessel differential equation 

K! + i) 


(10.54) 


d 2 n , v 2 dR(x) 


fi ^ 

X 2 


R(x) = 0 


Spherical Bessel Functions 

This ordinary linear equation for the radial function R has two linearly independent 
solutions. 1 They are called spherical Bessel and Neumann functions and are denoted 
conventionally by the symbols j t (x) and n,(x), respectively. The first few values of these 
functions are 


joO) = 

sm x 

«o(*) = 

cos X 

X 

X 

II 

l-H 
—^ 

O 

sin x cos x 

n,(x) = 

cos X 

X 2 X 

X 2 


/ 3 1\ 3 

n 2 (x) = 

/ 3 

jz(x) = 

i-1 sm x-=■ cos x 

\x J x x z 

~w~ 


sin x 
x 


\ 

X 


3 . 

cos x- 2 sin x 


These functions are sketched in Fig. 10.3, from which it is evident that of the two classes 
of functions, only the spherical Bessel functions {/,} are regular at the origin. These 
are the solutions appropriate to the Schrodinger equation (10.50) inasmuch as they are 
not singular anywhere. Some additional properties of these spherical Bessel and 
Neumann functions are listed in Table 10.1. 

In this manner we find that the eigenstates and eigenenergies of the free- 
particle Hamiltonian in spherical coordinates are 


(10.56) 


<Pkim( r > 0 , <l>) = jtkr)Yl\O t <f>) 


E k 


h 2 k 2 

2m 


1 One obtains these solutions by the method of series substitution. Details may be found in most books on mathematical 
physics, e g., G. Goertzel and N. Tralli, Some Mathematical Methods in Physics, McGraw-Hill, New York, 1960. 
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FIGURE 10.3 Spherical Bessel functions j,(x) and spherical Neumann functions n { (x) for / = 0, 1, 2. Note 
that only j t (x) are regular at the origin. 


The orthonormality of this sequence {<p ktm } is given by the relation 


(10.57) (lmk\l'm'k") = f dQlY, m (e, <£)]* Y,r’(d, <j>) f j t {kr)j v (k'r)r 2 dr 

Jo 


= 2^2 #*-*') 

The vector r has the spherical coordinates ( r, 6, <f>). This orthonormality condition is 
similar to that corresponding to the free-particle states expressed in Cartesian co¬ 
ordinates (10.18), as well as that corresponding to free-particle motion in one dimen¬ 
sion (4.41). In all these cases, the allowed values of momentum, hk, comprise a 
continuum. 
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TABLE 10.1 Properties of the spherical Bessel and Neumann functions 


Spherical Bessel Functions 

Mkr) ~{~i)iCrSj Mkr) 


Spherical Neumann Functions 

ni{kr) = (-i)(}i>) no{kr) 


jo(kr) = 


sin kr 
kr 


n 0 (kr ) = - 


cos kr 
kr 


Asymptotic Values 
jc-0 

v' 

JM - 


X -* 00 
/(*) - 


1 - 3 5 - - ( 2 / + 1 ) 


I cos [*_? ( , + d] 


«/(*)- 


1 - 3 * 5 - - ■ ( 2 / — 1 ) 

irn 


Hi(x) ~ i sin [, - ~ (/ + l)j 


Recurrence Relations (/is written for j or n) 

/,-i(*)+/i + i« = (2J + 


K-,W - (/ + i)/i +I (x) = (2/ + l)-/,(x) 

ax 


Generating Functions 
1 


* s' 


1 • n~ n r , 

- sin + 2xs = L-77- "i-iW 

X 0 l • 


- COS yjx 2 - 2 xs = £ -Jt-i(x) 

X 0 ' ■ 

Orrfow/ona/irp 

J" ji(kr)j,(k'r)r 2 dr = ^ - fc') 

Connection to Bessel and Neumann Functions of Integral Order, J { and N t 



ji(kr ) = Jjj^ r J i+V2(kr) 



n { (kr) = J^ r N i+V 2 (kr) 


Measurements on a Free Particle 

Given that a particle is in the eigenstate (p klm , measurement of: 

(10.58) E gives h 2 k 2 /2m 

L 2 gives ft 2 /(/ +1) 

L z gives hm 

How do we know that these values may be measured simultaneously? The answer is 
that <p klm is a simultaneous eigenfunction of ft , £ 2 , and £ z . The existence of such 
common eigenfunctions follows from the fact that ft, L 2 , and £ 2 are a commuting 
set of operators. We have already discussed the commutability of L 2 and L z in 
Chapter 9. The fact that these operators commute with ft follows if they commute 
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with p 2 . But p 2 is an isotropic operator; p 2 f (r) is constant on the surface of any given 
sphere. It follows that p 2 is unaffected by rotations about the origin, hence 

(10.59) [p, 2 , £j = ip, 2 , £ 2 ] = 0 
and 

(10.60) [H, £ z ] = [/?, £ 2 ] = o 

The solution <p kim (r , 6 , <f>) should be compared to the eigenstate of the free-particle 
Hamiltonian in Cartesian coordinates (10.11), 

(10.61) <p k ( r) = Ae ikr 
Given that a particle is in this state, measurement of: 

h 2 k 2 

E gives —— 

2m 

(10.62) p x gives hk x 

p y gives hk y 
p z gives hk 2 

In the spherical representation, (L z , L 2 , E ) are specified. In the Cartesian 
representation, (p, E) are specified. In the latter representation, E is redundant (E — 
p 2 j2m\ but in the former representation it is not. It is not determined by L 2 and L z . 
Thus we find that in either Cartesian or spherical representations, there are three good 

% j 

quantum numbers [recall (1.41)]. 


Free Particle S States 


The special case L = 0 is of interest. For this case the Schrodinger equation (10.50) 
becomes 


(10.63) 



<Pk = E k <Pk 


The radial kinetic-energy operator p r 2 /2m commutes with the radial momentum 
operator p r and they have common eigenstates. Due to degeneracy, however (the 
eigenstates E k are doubly degenerate), eigenfunctions of p r 2 are not necessarily eigen¬ 
functions of p r (see Fig. 10.4). Owing to the inadmissibility of the eigenfunctions of 
p r , it is the eigenstates of p 2 alone which are physically relevant. Namely, these 
functions are 


<Pk = jo(kr) = 


sin kr 


(10.64) 


kr 
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FIGURE 10.4 Central domain represents the eigenstates common 
to p r 2 and p r . Peripheral domain represents only eigenstates of p r 2 , 
which alone are the physically relevant ones. 

Rewriting <p k in the form 

(10.65) <p k = (p + k + q>^ k = j 

reveals that it is a superposition of the outgoing wave, </> +k , and the ingoing wave, 
cp_ k , which gives zero flux at the origin. 

Measurement of L z and L 2 for a Plane Wave 

Next, we consider the following important problem. Suppose that a particle of mass 
m is “prepared” so that it has momentum hk. Then we know that it is in the plane- 
wave state (10.11). 

(10.66) cp k = Ae ikr 

Measurement of E is certain to find h 2 k 2 /2m. Measurement of momentum is certain 

to find hk. What will measurement of L z or L 2 find? And in what states do such 
measurements leave the particle? To answer this question we must expand the given 
plane wave in the simultaneous eigenstates of H , £ 2 , and L z , that is, (p klm , as given by 
(10.56). This expansion appears as 1 

(10.67) e ,k r = £ £ a lm (k) 9klm 

1 = 0 m — -/ 

where the coefficients of expansion, a lm , are 

(10.68) a lm = 4ni l lYr(x, 

and (k, a, ft) are the spherical coordinates of k (Fig. 10.5). 




1 See Goertzel and Tralli, Some Mathematical Methods in Physics. This expansion is also discussed in Problem 10.11. 
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FIGURE 10.5 Coordinates relevant to the expansion of a plane wave in the eigenstates of L 2 and L z . 
(a) Direction of k is arbitrary, (b) k in the direction of the polar axis. 


The probability that measurement of L 2 finds the value h 2 l(l 4 - 1) is the partial 
sum [see (9.82) and (9.83)] 

(10.69) P[ft 2 /(/ + 1)] = £ I a,ml 2 = (4*) 2 £ I >T(a, P)\ 2 

m— - l m= ~l 

The probability that measurement finds the value hm is 

(10.70) P[hm] — (47i) 2 £ |T, m (a,j8)| 2 

I=|m| 


PROBLEMS 

10.9 Calculate the divergence of particle current, V * J, for a collection of particles that are all 
in the state 

t)=j 2 {kr)e~ i '» t 

, h 2 k 2 
hco = —— 

2m 

10.10 A spherically propagating shell contains N neutrons, which are all in the state 
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(a) What is \j/( r, t)? 

(b) What is the expectation of the energy for this “beam”? 

(c) What possible values of L 2 and L z will measurement find and how many neutrons 
will have these values? 

(d) If at t = 0, measurement of L 2 finds the value 2ft 2 , what is ^(r, t)l 

(e) If at t = 0, measurement of L z finds the value -ft, what is \j/( r, r)? 

10.11 Use the expansion of a plane wave in spherical harmonics, 

e‘ k " = 4 b £ £ i l Mkr)lYr(«, »]* V\P. <t>) 

1 = 0 m = -l 

together with the spherical coordinate representation of <5(r — r'), 


5(r - r') = 


Sjr - r')S{6 - 6')S(<t> - <j>’) 
r 2 sin 6 


' i \3 /»2jt /»h /«oo 

—) e ikt{v ~ r ) k 2 dk sin a dot df$ 

2.71/ J q Jq j o 


(the spherical coordinates of k are k, a, \ see Fig. 10.5a) to obtain the orthonormality condition 
<5(r-r') = -£I ^]* YT(0, <f> ) dk 

71 l m 

The spherical coordinates of r are (r, 0, <f>\ and those of r' are (r\ 9\ 4> r ). [Compare with (C.14) in 
Appendix C] 

10.12 Use the addition theorem for spherical harmonics (see Fig. 9.16) to reduce the first equation 
of Problem 10.11 to the expansion 


e ikz = e ikr cose = £(2/+ l)i l j l (kr)P ! (cos 6) 

1 = 0 

Note that in this description, k is aligned with the polar (z) axis, so that k * r = kz (see Fig. 10.5b). 
This expansion is important to the theory of partial wave scattering and will be called upon in 
Chapter 14. 

10.13 The expansion in Problem 10.12 of the plane wave e ikz indicates that the probability of 
measuring L 2 = ft 2 /(/ + 1) is 

P[ft 2 /(/ + 1)] ^ (21 + l) 2 

Give a semiclassical heuristic argument in support of this conclusion (i.e., that P ~ l 2 ). 


Answer 

Consider a surface S, of constant phase of tfie plane wave, exp (i/ez). (See Fig. 10.6). All 
points in the annular region dS = 2nr ± dr ± = 7td(r ± 2 ) correspond to angular momentum L = 
rj_ p 2 = r ± hk . It follows that 
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k = (0, 0,*) 



FIGURE 10.6 The probability 
of finding a particle in a plane- 
wave state with angular momen¬ 
tum ~~hi increases as l 2 (see 
Problem 10.13). 


The probability of finding such “points” is proportional to the annular surface dS , so (k 2 is 
constant) 

dP^dS - dL 2 

In the classical (correspondence) limit, L 2 ~~ h 2 l 2 and P ~ / 2 . 

10.14 How many independent eigenstates are there corresponding to a free particle moving with 
energy E k = h 2 k 2 /2m in 

(a) The Cartesian coordinate representation? 

(b) The spherical coordinate representation ? 

Give a classical description of the different orbits corresponding to these degenerate states. 


Answers ( partial) 

(a) In the Cartesian representation, any state 


<p k = Ae‘ kr , 


k 2 = 


2mE 

IF 


is an eigenstate corresponding to the given value of E. These k vectors describe a sphere of radius 

yJlmE/h 2 . This continuum of states corresponds to aiming the particle in different directions, 
while holding its speed, ft/c/m, fixed. 
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(b) In the spherical representation, any state 

<p klm = <t>\ 


k 2 = 


2mE 

~V~ 


is an eigenstate corresponding to the given value of E. Different states are obtained by choosing 
different values of / and m . This countable infinity of states corresponds to propitious choice of 
straight-line trajectories about the origin, all at constant speed, hk/m. 

10.15 The Laplacian operator V 2 in cylindrical coordinates appears as 


vv - 



1 d 2 (p 


d 2 q> 

~d? 


Consider the cylindrical potential well 

V{p) = 0, p < a 


V(p) =oo, p > a 


(a) What is the time-independent Schr6dinger equation for an arbitrary potential 
K(p, z, </>), in cylindrical coordinates? 

(b) Consider the <f >, z independent wavefunctions <p = R(p) appropriate to the given 
potential well. Show that q> obeys Bessel's equation (of zero order) 


p — (p —) 4- k 2 p 2 R = 0 , h 2 k 2 = 2mE 
dp V dp) 

(c) The class of solutions of this equation which are finite at the origin are the zeroth- 
order Bessel functions, J 0 (x) (set x = kp). The values of x where J 0 (x) vanishes are called the zeros 
of J 0 . Given that the three lowest values of these zeros are X! = 2.41, x 2 = 5.52, and x 3 = 8.65, 
what are the three lowest ^igenenergies and eigenfunctions (as a function of p) for the given 
potential? 

(d) If <p is permitted to depend also on the aximuthal angle <£, how does this change the 
three eigenenergies you have just obtained? 

10.16 (a) What are the eigenenergies and eigenstates of a particle of mass m in a spherical 
well 

V(r) = 0, r < a 
V(r) =oo, r > a 

Your answers will involve the wavenumbers k lt „, which are solutions to the equation 

ji(ki, n a) = 0 

(b) Using the asymptotic form of j t (x) given in Table 10.1, obtain an explicit expression 
for the large-order eigenenergies. Consulting Fig. 10.3, obtain a numerical value for the ground 
energy (eV) of a neutron in a well of radius 10“ 13 cm. 



10.4 A CHARGED PARTICLE IN A MAGNETIC FIELD 

A closely allied motion to that of a free particle is the motion of a charged particle 
(e.g., an electron) in a uniform, constant magnetic field St. The Hamiltonian for the 
electron is given by 

(10.7!) 

The magnetic field is related to the vector potential A through the relation 

J-VxA 


(10.72) 


The Cartesian components of A, 

A = (—y$, 0, 0) 

generate a uniform magnetic field which points in the z direction. 

m = (o,o,$) 

Substituting this value of A into the Hamiltonian above gives the time-independent 
Schrodinger equation 

** <p= [h{ px+ej f) -fc+y-* 

Since the coordinates x and z are missing from the Hamiltonian, it follows that 

CP X , #] = U>„ H] = o 

and we may conclude that p x , p z , and ft have simultaneous eigenstates. The eigen¬ 
states of p x and p z appear as 

<Pk x k, = e i(k * x+k * z) 

so that we may write the common eigenstates of ft, p x , and p z in the form 
(10.73) 

Substituting this product into (10.72) gives 


q> = e i(k * x+k ' z) f(y) 


(10.74) 

where we have set 




kV\ 

2m J 


y 0 = 


chk. 


* . V . n- 

m \mc} 


380 
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The frequency £1 is called the cyclotron frequency. This is the frequency of rotation 
corresponding to the classical motion of a charged particle in a uniform magnetic 
field (see Problem 10.17). 

The Schrodinger equation (10.74) is the same as that for a simple harmonic 
oscillator constrained to move along the y axis, about the point y 0 » with natural 
frequency £1. From Section 7.2 we recall that the eigenenergies of this equation are 


h 2 k 2 

2m 


= ft£2(n + 2 ) 


which gives the desired result 


(10.75) 



The kinetic-energy term h 2 k 2 /2m corresponds to free, linear motion parallel to the 
z axis. Classically, such motion is unaffected by a magnetic field in the z direction. 
The first term in E n corresponds to the rotational motion normal to the field. In 
the corresponding classical motion the charged particle moves in a helix of constant 
radius, constant energy, constant rotational frequency, and constant z velocity. The 
projection of the motion onto the xy plane is a circle with a fixed center (Fig. 10.7). 



FIGURE 10.7 Helical motion of a positive 
charge in a uniform, constant magnetic field that 
points in the z direction. 


x 
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The eigenfunction corresponding to the eigenenergy (10.75) is 


fn = 


ImQ 

T 


[recall (7.59)]. The nth-order Hermite polynomial is written Jf while A n is a normal¬ 
ization constant. Together with (10.73), this form for/„ gives the wavefunction 

(10.76) 



for a charged particle moving in a uniform magnetic field which points in the z 
direction. 


PROBLEMS 


10.17 The following is a problem in classical physics. The force on a charged particle in a uniform 
magnetic field 88 is 


F = 


d e 

— (wv) = - v x 88 
dt c 


(a) Show that 


with 88 = (0,0, J A). 

(b) Show that 


?mv 2 = constant 


Pz = mv z = constant 


(c) Show that the motion of the particle is that of a helix whose axis is parallel to 88 and 
whose projection onto the xy plane is circular with constant angular frequency CL 

(d) Show that the center of this circle in the xy plane has coordinates 


CPx 




$ 


-cmv x 

eS 


+ y 


CmVy CPy 

x 0 = —— + x = —J + x 
eJi eS 


Note that p xy canonical momentum, is not equal to mv x for A = ( A x , 0,0). The correct relation 
follows from (1.14) and (10.71). 
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10.18 Show that the operator 



commutes with ft as given in (10.72) but does not commute with 


A 

yo = 


~Cpx 


These operators correspond to the coordinates of the center of the related projected classical 
motion in the xy plane. In quantum mechanics we see that although x 0 and £, or y 0 and £, may, 
respectively, be specified simultaneously, x 0 and y 0 may not be simultaneously specified. 

10.19 (a) What is the vector potential A which gives the uniform & field (0,0, .#) which in¬ 
cludes A x — A 2 = 0? 

(b) What is the form of the wavefunctions q>„ corresponding to this choice of vector 
potential? How do they compare to the wavefunctions corresponding to A y = A z = 0 found in 
the text? 

(c) How do the eigenenergies compare to those found in the representation A y - A z = 0? 

10.20 What is the nature of the frequency spectrum emitted by a charged particle moving in a 
uniform magnetic field? (Assume that the kinetic energy parallel to M does not change.) For an 
electron moving in a & field of 10 4 gauss, what type of radiation is this (x rays, microwaves, etc.)? 


10.5 THE TWO-PARTICLE PROBLEM 
Coordinates Relative to the Center of Mass 

When dealing with systems containing more than one particle (e.g., an atom), it is 
convenient to separate the motion into that of the center of mass of the system and 
motion relative to the center of mass. This separation is effected through a partitioning 
of the Hamiltonian into a part, H CM , involving center of mass coordinates, and a part, 
H rel , containing coordinates relative to the center of mass. 

For example, consider the two-particle Hamiltonian 

(10.77) H = £- + p-+ V( |r, - r 2 1) 

2wi! 2 m 2 

The potential of interaction Fflrj - r 2 |) is a function only of the radial distance 
between the particles. For instance, for the hydrogen atom, the interaction V is the 
Coulomb potential 


(10.78) 


r 
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where we have written r for the distance between particles, |rj — r 2 1. Such potentials, 
which are only a function of the scalar distance r, are called central potentials. 

In the Hamiltonian above, p x and p 2 are the linear momenta of particle 1 and 
particle 2, respectively, while w, and m 2 are the respective masses of these particles. 

A two-particle system has six degrees of freedom. These are characterized by 
the parameters (r 1? Pi ; r 2 , p 2 ). The partitioning of the Hamiltonian into H cu + fLel 
is generated through the transformation of variables 


(10.79) 

( r l"» Pi i r 2> P2> 

-*• (r, p; 0>) 

where 




r = fi - r 2> 

& = Pi + P 2 

(10.80) 

m 2 Pi - m lP2 

P = 

£ m l r l + m 2*l 


m, + m 2 

m x + m 2 


Using these equations the Hamiltonian (10.77) is transformed to the sum 

(10 ' 81) H = 2^ + [C + V(r) ] ^ Hcm + H,tl 

where the reduced mass p and the total mass M are 

m,m-> 

(10.82) p = -, M = m x + m 2 

m 1 + m 2 

Equation (10.81) represents the desired separation of H into the Hamiltonian of 
the center of mass, H CM , and the Hamiltonian of the coordinates relative to the 
center of mass, H re , (Fig. 10.8). Since St is absent in H (i.e., St is a cyclic coordinate; 


FIGURE 10.8 The relative vector r and the 
center-of-mass vector In the classical 
motion, = Mi# = constant = .^(0) = 
the initial value of At any time t 

*«) = jko) + -y~ 

Solving the dynamical equations (viz., Hamil¬ 
ton's equations) using // rd gives r(/), which 
when affixed to .#(/) gives the motion in the 
“lab frame.” 
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see Section 1.2), the momentum of the center of mass, is constant. The center of 
mass moves in straight rectilinear motion, characteristic of a free particle of mass M. 
The motion relative to the center of mass is that of a particle of mass n moving in the 
central potential K(r). 

The Transformation of H 

For the quantum mechanical case, the transformation of ft is again effected with the 
equations (10.80), which are now interpreted as operator relations. Cartesian com¬ 
ponents of “old” coordinate and momentum operators (f 1? p*;r 2 , p 2 ) obey the com¬ 
mutation relations 


(10.83) 

,_ U3 

These are the only nonvanishing commutators. With these relations and (10.80), 
one obtains that the only nonvanishing commutator relations for components of 

the “new” operators (r, 

p; St, are 

(10.84) 

lfj,Pj] = ih 

L&j,&i] = ih 7 = 1,2,3 

Thus, in obtaining 

ft = ft CM + ftrel 

(10.85) 

ft #2 

CM 2 M 

#,e. = tr + V(r) 

2j u 

the Hamiltonian is separated into two components involving components that are 
independent of one another. For such cases, the Schrodinger equation has product 

eigenfunctions 

(10.86) 

<P = <PcM(^)^rel(r) 

and summational eigenvalues 

(10.87) 

E ~ E C M + ^rel 

where 

Hep = Ecp 

(10.88) 

^CM<PcM = E CM (p CM 

A 

Hrel<Pr$l = ^rei^rel 
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FIGURE 10.9 (a) Spherical angle variables for the center-of-mass radius vector (b) Coordinates relative 
to the center of mass. 


The Schrddinger equation for the center of mass appears explicitly as 

# 2 


(10.89) 


2 M 


<PCM — ^CM^CM 


This is the Schrodinger equation for a free particle of mass M. Its solution was ob¬ 
tained in the previous section. With the linear momentum & specified, the states are 


(10.90) 




<P CM — 


= h K, 


^CM — 


h 2 K 2 
2 M 


In the representation where L CM 2 and L CMj are specified, the eigenstates are 
(10.91) cpc M = j lc (K®)Y lc m '(6 c , 4> c ) 

The spherical coordinates of & are (M, 9 C , <p c ) (see Fig. 10.9a). 


Radial Equation for a Central Potential 

The Schrodinger equation for <jp re , appears as (dropping the “rel” subscript) 


f + V{r) (f> = 
|_2/i J 


Eq j 


(10.92) 


THE TWO-PARTICLE PROBLEM 387 


For central potential functions K(r), it proves most convenient to express the above 
Hamiltonian in spherical coordinates. The interparticle radius r has coordinates 
(r, d, <f>) with the polar axis depicted as lying in the z direction (see Figure 10.9b). 

In these coordinates the Schrodinger equation above becomes 

(10.93) 8q> = ^ ^ + K(r)J<p = Eq> 

First, we note that £ 2 and £ z both commute with ft. The remaining components in ft 
are all isotropic forms and are therefore unaffected by angular momentum operators. 
It follows that ft , £ 2 , and £ z have simultaneous eigenstates. These are given by the 
product form 

(10.94) q> = R(r)YnO, </>) 


Substituting this solution into the Schrodinger equation above gives the “radial” 
equation 

(10.95) |> + ^nr 2 U + = ER ^ 

This is an ordinary, second-order, linear differential equation for the radial de¬ 
pendent component of the wavefunction R(r). Since only one variable is involved in 

(10.95) , it is suggestive of one-dimensional motion with the effective potential 


(10.96) 


Krr = V(r) + 


h 2 l(l + 1 ) 

2 fir 2 


The second term in this expression is called the “angular momentum barrier.” It 
becomes infinitely high as r -* 0 and acts as a repulsive core, which for / > 0 prevents 
collapse of the system (see Fig. 10.10). 

The normalization of the eigenstates (10.94) is given by the integral 


(10.97) 


<.RY, m \RY, m ) 



dQ\R(r)Yne, <t >)| 2 = 1 



1 


The radial displacement r separates the two particles m 1 and m 2 . If we envision 
particle m t at the origin, then 

Pr 2 dr dSl = \R(r)Yr(6, 4>)\ 2 r 2 dr da 


(10.98) 







FIGURE 10.10 (a) The effective potential in relation to the angular momentum barrier 

h 2 l(l + 1) 


Kn = V(r) + 


2/xr 2 


(b) Nature of the quantum mechanical energy spectrum for central potential problems, (c) The classical 
motion corresponding to the energy E. Shaded regions define classically forbidden domains, (d) The effective 
potential energy K eff for hydrogen for several values of the orbital quantum number /. Units of r are angstroms, 
is in units of 10 -11 erg. 
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FIGURE 10.11 Probability of finding 
the fictitious \x particle in a spherical shell 
between r and r + dr is 

P r dr = \R{r)r \ 2 dr 

This is also the probability of finding m 2 
in a spherical shell about m x in the con¬ 
figuration shown (or m x in a shell about 

m 2 )• 


is the probability of finding m 2 in the volume element r 2 dr dQ about m x (an equally 
valid statement is obtained with m x and m 2 reversed). What is the probability of find¬ 
ing m 2 in a spherical shell of radius between r and r + dr , about m x ? The answer is 
(Fig. 10.11) 


(10.99) 
so that 


P r dr 



dr — |*(r)| 2 r 2 dr s \u(r)\ 2 dr 



The classically forbidden domains (see Chapter 1) correspond to values of r 
for which E < V. The related property for a spherical quantum mechanical system 
is that the probability density |u(r)| 2 becomes small in these domains (see Figs. 
10.10c and 10.12). 



FIGURE 10.12 The radial probability ampli¬ 
tude u E corresponding to the energy E decays to 
zero in the classically forbidden domain. 




390 PROBLEMS IN THREE DIMENSIONS 


Having found the radial function R(r), in a specific two-body problem, the wave- 
function for the system relative to the laboratory frame (as opposed to the center-of- 
mass frame) is either of the forms 


<p = Ae isf gtlh R(.r)Y t m (0, 4>) 

(10100) <P = j lc (K£) Y lc mc (0 c , <t, c )R(r) Yr(0, <f>) 

In the first representation, the six parameters (^»; L 2 , L z , E) are specified. In the second 
representation, the six parameters (E c M , L c m 2 , L CMj ; L 2 , L z , E ) are specified. 


Continuity and Boundary Conditions 


Some general properties of the radial wavefunction are as follows. With R(r) every¬ 
where bounded, we note first that u(r) = rR(r) must vanish at the origin. 1 For 
r > 0, with energy E and potential energy K(r) bounded, the radial equation (10.95) 
indicates that 


, , 1 8 



is likewise bounded. It follows that du/dr is continuous. The existence of this derivative 
implies that u(r) is continuous. The latter two conditions infer continuity of the 
logarithmic derivative 

1 du d In u 
u dr dr 


These conditions on the wavefunction in spherical coordinates are employed 
in obtaining the ground state of the deuteron (Problem 10.30) and in construction 
of the bound states of the hydrogen atom as described in the following section. They 
will also come into play in construction of the states for low-energy scattering from a 
spherical well (Section 14.2). 


PROBLEMS 

10.21 Consider a two-particle system. The momenta of the particles are p, and p 2 , respectively. 

(a) What is [p„ p 2 ]? Explain your answer. 

(b) Use the answer to part (a) to show that [p, #] = 0, where p is the “ relative ” momentum 
[defined in (10.80)] and is the momentum of the center of mass. 

(c) The particles interact under a potential that is a function of the distance between them. 
As shown in the text, transformation to coordinates relative to the center of mass effects a par¬ 
titioning of the Hamiltonian, fi = Rcm + R re i- What is [$cm> 

1 Dirac obtains this boundary condition from the stipulation that solutions to the Schrodinger equation in spherical 
coordinates agree with those obtained in Cartesian coordinates. For further discussion, see P. A. M. Dirac, The Principles 
of Quantum Mechanics , 4th ed., Oxford University Press, New York, 1958. 
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10.22 Prove that the following equations are compatible with the transformation equations 
(10.80). 

/ x El_ = + 

2m i lm 2 2\x 2 M 

(b) m 1 r l + m 2 r 2 = pr 2 4- M $ 2 

(c) pr*! + P2 *r 2 - pr + p-m 

(d) Lj + L 2 = L 4- L cm 
I n part (d), 

Li = rj x pj L = r x p 
L 2 = r 2 x p 2 Lg M = & x 

10.23 At a particular time, the wavefunction of a mass m moving in a three-dimensional potential 
well is 


(p — A(x 4- y + z)e kor 

(a) Calculate the normalization constant A. 

(b) What is the probability that measurement of L 2 and L z finds 2 h 2 and 0, respectively? 
(See Table 9.1.) 

(c) What is the probability of finding the particle in the sphere r < k 0 ~ 1 ? 

10.24 For a two-particle system (m 1# m 2 ), what is the fractional distance to the center of mass 
from m { and m 2 , respectively? What are these numbers for hydrogen? 

10.25 Let e be a unit vector in an arbitrary but fixed direction. Show that the commutators 
between the components of r and p, respectively, with the component e ■ £ obey the relations 

[p, e • £] = ihe x p 

[r, e • t] = ihe x r 

10.26 Use the results of Problem 10.25 to show that p 2 , P 2 , and r • p all commute with every 
component of £. Then show that every component of £ commutes with any isotropic function 

f(r 2 \ 

Answer (partial) 

If the statement is true for arbitrary e, it is true for all components of £. 

[p 2 ,e-£] = p[p,e-£] + [p, e * £] * p 

= ih( p *exp + exp*p) = 0 

10.27 Two free particles of mass m x and m 2 , respectively, move in 3-space. They do not interact. 
Write the eigenfunctions and eigenenergies of this system in as many representations as you can. 
Indicate the number of parameters specified in the eigenstates associated with these representa¬ 
tions. 
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10.28 Write down the time-dependent wavefunction corresponding to eigenstates for a two- 
particle system in the two representations (10.100). 

10.29 Consider two particles that attract each other through the potential 


V(r) = 


h 2 K 2 
2 fir 2 


The displacement between particles is r, K is a constant, and fi is reduced mass. In states of definite 
angular momentum, what are the values of the angular momentum quantum number / for which 
the effective force between particles is repulsive? 

10.30 In Problem 8.1 the depth of the potential well appropriate to a deuteron was evaluated 
using a one-dimensional approximation. A more refined estimate may be obtained using a 
three-dimensional spherical well with characteristics 

V(r) - -1 V \, r < a region I 

V(r) — 0 r > a region II 

(a) Construct components of the ground-state wavefunction in regions I and II, re¬ 
spectively. 

(b) Show that matching conditions at r = a give the dispersion relation 

rj = -£ cot £ 

P 2 = ( 2 + n 2 


where 


. 2m | V | a 2 

P = 


\E\ = 


h 2 

h 2 K 2 

2m ’ 


i ~ ka, rj = Ka 
h 2 k 2 

\y\ - \e\ - 


2m 


(c) To within the same approximation suggested in Problem 8.1, obtain a numerical 
value for the depth | V\ of the three-dimensional deuteron well. From the ratio \E\/\ V\ for this 
bound state, would you say that the.deuteron is a strongly or a weakly bound nucleus? 


Answers ( partial ) 

(a) Component wavefunctions in the well domain, region I, are the spherical Bessel 
functions. The ground-state component is therefore 

sin kr 


In region II the component ground-state wavefunction is exponentially damped. 

<?-* r 
<Pn = A - 


Kr 
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(b) Here one must invoke continuity of d In u/dr. 

(c) You should obtain the answer \E\/\ V\ - 0.08. This value implies that the binding 
energy is small compared to the depth of well, and we may conclude that the proton and neutron 
are weakly bound. A sketch of the normalized wavefunction further reveals that there is approxi¬ 
mately only one chance in three that the nucleons are closer together than the well radius a. 

10.31 Show by explicit calculation that the eigenfunctions and eigenenergies as given in Table 
10.2 are correct for each of the three respective “box” configurations shown. (Primes denote 
differentiation.) 


TABLE 10.2 Solutions to the three fundamental box problems in quantum mechanics 


The Rectangular Box 


The Cylindrical Box 


The Spherical Box 


Edge Lengths a u a 2 ,a z 


Radius a, Height b 


Radius a 





Hamiltonian 

ft = (A 2 + P , 2 + P, 2 )/ 2 m 


?, 2 = 


ft = (A 2 + P 2 + L 2 Ip 2 )I2M 


. 2 ,2 1 5 / 8 

Pp = -ft - J-(p — 

pdp \ dp 


ft = (p, 1 + £> 2 )/2M 


Pr 2 = ~t’ 2 \~^r 


Eigenfunction 

Vw — A qst sin k q x sin k s y sin k t z 

(-V) 2 = %/ a l a 2 a l 

sin k q a t = sin k s a 2 = sin k,a 3 = 0 


= A, m „j m (K m „p) sin k„ze im * 
M*J 2 = 2!nb[aJ m (K„„a)y 
sin k q b = JJ.K mn a) = 0 


tynlm jl(k[„ f)Y i (0, (f)) 

(4-J 2 = 2/ a 3 U,'(k ln a)y 

jl(kln a ) = 0 


Wave Equation 

(i + fe2 ) sin ^ = 0 


Bessel's Equation 
ri ( d\ 2 m 2 1 

b +'-^kw-o 


Spherical Bessel Equation 

[(* Jx X ) +1 -~r%*> = ° 


= h\K m S + V)/2M 


Eigenenergy 

E 4S , = hHkp 1 + k, 2 + k, 2 )/2M 


E n , = h% 2 /2M 



10.6 THE HYDROGEN ATOM 


Hamiltonian and Eigenenergies 

The (relative) Hamiltonian for the hydrogen atom (more accurately, for a “hydro- 
genic” atom 1 of atomic number Z) appears as 


( 10 . 101 ) 


„ _ £ . il _ *1 

2lt + 2[tr 2 r 


The corresponding Schrodinger equation is 

( 10 . 102 ) + 


We are seeking the bound states of hydrogen. These correspond to the negative eigen¬ 
energies, E = —1£|. Setting q> = R(r)Y t m (0, <p) in the latter equation gives the radial 
equation (10.95) 


(10.103) 


-h 2 (ld^\ + 1 ) 

2p \r dr 2 / + 2fir 2 


Ze 2 

— + |£| R = 0 
r 


Changing the dependent variable to 


u = rR 


introduced previously in (10.99), gives 


(10.104) 


d 2 , /(/+ 1) 2 pZe 2 , 2,i|E|V._ ft 

d? + ^r^'¥ r + h 2 j“ -U 


Introducing the notation 


(10.105) 


p = her. 


tl 2 K 




2n 



Z 2 U 

w 


2 pa 0 


2 > 



' Hydrogenic atoms are atoms that are ionized with all but one electron bound to the nucleus which carries the charge 
+ Ze(e.g., He + , Li + + ,etc.). 
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where R is the Rydberg constant 1 (2.13) and a 0 is the Bohr radius (2.14), the radial 
equation may be further simplified to the form 


(10.106) 


d 2 u 

dp 2 


Kl + 1 ) 


u + 



u = 0 


For large values of p this equation reduces to 


so that 


d 2 u u 


dp 2 4 


u - Ae~ pl2 + Be p!1 


In order that u vanish as p -► oo, we set B = 0, so 

u ~ e ~ p/2 (p — ► oo) 

In the neighborhood of the origin, (10.106) reduces to 

d 2 u 1(1 + 1) 

dp 2 p 2 

Substitution of the trial solution u = p q gives 

u ~ Ap~ l + Bp l+1 

In order for u to vanish at the origin, we must set A = 0. This gives 

u ~ p 1 


' , + 1 (P-0) 


With these two asymptotic forms at hand, we are prepared to solve (10.106) through a 
polynomial expansion. Solution in the form 


(10.107) 


u(p) = e p/2 p l+1 F(p) 

m = f <v 

i = 0 


with F finite everywhere, gives the proper behavior at p ~ 0 and p ~ oo. Substituting 
(10.107) for u into (10.106), we obtain 


(10.108) |p ^ + (21 + 2 - p)~ - (l + 1 - A)Jf(p) = 0 

Note that for a given value of the orbital quantum number /, this is an eigenvalue 
equation with eigenvalue A. The values of A (or, equivalently, the eigenenergies, 


1 The Rydberg constant written with m in place of>(i.e., assuming infinite proton mass) is sometimes written . 
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|£|) are those values which ensure that F(p) is finite for all p. Substituting the series 
(10.107) into the latter equation and equating coefficients of equal powers in p gives 


the recurrence relation 
(10.109) C i+1 


(i + l + 1) — k £ 
(i + l)(i + 21 + 2) 1 


r „c, 


In the limit that i -*• oo, this relation becomes 


C 


i+ 1 


Ci 

i 


which is the same ratio of coefficients obtained in the expansion 


_!_i 

C f (i + 1)! 1+1 i 

It follows that the form of u(p) generated by the series (10.107) behaves as 

u(p) ~ e- p/ y + V = e p/ V +1 

which diverges for large p. To obtain a finite wavefunction, the expansion (10.107) 
for any given value of l must terminate at some finite value of i, which we will call i max . 
At this value of i, r i( = 0. Since all parameters in (10.109) are positive, r„ can only 
vanish if 

'max + 1 + 1 = A 


The function u so generated is a polynomial and, due to the exponential term in the 
form (10.107), we see that, as demanded, the wavefunction is finite everywhere. 

Since i and l are integers, it follows that k is also an integer, which is called the 
principal quantum number, n. 

" 'max +1+1 

Thus the above cutoff condition on the series (10.107), which ensures that u(p) is 
finite for all p, also serves to determine the eigenenergies k. 


( 10 . 110 ) 


Z 2 U 

£„= -|EJ= -- 3 - 


These are the same values found previously in the simpler Bohr model (Section 2.4). 



Laguerre Polynomials 

The hydrogen eigenfunction corresponding to the eigenvalue E n is given by (10.107) 
with the series over i cut off at the value 


(10111) W = «-/-l 

and the recurrence relation for the coefficients {CJ given by (10.109). 


"nip) = e-»' 2 p l+1 F nl {p) = A nl e-o /1 p 1 ^'' ‘‘c.p* 

( 10 . 112 ) i_0 

z 

+1 ^ il s P — = 

a 0 n 

where A ni is a normalization constant. The polynomials F nl (p) (of order n - l - 1) 
so obtained are better known as the associated Laguerre polynomials, L*L + l L l (see 
Table 10.3). The reader should take note of the fact that the scale of length p changes 


TABLE 10.3 Eigenfunctions of hydrogen in terms of associated Laguerre polynomials 


The Normalized Eigenfunctions of Hydrogen (Z = 1) 
<Pn lm (r, 0, <j>) = ( 2 K) m A nl p l e- pt2 F nl {p)Yr{e, (f>) = R nl (r)Yr(0 y <j>) 


= 


. 2Z 
p — 2xr — -—- r 
a 0 n 


(n — l — 1)! 
2n[(n + l)\y 


J o 



F nt ( P ) = L?+i l ( P ) = Lz:f(p) = n j:' 


(-!)'[(«+ 0!]V 


i-o *!(« - / - 1 - 0!(2/ + 1 + /)! 
Associated Laguerre Polynomials L q p (p) and Laguerre Polynomials L p (p) 
Differential equation: 


r d2 

9 d P 2 


+ (<1 + 1 ~ P)j~ p + P^L q ( P ) = 0 


Generating function: 


Orthonormality : 


, - ps!{ 1 - s> ao 


(l-s)’ + 1 p ? 0 (p + 9 )! 


L%(p), Lg(0) = p! 


|V*p’LJLJ. dp = Sfp , 


( Continued ) 
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TABLE 10.3 (Continued) 


R odrigues' formula: 

L p (p) = L° p (p) = e" L ( p"e-"), L,(p) = 1 - p, L 2 (p) = 21^1-2p + yj 

L%(p) = (-\y^{.L q ^p)-i 

Recurrence relations: 

pL*(p) = (2 p + q+ l)L$(p) - [(p + 1 )/(p + q + 1)]LJ + ,(p) - (P + q) 2 L%. ,(p) 

(p ^ + 9 - pjvpip) = (p + i )Lj;i(p) 

LJ(p) = — LJi‘(p) 


Re/ation to Other Notations 

Alternative notations for the polynomial L q may be found in other texts. The relation between this 
notation (B) and our own (A) is given by the following table. 3 


Notation A 

Notation B 

(e.g., found in Merzbacher, Messiah, and here) 

(e.g., found in Pauling and 

Wilson, Schiff, and Tomonaga) 

(-I'Ll 

LU, 

p(L%)" + (q + 1 - p)(LJ)' + pL% = 0 

p(K„r + (q+ 1 - pUU,)' + pL'„ = 0 

= AflKf^e-^p'LVflfp) 

R„ = - A(2Kf 2 e-^p , Ll , f,\p) 

L q p is a polynomial of order p 

L q +q is a polynomial of order p or, equivalently, 
LI is a polynomial of order (b — a) 


The first row in this table tells us that L q is written L q p + q in notation B. The second row indicates that 
both L functions satisfy the same differential equation. The third row gives the forms of the radial solution 
R nl in both notations. Still another notation appears in I. S. Gradshteyn and I. M. Ryzhik, b where 


LJ(p)[here] = (p + qV-L q (p)[G and R] 


a E. Merzbacher, Quantum Mechanics , 2nd ed., Wiley, New York, 1970. 

A. Messiah, Quantum Mechanics , Wiley, New York, 1966. 

L. Pauling and E. B. Wilson, Introduction to Quantum Mechanics, McGraw-Hill, New York, 1935. 

L. Schiff, Quantum Mechanics, 3rd ed., McGraw-Hill, New York, 1968. 

S. Tomanaga, Quantum Mechanics, North-Holland, Amsterdam, 1966. 
b I. S. Gradshteyn and I. M. Ryzhik, Tables of Integrals, Series and Products , Academic Press, New York, 1965. 
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with different values of n. This is due to the radial displacement r being nondimen- 
sionalized through the wavenumber k„, which is dependent on n. 

Degeneracy 

Since i max > 0, with (10.111) we obtain 

l < n — 1 

So for a given value of the principal quantum number n, the orbital quantum number l 
cannot exceed the value 

(10.113) l^ = n- 1 

This corresponds to the values / = 0,1,2,..., (n - 1). Each of these l values corre¬ 
sponds to different values of i max and therefore different wavefunctions. Inasmuch as 
the eigenenergy E„ depends only on the principal quantum number n, these n distinct 
orbital states are degenerate. For instance, there are three distinct radial functions 
that correspond to the eigenenergy E 3 . These are u i 0 , u 3 ,, and u 3 2 . 

The complete eigenstate of the Hamiltonian (10.101) contains the factor 
<t>) [see (10.94)]. For each value of l, there are 21 + 1 values of m,: 
m i = — (.•••, +J, which correspond to distinct Y” functions that give the same 
eigenvalues of £ 2 [i.e., h 2 l(l +- 1)]. All these 21+1 functions when substituted into 
(10.102) give the same radial equation, (10.103), which contains only the orbital 
number /. It follows that for each solution u nl of (10.106), there are (21 + 1) solutions 
to the Schrodinger equation (10.102) corresponding to the saipe eigenenergy £„ 
(see Table 10.4). In this manner we obtain 

n- 1 

(10.114) degeneracy of E„ = £ (21 + 1) = n 2 

/ = 0 


TABLE 10.4 Allowed values of / and m, for n = 1,2,3 


n 

1 

2 

3 

1 

0 

0 

1 

0 

1 

2 

Spectroscopic 
notation of 

IS 

2S 

2 P 

3S 

3 P 

3 D 

state 







m i 

0 

0 

-1,0, +1 

0 

-i,o, +'l 

-2, -1,0, +1, +2 

Degeneracy 
of state 
(n 2 ) 

1 

4 

9 
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m = +/ 


m ** -/ 

m = 2 
1 
0 
-I 
-2 


rn = 1 
0 

-1 


m = 0 


FIGURE 10.13 Term diagram for a hydrogenic atom illustrating all n 2 degenerate states corresponding to 
the principal quantum number n. 


To recapitulate, the allowed values of n, l, and m are (see Fig. 10.13) 

n = 1, 2, 3,... 

(10.115) / = 0, l,2,...,(n - 1) 

wi = —I, — Z + 1,...,0, 1,2,..., + / 


■ Additional Properties of the Eigenstates 

The eigenfunctions and eigenenergies of the hydrogenic Hamiltonian (10.101) are 



(10.116) 
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FIGURE 10.14 Energy-level 
diagram for hydrogen, including 
the / < 5 terms. Energy is meas¬ 
ured in units of R. 


A term diagram of these energies is given in Fig. 10.14 (compare Fig. 2.8). The normal¬ 
ization constant A nl (see Table 10.3) is determined by the condition 


Pnlm I 



dr<p nlm *<p nlm 


= l4J 2 f \uj 2 dr=l 
Jo 

Note also the orthogonality of these functions 


The Ground State 

To construct the ground state <p l00 (n — 1, / = 0, m — 0) we must first find u 10 . 
From (10.112), with C 0 = 1, and inserting the normalization constant 1 Aio, one 
obtains 

“10 = A l0 e~ pl2 p 


1 Alternatively, we may take C 0 = A t0 . 
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Normalization gives 


a "2 


A 2-1 
10 

This gives the normalized ground-state wavefunction 


1 


M 10 — 


0 


*10 ~~ 


u 


10 


-nn 2r 

op - 

p a 0 312 


, ~ r/a Q 


>~rfao 


a 0 


3/2 


<PlOO — *10 ^0 


0 _ 


,-rlao 


(4n) 1/2 a 0 3/2 


Additional Properties 

The first few normalized eigenstates of hydrogen, with corresponding eigenenergies 
obtained as outlined above, are listed in Table 10.5. 

TABLE 10.5 _ 

Spectroscopic Several Normalized Time-Independent Eigenstates 

Notation of Hydrogen 


IS 

2S 
2 P 


3 S 
3 P 


3D 


9ioo — 



«- r '-y o °(0, 0 ) 


9200 — 


2 

Qarf !2 


(I - r/2a o )<r'' 2 ‘°Y o °(0, 0) 


( 9211 
9210 
921-1 


_ — e ~r/2ao 

N /3(2a 0 ) 3 ' 2 a ° 


Yi l ( 6 ,<l>)\ 
Y,°(0, 0) 
YrHW)/ 


9300 - 


2 

3(3^ 


[3 - 2 r/a 0 + 2(r/3a„) 2 ] e -" 3 “°y o o (0, 0) 


( <0311 

<0310 

< 031-1 



4^2 r 
9(3a 0 ) 3/2 a 0 


(1 - r/6a 0 )e~' l3 “° 


Y i‘(9.0)\ 
>'. o (0.0) 
y. _1 (8.0)/ 


2n/ 2 /r 
27 V / 5(3a 0 ) 3 ' 2 U. 


2 

g - r/3<io 


/ lV(M)\ 

y 2 '(e, 0 ) 


IVW. 0) 


hv‘(M) 

\y 2 - 2 (0,0)/ 











IS 

2 P 

3 D 

4 F 



2 S 

3 P 

4 D ' 

5 F 



FIGURE 10.16 Probability density, 

I <P n iJ 2 * f° r various states of hydrogen. 
The plane of the paper contains the polar 
axis, which points from the bottom to 
the top of the figure. From Principles of 
Modern Physics by R. B. Leighton. 
Copyright 1959 by McGraw-Hill. Used 
with permission of the McGraw-Hill 
Book Company. 
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In Fig. 10.15 nondimensionalized radial functions, R nl — a 0 3/2 R nh are plotted 
together with the corresponding nondimensionalized probability density functions. 
Pm = 4na 0 u nl 2 = 4 na 0 P r . These sketches reveal the shell structure of hydrogen 
found earlier in the Bohr theory. 

The time development of the states of hydrogen follows from (3.70). Consider that 

(10.117) *Kr 9 Q) = Vnlm = RnlY" 

The state at time t > 0 is then 

(10.118) Hr, t) = e- if>,lh Hr, 0) = e' iE ”' ih <p„ lm 
The charge density associated with this state is 

(10.119) q{x, t ) = e\Hi m (r, t)\ 2 = q(r) = e\ip nl Jf)\ 2 

which is independent of time. The electronic charge is e. Thus the atom suffers no 
radiation in these states. This topic will be returned to in the next section. 

The density configurations, \ q> nim \ 2 , corresponding to some of the eigenstates of 
hydrogen are sketched in Fig. 10.16. Since the angular dependence of \(p ntm \ 2 is en¬ 
tirely contained in the factor | Y t m \ 2 y it follows that \(p nlm \ 2 is independent of the azi¬ 
muthal angle 0 [see (9.78)]. It is rotationally symmetric about the z axis. Thus we 
need only present a representation of | q> | 2 in any plane which includes the z axis, such 
as is depicted in Fig. 10.16. The value of | q> | 2 is proportional to the density of whiteness 
in each of the states depicted. 

PROBLEMS 

10.32 With C 0 = 1 in the recurrence relation (10.109), obtain C v Then use (10.112) to show that 

*» - - ir) 

Calculate A 20 and <p 2 oo* Check your answer with the value given in Table 10.5. 

10.33 Show that w 10 2 has its maximum at r — a 0t the Bohr radius. 

10.34 Solve the equation f x + / = 0 by expansion technique and check with the solution 
/ = Ae~ x . 

Answer 
Assume that 

/ = i CfX 1 
0 

0 0 


to obtain 
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With s = i — 1 in the first series, we get 

t C. + ,(s+ l)x s + f C iX ‘ = 0 

s - - 1 i — 0 

Since the first term in the first series is zero, we may write this equation in the form 

I [C i+ ,(; + 1) + <"]*< = o 

i = 0 

which is satisfied if and only if 


10.35 The average energy of the hydrogen atom in an arbitrary bound state x(r) is given by the 
integral 

<£> = <x(r)|#|*(r)> 

Show that 

<£> > <100|/I|100> =■£, 


Answer 

Since x(r) lies in the Hilbert space spanned by the basis {<?„*„}, we may expand 

\x> = X X Z b »im\nimy 

n=l / - 0 m - - / 

so that 

<xl^lz> = ZZZl^'"-! 2 ^ 

n l m 

ZIZlfc | 2 = i 

(The ket vector | nlm > represents the state (p nlm .) Owing to the fact that all eigenenergies are negative, 
E n < 0, the statement to be proven is equivalent to the inequality 

l<£>| < |£il 

I< £ >I = SSZI^I 2 I 

<|£LaxIIZiM 2 = |£Lax-|£il 

10.36 (a) What is the effective Bohr radius and ground-state energy for each of the following 
two-particle systems ? 

(1) H 2 , a deuteron and an electron (heavy hydrogen). 

(2) He + , a singly ionized helium. 

(3) Positronium, a bound positron and electron. 

(4) Mesonium, a proton and negative \i meson. The meson has mass 207m e and 
lasts ^ 10“ 6 s. 

(5) Two neutrons bound together by their gravitational field. 
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(b) Calculate the frequencies of the (n - 2) -*■ (n = 1) transition for each of the systems 
above. 

10.37 At time t = 0, a hydrogen atom is in the superposition state 

W*,0) = \ e ~ r '°° + + rr 1 + V^r, 0 )] 

(2 a 0 y 12 L a 0 J 


(a) Calculate the value of the normalization constant A. 

(b) What is the probability that measurement of L 2 finds the value h 2 l(l +1)? 

(c) What is the probability density P r (r ) [see (10.99)] that the electron is found in the shell 
of thickness dr about the proton at the radius r? 

(d) At what value of r is P r (r) maximum? 

(e) Given the initial state ^(r, 0), what is \j/(r> 0? 

(f) What is \j/(T, t) if at t — 0, measurement of L z finds the value hi 

(g) What is \j/( r, t ) if at t = 0, measurement of L z finds the value zero? 

(h) What is the expectation of the “spherical energy operator/’ <//$>, where 


at t - 01 

(i) What is the lowest value of energy that measurement will find at t = 0 ? (Lowest means 
the negative value farthest removed from zero.) 

10.38 Find the lowest energy and the smallest value for the classical turning radius of the H -atom 
electron in the state with / = 6 (see Fig. 10.10). 

10.39 In what sense does the Bohr analysis of the hydrogen atom give erroneous results for the 
magnitude of angular momentum, LI 


Answer 

The Bohr analysis that yields the eigenenergies — U/n 2 assumes circular orbits. Circular orbits do 
not exist in the Schrodinger theory. Quantization of the action, j p 0 dd, in the Bohr theory gives 
L = nh . In the Schrddinger theory, the maximum value of L is hyjn(n — 1), which is less than the 
value that L assumes (nh) in the Bohr theory. 

10.40 What is the ionization energy of a hydrogen atom in the 3 P state ? 

10.41 Show that R nl (r ) has (n - l - 1) zeros (not counting zeros at r = 0 and r = go). 

10.42 (a) Show that the expectation of the interaction potential V(r) for hydrogenic atoms is 

/Ze 2 \ \iZ 2 e* 

(nlm\V(r)\nlm) = 


(b) Calculate <«/m| f |n/m>, where the kinetic-energy operator f is given 


f = 


2\i 


+ 


L 2 
2 fir 2 


What relation do <T> and <F> satisfy? (The virial theorem.) 
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10.43 Obtain an explicit expression for the probability density P r (r ) corresponding to the state 
whose energy is E 2 , for a hydrogenic atom [see (10.99)]. 


Answer 

There are four degenerate eigenstates corresponding to the energy £ 2 . Since no direction is 
preferred for a Hamiltonian whose only interaction term is the central potential V(r\ all these 
degenerate states carry the same “weight” (all Im states are equally probable). There results 


4 TtP(r)r 2 dr — f - [^ 200*^200 + ^ 21 - 1 *^ 21-1 + <iP 210*^210 + <P 2 u*<P 2 ii]r 2 dr d£l 

^4tc 4 




u* 128 n \oo 
x r 1 dr dCl 


P(r) = 


1 (2V .. 


- e 




I2&n \a 0 / 

10.44 Give a physical argument in support of the conjecture that the sum 


L. s I I m*mDR nl ] ; 

/ = 0 m - -l 


is independent of 6 or 0. 


10.45 Show that for a hydrogen atom in the state corresponding to maximum orbital angular 
momentum (/ = n — 1), 

<A n - 11r|rt, n- 1> = a 0 n(n + j) 

<n, n — 11 r 2 \ n — 1 > = a 0 2 n 2 (n + l)(n + 


10.46 Use the results of Problem 10.45 to show that for large values of n and /, 

yf<r 2 } ->a 0 n 2 


A r 

<r> 


0 


E n 


1 e 2 
2n 2 a 0 


That is, show that for large values of n, the electron is localized near the surface of a sphere of 
radius a 0 n 2 and has energy which is the same as that of a classical electron in a circular orbit of 
the same radius. Recall: (A r) 2 ~ <r 2 > — <r> 2 . 
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10.47 Calculate <r> in the state (p nlm of hydrogen. 
Answer 


< r > = e x <x> + e/y) + e z <z> 

<x> = JJJ r cos </> sin 6\ Y t m \ 2 R„ 2 r 2 dr d cos 6 d<l> 
= 0 


since 


*2n 

cos <f> d4> — 0 
Jo 

and 11?"| 2 is independent of (j). Similarly, <y> = 0. For <z> we must calculate 

<z> = J \P t m \ 2 cos 0 d cos 6 J* ■ • 

A0 

Using the recurrence relations listed in Table ,9:3, we find that <z> — 0. It follows that <r> = 0. 

10.48 Establish the following properties for hydrogen in the stationary state <p nlm . 

■r 

<r*> - (2* + IM/r 1 - 1 ) + 7 K 2 * + J ) 2 ~ s 2 ]«oV _2 > = 0, s> -21-1 


(a) 


« «=4 + K 1 - ^)>" 


(0 4 - 


(21 + l)n 3 a 0 2 


(d) <r 2 > = l - [5n 2 + 1 - 3/(/ + l)]n 2 a 0 2 


(e) 


1 


n 2 a 0 


(0 4 = 


a 0 V/(/ + 1)(2 / + 1) 


[Hint: Multiply (10.106) by {p s+l u + [(s + l)/2]p} and integrate by parts several times. Note 
that for hydrogenic atoms, a 0 is replaced by a 0 /Z.\ 

10.49 Show that the most probable values of r for the / = n — 1 states of hydrogen are 


r = 


These are values that satisfy the equation 


T (O 2 = 0 

dr 



10.7 ELEMENTARY THEORY OF RADIATION 


In the last section we found that the hydrogen atom does not radiate in its eigen 
(stationary) states. The charge density (10.119) is fixed in space with configurations 
such as depicted in Fig. 10.16. In these states the hydrogen atom is stable against 
radiation. This is opposed to the classical description in which the electron loses 
kinetic energy to the radiation field and collapses to the nucleus (see Section 2.1). 

The student may be perplexed about the absence of radiation from the state 

He/she may well ask: Doesn’t the electron have a well-defined angular momen¬ 
tum in such a state, and doesn’t this correspond to accelerated motion which gives 
rise to radiation? His/her friend answers: Maybe the orbit of the electron is so peculiar 
that, on the average, the radiation field washes out. After all, we know that if L 2 
is specified, two of the three components of L remain uncertain. 

The best way to see what the electron is doing in quantum mechanics is to 
calculate <r>. Specifically, we must calculate this expectation in the state 
Suppose that we find <r> ~ e z cos cut. Then the electron is suffering linear, simple 
harmonic oscillation. Such oscillation gives rise to dipole radiation. But we have 
already calculated <r> in Problem 10.47, where we found that <r> = 0. Not only is 
<r> time-independent in the eigenstates of hydrogen, but it is also centered at the 
origin. Note that we may also reach this conclusion by the much simpler argument: 
Calculate 


<!•> = <^ntm\r\il/ K ,m> = j j j t\ (p nlm \ 2 dr 

The average of r is independent of time, hence it must also be zero since the Hamil¬ 
tonian, (10.101), is isotropic. It contains no vectors. It in no way implies a “preferred” 
direction, so <r> cannot be a finite constant vector. 

Thus while the stability of the hydrogen atom to radiative collapse is totally 
inexplicable on classical grounds, our quantum mechanical model renders a de- 
numerably infinite set of states {\]/ n i m } in which the atom suffers no radiation. 

How, then, does the atom radiate? In the Bohr theory of radiation, we recall that 
a photon is emitted when there is a transition from one eigenenergy state to a lower 
one. Such a decay might be induced by the collision of the atom with another atom in 
a gas. It might also be induced by collision with an electron in a discharge tube. It 
might also be induced by collision with a photon in the interior of a star. 1 

Suppose that at time t — 0, the atom is in an excited (stationary) state \j/ n (n 
denotes the sequence nlm). The atom is perturbed, emits radiation, and decays to the 

1 Fundamentally, all these collision processes involve the exchange of photons. For further discussion, see E. G. Harris, 
A Pedestrian Approach to Quantum Field Theory , Wiley, New York, 1972. 
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flCJ 




t 


FIGURE 10.17 Atom emits a photon in decaying from 
state t j/ n to t j/ n .. 


state \j/ n * (Fig. 10.17). We may conclude that in the interim, the atom is in the super¬ 
position state 

(10.120) = a\p n + bi// n . \a\ 2 + \b\ 2 = 1 

At any time t, in this interim (by the superposition principle) \a\ 2 represents the 
probability that the atom is in the state and \ b\ 2 represents the probability that it 
is in the state i/v- These coefficients are therefore time-dependent. At t = 0, 
(\a\ = 1, |fe| = 0). At t = oo, (|a| = 0, \b\ = 1). Let us calculate the expected value of 
the position of the electron during this collapse. 

<r> = <#„ + b\l/ n '\r\ail/ n + fei/v> 

= \a\ 2 (il/ n |r|i/0 4- |b| 2 <^|r|^„ f > 

+ u*K«An|r|»An'> + 

The first two terms are time independent and do not contribute to radiation. The 
last two terms combine to yield 

(10.121) <K*)> = a*be l{En - En ' m ((p n \r\(p n >} + b*ae l{En ‘~ En)tlh (q) n ’ |r|<p„> 

= 2 Re [a*b<,q> n \r\<p n .ye t(E "- E '' m ] 

= 2 1 a*b(q> n | r | <p B .> | cos (w nn . t + S) = 2 |r nn .| cos + d) 
where (o nn > is the Bohr frequency 

bo}„n =E m - E n , 

3 is the phase of the amplitude | r„„' |, and \a*b\ is assumed to be slowly varying and of 
order unity. 

Atomic transitions typically occur in an interval of the order of 10“ 8 s. The 
frequency of emitted radiation, on the other hand, is typically of the order of 10 15 s“ \ 
so the radiative oscillatory behavior of <r(0> is due almost exclusively to the cos term, 
with accompanying Bohr frequency o nn ' (Fig. 10.18). When the atom is undergoing 
a transition between the states and \j / n >, the average position of the electron oscillates 
with the Bohr frequency corresponding to the energy difference between these states. 
At the beginning and conclusion of the transition, the atom is in stationary states in 
which it does not radiate. 
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MO 7 oscillations 


FIGURE 10.18 Radiation decay from the \j/„ 
state to the \j/„- state involves the superposition 
state \j/ - a\p n + b\p„> with time-varying co¬ 
efficients a and b. The “beat” frequency o) nn . 
between the \j/ n and (/v states is much greater 
than the switchover frequency of \j/. 


Selection Rules 

Harmonic oscillation of an electron about a proton gives rise to what is commonly 
referred to as dipole radiation 1 (Fig. 10.19). The average radiated power from such an 
oscillating dipole is 2 

(10.122) P = ~\d \ 2 

3 c 


where d is the dipole moment 

d = er 0 , <r> = r 0 cos cot 


1 An atom also radiates in higher multipole channels (e.g., quadrapole). For the most part, dipole radiation is predominant. 

2 See J. D. Jackson, Classical Electrodynamics , 2nd ed., Wiley, New York, 1975. 
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+e 

i 


r = r 0 cos o o t 


| <* = er o 

-e 


(a) 



from oscillating 
dipole ^ sin 2 $ 


detector 


Average power 
radiated: 



Id | J 


(b) 


FIGURE 10.19 Energy characteristics of an oscillating dipole, (a) Dipole configuration, (b) Radiation 
profile of a dipole. 


We may apply this formula to calculate the power radiated when the hydrogen atom 
decays from the nth state to the (n')th state. From (10.121) we obtain 

d = 2er„„. 

so that, with (10.122), 

A ( (i) 

(10.123) P = - ( I r„„.| 2 

Calculation (see Problems 10.51 to 10.53) of the squared matrix element |r„„ | 2 
with n standing for nlm and ri for n'l'm' gives the following selection rules: The only 
conditions under which |r„„.| 2 (and therefore P ) is not zero are 

(10.124) A/ = /' — /= ±1 and A m t = m' — m = 0, ± 1 

a 

For example, the transition 3 S -* IS (A/ = 0) is forbidden, as is the transition 3 D -* 2 S 
(A/ = 2). Such transitions are not accompanied by any (dipole) radiation and there¬ 
fore are excluded by conservation of energy. The exclusion of the transitions between 
S states finds analogy with the classical theorem that spherically symmetric oscillatory 
charge distributions do not radiate. 

The rule A/ = ±1, together with the law of conservation of angular momentum, 
indicates that for Al = -1 the electromagnetic field (i.e., the photon) carries away 
angular momentum. As it turns out, photons have angular momentum quantum 
number equal to 1 and are therefore called bosons. 

There are no restrictions on an atomic transition corresponding to change 
in the principal quantum number n. This is in agreement with the pre-Schrodinger 
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spectral notation for emission from hydrogen: namely, the Lyman series corresponds 
to transitions from all n states to the ground state, the Balmer series corresponds 
to transitions to the n = 2 states, etc. (see Fig. 2.8). 


PROBLEMS 

10.50 What are the allowed transitions from the 5 D states of hydrogen to lower states? 
Accompany your answer with a sketch representing these transitions. 

10.51 With n representing the triplet nlm and n' the triplet show that the matrix elements of 
r have the following complex representation. 

I r nn'1 2 = I<n|r|«')| 2 = i{|<n|x + (yin')! 2 + |<n|x - i>|n'>| 2 } + |<n|z|n'>| 2 

[Hint: Call <n|x|n'> = , etc. Note also that | <r>| denotes the magnitude of the vector <r>, 

while | <x + i»| denotes the modulus of the complex variable <x + /».] 

10.52 Show that the matrix elements of x + iy have the following integral representation: 

(a) <n|x ± iy\ri) = f KT 15 sin 6 edQ f\ I * 11 . r r 3 dr 

*'4« Jo 

(b) <n|z|n'> = f t^ m ]*^ m 'cos0dQ rR ni R nr r 3 dr 

J 4n Jq 

10.53 Using the results of the last two problems and Tables 9.1 and 9.3, establish the selection 
rules for dipole radiation (10.124). 

10.54 At the start of Section 10.7 it was noted that the energy eigenstates of an atom are stable 
against radiative decay, owing to their stationarity in time. However, these states do contain 
angular momentum, and one may argue that they therefore also contain rotating charge, which 
does radiate. Although the premise of this argument is correct, why is there still no radiation from 
the stationary states (from a classical point of view)? 

Answer 

An aggregate of N uniformly spaced point charges confined to move with fixed speed in a closed 
loop will radiate as a result of the acceleration of individual charges. However, in the limit that the 
charges approach a uniformly continuous distribution, IV -> oo, A->0, q^0 (with total charge 
Nq , and line charge density q/ A, constant), the radiation may be shown 1 to vanish. This limiting 
case closely resembles the state of affairs for the stationary states of an atom. Although there is 
rotating charge, such charge is continuously distributed and, in accord with the classical pre¬ 
scription, does not radiate. 

10.55 The interaction potential of an electron moving in the far field of a dipole d is 

ed 

V = -j cos 6 

r 2 


1 See Jackson, Classical Electrodynamics , Chap. 14. 
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The dipole is at the origin and points in the z direction. The spherical coordinates of the electron 
are ( r , 0, <j>). 

(a) Write down the time-independent Schrodinger equation for this system corresponding 
to zero total energy. 

(b) Show that solutions to this equation are of the form <p = r 5 /(0, <t>). Obtain an equation 
for f{6,<t>). 

10.56 Two particles that are isolated from all other objects interact with each other through a 
central potential. As was established in Problem 10.22(d), the total angular momentum of the 
system may be written 

Lj + L 2 = L + Lcm 

Show quantum mechanically that this total angular momentum is conserved. 

10.57 (a) Prove that the Runge-Lenz vector 

K = [Lxp — pxL]+- 

2 fie 2 r 

commutes with the Hamiltonian of the hydrogen atom (10.101). 

(b) Show that the operator 


A = J-ne A /2E K 

satisfies the commutation relations 

[A x , Ay] = i%L z , etc. 

(c) Use the result above to show that the operators 

B+ -KL+A) 

B- = i(t - A) 

obey the angular momentum commutation relations and the equality 5+ 2 = & 2 

(d) Derive the relation 

». 1 +<-■--* (*■+$ 

and use it to obtain the Bohr formula for the energy levels of hydrogen. 

10.58 The classical harmonic oscillator with spring constant K and mass m oscillates at the 
single frequency (independent of energy) 

(o Q = yiC/m 

The quantum mechanical oscillator, on the other hand, gives frequencies at all integral multiples 
of (o 0 , as follows directly from the eigenenergies 

E n = ha> 0 (n + j) (n = 0 , 1 , 2 ,...) 
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If one end of the oscillator is charged, dipole radiation is emitted. In the classical domain, 
this radiation has frequency to 0 . Show that selection rules that follow from calculation of the dipole 
matrix elements x nn - reduce the quantum mechanical spectrum to the classical one. (The concept of 
matrix elements of an observable is developed formally in Chapter 11.) 

10.59 Consider a gas of noninteracting rigid dumbbell molecules with speeds small compared 
to the speed of light. The moment of inertia of each molecule is /. 

(a) What is the Hamiltonian of a molecule in the gas? 

(b) What are the eigenenergies of this Hamiltonian? 

(c) Let a molecule undergo spontaneous decay between two rotational states. Owing to 
the recoil of the center of mass, there is a change in momentum of the center of mass of the 
molecule as well. Show that the frequency of the photon emitted in this process is 



The initial momentum of the center of mass is hk, n is a unit vector in the direction of the mo¬ 
mentum of the emitted photon, and {v f } is the rotational line spectrum. 

(d) What is the nature of the frequency spectrum emitted by the gas? 


Answers 

(a) Let and M denote the momentum and mass, respectively, of the center of mass. 

Then 


2 M + 21 


(b) £*., 


h 2 k 2 fi 2 l(l + 1) 
~2M + 21 


(c) The frequency of photons emitted by a molecule is given by the change in energy 


hv = AE = 


h 2 k ■ Ak 
M 


+ hv t 


where hv t is written for the change in rotational energy. Since the molecule is a free particle, the 
momentum of the center of mass hk can change only by virtue of the momentum carried away by 
the photon emitted in the transition. As a first approximation we will assume that the momentum 
carried away is hvjc. If hk' is the momentum of the center of mass after emission, then by con¬ 
servation of momentum we have (see Fig. 10.20) 


hv i 

hk = hk H -n 


so that 


h Ak = h(k' - k) 


hv t 


n 


c 
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FIGURE 10.20 Change in linear momentum of rigid 
rotator due to recoil in the emission of a photon (see Problem 
10.59). 


Substituting this value in the expression above for hv gives 

hk * n\ 


v = v, 1 - 


Me 


\ 


Since hk < Me, the assumption that momentum carried away by this radiation field is approxi¬ 
mately hvj/c is justified. 

(d) The rotational spectrum {v,} remains a line spectrum with an infinitesimal broadening 
of lines. 

10.60 Consider two identical rigid spheres of diameter a. 

(a) What is the Hamiltonian of this system? 

(b) Separate out the center-of-mass motion to obtain an equation for the wavefunction for 
relative motion, (p( r). 

(c) What boundary conditions must <p(r) satisfy? 

(d) What are the eigenstates and eigenenergies for this system? 

(e) What are the parities of these eigenstates ? 


Answers 

(a) ft(l, 2) = + K(|rj — r 2 |) 

2m 2m 

J'Xki - r 2 |) = V(r) =00, r<a 
V(r) = 0, r > a 

(b) 

(c) <Pwm( r ) = 0. r <, a 

(d) (p Um { r) = <p lm (kr)Yr(6, 4>), r>a 
<t>im(kr) = A[nt(ka)ji(kr) - j,(ka)n,(kr)~\ 


(e) Referring to Problem 9.46, we obtain 

&ViJkr) = (- ) l ip,Jkr) 



CHAPTER 11 

ELEMENTS OF 
MATRIX MECHANICS. 
SPIN WAVEFUNCTIONS 


11.1 Basis and Representations 

11.2 Elementary Matrix Properties 

11.3 Unitary and Similarity Transformations in Quantum Mechanics 

11.4 The Energy Representation 

11.5 Angular Momentum Matrices 

11.6 The Pauli Spin Matrices 

11.7 Free-Particle Wavefunctions, Including Spin 

11.8 The Magnetic Moment of an Electron 

11.9 Precession of an Electron in a Magnetic Field 

11.10 The Addition of Two Spins 

11.11 The Density Matrix 


In this chapter some mathematical formalism is developed which is necessary for a more 
complete description of spin angular momentum. This formalism involves the theory of 
representations described briefly in Chapter 7 and matrix mechanics. Spin angular mo¬ 
mentum operators are cast in the form of the Pauli spin matrices. The spinor wavefunction 
of a propagating spinning electron is constructed and used in problems involving the Stern- 
Gerlach apparatus. Examples involving the precession of an electron in a magnetic field 
and magnetic resonance are included as well as a prescription for adding spins. The 
coupled spin states so obtained are used extensively in the following chapter in conjunc¬ 
tion with the Pauli principle in some basic atomic and molecular physics problems. The 
chapter concludes with a description of the density matrix relevant to mixed states. 


11.1 BASIS AND REPRESENTATIONS 
Matrix Mechanics 

At very nearly the same time that Schrodinger introduced his wavefunction develop¬ 
ment of quantum mechanics, an alternative but equivalent description of the same 
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physics was formulated. It is known as matrix mechanics and is due to W. Heisenberg, 
M. Born, and P. Jordan. 

We have already encountered the concept of representations in quantum 
mechanics in Section 7.4. There we noted that in the “A representation,” states are 
referred to a basis comprised of the eigenfunctions of A. What we will now find is that 
within any such representation it is always possible to express operators and wave- 
functions as matrices. Operator equations become matrix equations. For example, an 
equation of the form \j/ = Pi//' may be rewritten as a matrix equation with the wave- 
functions \j/ and i /s' written as column vectors and the operator F written as a square 
matrix. 

Basis 

Previously we have found that wavefunctions related to a given quantum mechanical 
problem must satisfy certain criteria. Examples include: 



Configuration 

Wavefunctions 

(a) 

Particle in a box 

W) = <KL) = 0, J |^| J dx < 00 

(b) 

One-dimensional harmonic oscillator 




J | if/\ 2 dx < oo, \j/ —► 0 as | x | —► oo 

(c) 

Particle in a central potential 



V = V(r) 

JJ 1 ^ 1 2 r 2 dr d£l < co, | ^ | V -► 0 as r -»■ 0 


For a given problem each such set of conditions implies a related space of 
functions. Consider a specific problem. Let the space of functions relevant to that 
configuration be called Let the set of functions 

( 11 . 1 ) » = 

be a basis of §. For instance, for a particle in a one-dimensional box, these functions 
are 



2 . /Vi7rx\[ 


For the hydrogen atom, they are 


* ^ {*n,(W(0, <f>)} 
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whereas for a free particle (in spherical coordinates), they are 

® = {MW®, 0)} 

Inasmuch as © is a basis of §>, any function i/r in § may be expanded in terms of 
the basis functions q>„: 

(11.2) = 

n 

or, equivalently, 


(113) 


\*l/> = E I <Pn><<Pn I 

n 


The coefficients of expansion, a„ , represent i/> in the representation where S is the basis. 
These coefficients are projections of i// onto the basis vectors (see Fig. 4.6). The equiva¬ 
lence of {a n \ to the state function ip is akin to the equivalence between a three- 
dimensional vector A and its components ( A x , A y , A z ). 

If { a „} is equivalent to ip, one should be able to rewrite equations involving ip as 
equations involving only {a„}. Consider the typical quantum mechanical equation, 
where F is an arbitrary operator 


(11.4) 


\p = /y 

\ip> = f\ip'> 


Expanding the right-hand side of the latter equation in accordance with (11.3) and 
multiplying from the left with <y| gives 

(11.5) = £ <<P,I^I </>»><<?» I •A') 

n 

or, equivalently. 


( 11 . 6 ) 


«« = I 

n 


F q „a n ' 


where 

(11.7) F q „ = ((/> q \P\q >„> = J q>*F(p n dr 

is the matrix representation of the operator F in the basis ©. The term F qn is also called 
the matrix element connecting <p q to q> n . Equation (11.6), involving only the expansion 
coefficients { a q }, {a n ‘}, and the matrix elements { F qn }, is equivalent to (11.4) involving 
the wavefunctions *A' and the operator F. Equation (11.6) is called a matrix equation. 
It may be written in the form 


a i\ i 11 ^ 12 

a 2 I — I ^21 F22 



( 11 . 8 ) 
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In this equation the wavefunction \\i is represented by the column vector on the left, 
and \jf' is represented by the column vector on the right. 1 


(11.9) 


'a. 


(a. 




a 2 

a 3 



The operator F is represented by the matrix F qn . 


( 11 . 10 ) 


F = 


'Ft t F 12 F 13 
Fn F 22 F 23 
f 3 , F 32 f 33 


The infinite dimensionality of these matrix equations is a consequence of the 
infinite dimensionality of Hilbert space. Finite matrix equations are relevant to 
vector spaces of finite dimension. 


Diagonalization of an Operator 

Let the orthogonal basis ® be comprised of the eigenfunctions of a Hermitian operator 
G: 

( 11 . 11 ) <5 cp n = g n cp n 

The matrix elements of G are 

<<f> q \G\<p „> = g n <(p q \(p n > = g n 6 qn 

^ qn g» ^ qn 


( 11 . 12 ) 


G = 


g i o o 
0 g 2 0 
o o g 3 


Thus the matrix of an operator in a basis of the eigenfunctions of that operator is 
diagonal. The column vector representations of the eigenfunctions q>„ are the co¬ 
efficients {a, < " ) } in the expansion 


\<Pn> = £<’!</>,) 

4 


1 The arrow in these identifications denotes “is represented bv." 
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Multiplying from the left by <<p p | gives 


s p „ = I a«% q = a p in) 


(11.13) 


a, w = ^ pn 


Thus the matrix representation of the eigenvector q> n is a column vector with a single 
nonzero unit entry in the nth slot 


"T-T S' " 2 T: r o ' 


(1U4) 


The eigenvalue equation (11.11) can be written 

Z < < Pp|6|<P«X < il ) «l < P»> = 0n(<Ppl<P„> 


Z = 0* a P M 


For a <3) it appears as 


ffi 0 0 0 

0 92 0 0 
0 0 03 0 


03 o 


(11.15) 
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The “length” (squared) of a vector \j/ is given by [recall (4.30)] 

( n - 16 ) M 2 = <s!> l^> = E <*AI<p 4 X^I«A> 

= H a <ii 2 

The lengths of the orthonormal basis vectors {q>„} are 


(11.17) 


\\<pj 2 = EK’I 2 = i 


In matrix representation. 


ll<pj 2 = o 4 l<P4> -» oooioo • -7/o’\ = i 

0 
0 


Suppose that <5 is known to be diagonal in the basis {<p„}. Then 

( 1L18 ) G qn = gJ.n 

or, equivalently, 

<^|G|<p„> = g„W q \<p„y 

Multiplying from the left with the sum ]£, |<p,> gives 

( 1119 ) E I^><^«|gi</) b > = g„ £ \<p„y 

« « 

Recognizing the sum over <p q products to be the unity operator 1, (Problem 11.1) 
allows this latter equation to be rewritten as 

hG\q>„y - g„\<p„y) = o 

which in turn implies that 

( n - 2 °) G\(p„y = g„\(p n y 

Thus we find that if G is diagonal in a basis SB, then ® is comprised of the eigenvectors 
of G. One then notes the following important observation. The problem of finding the 
eigenvalues of an operator is equivalent to finding a basis which diagonalizes that 
operator. 



Complete Sets of Commuting Operators 

Suppose that A, 8, and € are a “complete” set of three commuting operators. Let 
® = {q>i, <p 2 , ■ • •} be a set of simultaneous eigenstates of these three operators. Then 
with respect to this basis. A, B, and C are all diagonal and one speaks of working in a 
representation in which A, 8, and £ are diagonal. For example, for a free particle 
moving in 3-space, the representation in which H, L 2 , and L z are diagonal contains the 
basis (10.56), while the representation in which p x ,p y , and p 2 are diagonal contains the 
basis (10.11). 


The Continuous Case 

In some cases the indices of a matrix range over a continuum of values. Such, for 
example, is the Hamiltonian matrix for a free particle in the basis (10.11). In one 
dimension this basis is comprised of the states (3.24), and the Hamiltonian matrix 
assumes the continuous form 


<k\fi\k'y = 



h 2 k' 2 

~2m 


<5 (k - k') 


Summing over the index of a continuous matrix is equivalent to integration. For 
example, 


£ 

i_' 


<k\H\k’> 


I 


00 h 2 k fl 

dk' V- d(k - k') 
2m 


h 2 k 2 

2m 


The matrix representation of a quantum mechanical equation involving a wave- 
function i jj is the corresponding equation for the projection coefficients of ip into the 
basis ®. If this set of coefficients forms a discrete set, then equations are of the form 
(11.6), involving summations over a discrete index. For the continuous case, these 
sums become integrals. In Section 7.4 we considered the case of the simple har¬ 
monic oscillator in “momentum space.” Since the eigenstates of the momentum 
operator form a continuous set, the Schrodinger equation for the projection coeffi¬ 
cients {b(k)} becomes the integral equation (7.81). Owing to the simple form of the 
harmonic oscillator potential, this in turn is reducible to the differential form 

(h 2 k 2 K5 2 V h 

(7.84) b-T"2 rn m = Etm 


Thus the “ matrix ” form of the Schrodinger equation in the momentum representation 
remains a simple differential equation. Its argument is the single component b(k) of 
the “column vector” {b(k)}. 1 


1 For further remarks on the £ and p representations, see Appendix A. 
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PROBLEMS 


11.1 Let {<p„} be a complete orthonormal basis of a Hilbert space, £j. Show that the identity 
operation 1 has the representation 

J = 5>.x%i 

n 

in §. (This is sometimes called the spectral resolution of unity.) 

Answer 

Forming the matrix elements of /, as given above, gives 

= <<p P il\<p q > = X 

n 

= 

n 

These are the matrix elements of the identity operator. This is a square matrix with unit entries 
along the diagonal. 



(Note: As described in Chapter 4, in order that an operator be a valid quantum mechanical 
representation of an observable, it must be Hermitian. To ensure further consistency of the theory, 
one also demands that the eigenstates of the operator comprise a complete set. 1 ) 

11.2 Show that if \j/ = 0, then a n = 0, for all n, where \j/ = a n <p„ and {<p n } is an orthogonal 
sequence. 

11.3 What is the matrix representation of the operator p x in the momentum representation? 

11.4 Show that the diagonal elements of D = d/dx, in (4.30), in any basis are purely imaginary. 

11.5 Determine the wavefunctions b(k ) in the momentum representation for a particle of mass m 
in a homogeneous force field F — (F 0 , 0, 0). (Compare with Problem 7.65.) 


Answer 

The Hamiltonian is 


t » o 

2m ,F ° dk 

and the time-independent Schrodinger equation appears as 

db (h z k 2 \ 


1 While completeness of eigenvectors is ensured for Hermitian operators in finite-dimensional spaces, this association 
is not guaranteed in infinite-dimensional spaces. For further discussion, see P. T. Matthews, Introduction to Quanzwm 
Mechanics , 2nd ed., McGraw-Hill, New York, 1968. 


425 



426 ELEMENTS OF MATRIX MECHANICS. SPIN WAVEFUNCTIONS 


which has the solutions 



These solutions obey the normalization 

f b E *(k)b E .(k) dk = 8(E - E) 


11.2 ELEMENTARY MATRIX PROPERTIES 


The following are a series of definitions and properties of matrices and operators 
relevant to the theory of matrix mechanics. 

The Product of Two Matrices 

( 11 . 21 ) (AB) m , = 'ZAn P B pq 

P 

As an example of matrix multiplication, consider the product of the two (finite) 
2x2 matrices: 


A4 n ^12\ _ + ^12^21) (^11^12 + ^12 ^22)\ 

\ A 2 1 ^22/ Y ®21 ^ 22 / \(^ 21-®11 + ^22^21) 0 ^ 21^12 + A22B22)/ 


The Product of Two Wavefunctions 


( 11 . 22 ) 


= Z <$\<PnK<PnW> 

11 



■- Z a * a « 

n 

a l \ = a l* a l + °2* a 2 + ‘ ’ 

a 2 

«3' 


The Inverse of A The inverse of A is labeled A ~ 1 . It has the property that 

(11.23) A~ i A = AA~ 1 =l 

For instance, if 


A = 


(a 1 b 
U’ a , 


then 


A~ 1 = 


1 


-a, 


be — a x a 2 V c —a. 
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The T ranspose of A The transpose of A is written A. The matrix elements of A 
are obtained by “reflecting” the elements A nq through the major diagonal of the 
matrix of A . 

(11.24) (A) nq = A qn 

A Is Symmetric or Antisymmetric If A is symmetric, then 

(11.25) A = A 

If A is antisymmetric, then 

(11.26) A^-A 

The Trace of A The trace of A is the sum over its diagonal elements. It is 
written 

(11.27) Tr A^Y,A qq 

4 

T he Hermitian Adjoint of A This operator is written A f . To construct A *, one 
first forms the complex conjugate of A and then transposes. 

(11.28) A' = A* 

Matrix elements of A 1 are given by 
(H-29) (A') ttq = (A qn )* 

or, more explicitly. 


<<Pn\A'(Pq> = <(P q \A<p n }* = <A<p„\(p q } 

A Is Hermitian If A* — A y then A is Hermitian or, equivalently, if 

= A nq 

With (11.29), this definition becomes 

(H-30) (A qn )* = A ttq 

or 

A* = A 

C Is Unitary If the Hermitian adjoint C/ r of an operator U is equal to U~ l 
the inverse of U 9 i.e.. 
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TABLE 11.1 Matrix properties 


Matrix 

Definition 

Matrix Elements 

Symmetric 

A - A 

Apq ~ A qp 

Antisymmetric 

N; 

I 

ii 

T 

a pp = 0;A„ = -A, p 

Orthogonal 

A = A~' 

&p q 

Real 

A = A* 

A — A * 

™Pd ™Pd 

Pure imaginary 

II 

1 

* 

Apd = iBpqi Bpq rea l 

Hermitian 

A = A* 

Apq — A qp * 

Anti-Hermitian 

A = - A f 

™Pd n qp 

Unitary 

A = (/t , )~ 1 

= K 

Singular 

det A = 0 



then U is said to be unitary. The matrix elements of U satisfy the relations 

(u^ = (u-x 

(11.32) (U qH )* = (U-% 

u* = Q - 1 


If U is unitary, then 


00 ' =1 

(11.33) (0u') nq = d n9 

I VnJV„y = a, 

p 

These matrix properties are summarized in Table 11.1. 


PROBLEMS 


11.6 Rotation of the xy axes about a fixed z axis through the angle </>, changes the components 
(x, y) of the vector r to (x\ /) (see Fig. 11.1). These new components are related to the original 
components through the rotation matrix R(<t >,) in the following way: 


r' - 


COS 

sin 



&(<!> i)r 


A second rotation through <j> 2 gives 

r" = R(4> 2 y = R(4> 2 )k(4>,)r 

(a) Show that the rotation matrix R has the “group property” 

R(<pM 2 ) = £(<*>, + 4> 2 ) 


(b) Show that 


rw 2 )] = o 
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FIGURE 11.1 The rotation operator 


R(<f>) 

is unitary, 


( cos <{> sin <j> 
— sin 0 cos 0 


R f R = / 


and obeys the group property 

= ^(0 1 + 0 2 ) 

(See Problem 11.6.) 


(c) Show that £ is an orthogonal matrix (see Table 11.1). 

(d) In 3-space, rotation about the z axis is effected through the matrix 

( cos <j) sin <j) 

— sin <j> cos <j> 

0 0 

Show that the eigenvalues of R have unit magnitude. 

11.7 Fill in the missing components of the matrix C which make C Hermitian. 



( 1 3 / 4 2 \ 

- 2 7 / 3 ' 

-----l! 


11.8 Construct a 2 x 2 unitary matrix which has at least two imaginary elements. 

11.9 What is the inverse of the matrix 


A = 


2 

4 


3 / 

6/ 


9 


Answer 

Calculation shows that A has no inverse. Under such circumstances A is said to be singular. 

11.10 Show that if V is unitary, then the eigenvalues a„ of 0 are of unit magnitude. 


U(p n = a n <p n 

(U(p n \U(p n > = (<p n \i<p n ) = OJ<p n > = a*a n ((p„\(p„) 

= W n \ 2 = 1 


Answer 



11.3 UNITARY AND SIMILARITY TRANSFORMATIONS 
IN QUANTUM MECHANICS 

The significance of unitary operators in quantum mechanics is due to the following. 
We are already aware of the fact that a given Hilbert space has many bases. This is 
similar to the fact that 3-space is spanned by one of a continuum of triad basis vectors. 
One can obtain a new orthogonal triad basis in 3-space through a rotation of axes 
about the origin. In the new basis a vector V has components V x \ V y \ and V*. The 
length of V remains the same (V • V = V' • V'). Furthermore, the angle between any 
two vectors remains fixed (V • F = V' ■ F'). The final orientation of the new Cartesian 
frame with respect to the old may be obtained by a single rotation about a fixed axis 
(through the origin). The eigenvectors of the rotation matrix lie along this axis. Any 
vector along this axis remains fixed during the rotation. It follows that the eigenvalues 
of the rotation matrix are all of unit magnitude. 

The related transformation from one basis to another basis in Hilbert space is a 
unitary transformation. It has all the properties listed above that a rigid rotation in 
3-space has. These properties are as follows (for the most part, proofs are left to the 
problems). 

Transformation of Basis 

Let the sequence {/„} denote a new basis. These are related to the old basis {<p n } 
through the unitary transformation U, 

(n.34) i/„> = i i ?,><<*>„ i/„> = 

p p 

(11.35) ((/„„)* = W p \fn>, Unp = </„ I <Pp> 

These matrix elements are the projections of old basis vectors into the new ones. (The 
fact that U is unitary is established in Problem 11.11.) 


Transformation of the State Vector 

Let us consider how the components of an arbitrary state vector ip transform to 
components in the basis {/„}. In the basis {/„}, these components (elements of a 
column vector) are 

(11.36) *.'= </.!*> 

Taking the complex conjugate of (11.34) gives 

(11.37) </J = I U„p<,v p \ 

P 
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Substituting into (11.36) we obtain 

( 1L38 ) = £ C„ p <(p p |l/0> = £ U np il/ p 

p p 

This is the matrix representation of the equation 
(11-39) |^> = U\\jjy 

This equation tells us how an arbitrary state vector transforms under a change of basis. 

If l<P> and |^> are two arbitrary vectors in Hilbert space, then under a trans¬ 
formation of basis ( 0 ), these vectors transform to | <p'} and | (J/'} according to (11.39). 

I <P'> = U\<p > 

m = oi<a> 

Under such transformation the inner product <i^| <p} is preserved. 

<•/''! <p'} = 

Setting |i fry = \((>y gives = (<p |Thus a unitary transformation preserves 

the length of vectors and the angle between vectors. 

The Unitary-Similarity Transformation 

Next we consider the manner in which operators transform under a change of basis. A 
typical quantum mechanical equation appears as 

?\<p> = i 

In the new basis, the two state vectors transform according to (11.39). Multiplying 
these equations from the left with U ~ ‘ gives 

I <P> = U“ V> 

I = 0-'\ 

Substituting these forms into our typical equation above gives 

fu- 1 \<p'} = v~ l wy 
Multiplying from the left with 0, we obtain the result 

where 


( 11 . 40 ) 


F" = UF0~ l 
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This transformation preserves the form of our typical equation. As a special case 
(<p = i //) we see that the eigenvalue equation for P is preserved under such a transfor¬ 
mation. Equation (11.40), which describes how an operator transforms under a 
change of basis, is called a unitary-similarity transformation. The more general class of 
transformations, A-*A' = SAS \ where S is not necessarily unitary, are called 
similarity transformations. However, of these, the unitary-similarity transformations 
are more relevant to quantum mechanics. 


Invariance of Eigenvalues 

Since the eigenvalues of an operator corresponding to an observable are physi¬ 
cally measurable quantities, one does not expect these values to be effected by a 
transformation of basis in Hilbert space. The eigenenergies of a harmonic oscillator 
are hco 0 (n + j) in all representations. In a similar vein, the eigenvalues of such 
Hermitian operators must be real. It follows that (1) the eigenvalues of a Hermitian 
operator are preserved under a unitary-similarity transformation, and (2) the Her- 
miticity of an operator is preserved under a unitary-similarity transformation. 


PROBLEMS 

11.11 Show that U, with matrix elements 

U np = </„|<P,> 

is unitary. The sequences {/„} and {</>,,} are complete and orthonormal. 

Answer 

We must establish the property (11.32) for 0 . 

(u~x = (0% = 

Equivalently, we must show that 

i„ = *,, = ! u^u-% = I u qr (u pn r 

n n 

= I </, I <*>■><</>!■ I //>) 

n 

= </,l(llfl».Xv.l)l/,> = </.l 4> = 

11.12 Show that the inner product, <i/'|<p>, is preserved under a unitary transformation. 


Answer 


<f| </>') = <lty|&4»> = WOWtp} 
= W\U~ i 0q>> = <*|*>> 
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11.13 What is the matrix representation of the equation 

I <P'> = U\cp) 

in the basis {/„} ? Write this equation explicitly, depicting elements of column and square matrices. 

11.14 The matrix elements of P in the basis {(p„} are 

F nq = <Vn\F\<P q > 

In the basis {/„} they are 

f nq = a\f\f q > 

Show that 

- ■ f„,' = {OPCrX = < v „| uPO-'\ Vll ) 


Answer 

X' = <L\f\ /,> = I'L<fJ<Pr><<Pr\P\<P P X<P p \f q > 

r P 

= 11 V m F tp {U w Y = II U„ r F, p (U% 

r p r p 

= llu m F rp (u-x = (CPu-% 

r P 

11.15 Let A! — OAU -l , where 0 is unitary. Show that this transformation may be rewritten 
A' = t~ l At, where T is unitary. (Note: It follows that both VAO~ l and U~ l AC represent 
unitary-similarity transformations. For demonstrating certain properties of the unitary-similarity 
transformation, it may prove more convenient to work with the form 17 " 1 AO,) 

11.16 (a) Show that A and U~ l Av have the same eigenvalues. Must tj be unitary for this to be 
true? 

(b) If the eigenvectors of A are {</>„}, what are the eigenvectors of 0~ i AD? 

11.17 If 0 is unitary and A is Hermitian, then show that OAO -1 is also Hermitian. That is, 
show that the Hermitian quality of an operator is preserved under a unitary-similarity transfor¬ 
mation. 

11.18 Show that the form of the operator equation 

6 = AS 


is preserved under a similarity transformation. 

11.19 Consider the following decomposition of an arbitrary unitary operator 0 : 


- U + l/ f .u-u 1 , .. 

U =---+ I —-- = A + il 

2 2i 


(a) Show that A and B are Hermitian. 

(b) Show that [A, 6] = [_A, t/] = [fi, 0] = 0. 

(c) From part (b) we may conclude that A, 6, and 0 have common eigenfunctions. Call 
them | ab}. Use these eigenstates to show that the eigenvalues of 0 have unit magnitude. 
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11.20 (a) Show that diagonal matrices commute. 

(b) Let A ik = a t S ik , B jt - bj3 jh and C nm = c n d nm be three matrices. What are the com¬ 
ponents of ABC1 

(c) Again consider the diagonal matrix A ik = a f < 5 ifc . What is the matrix representation of 
exp A ? What is the matrix representation of sin Al 

11.21 If A , B y and C are three n x n square matrices, show that 

Tr (ABC) = Tr (CAB) = Tr (BCA) 

11.22 Let A and B be two n x n square matrices. Employ the following property of deter¬ 
minants, 1 

det AB — det A det B 

to show that 

det AB = det BA 

^ property of a matrix A which remains the same under a unitary transformation A -> 
DAD' 1 is called an invariant . Show that the trace of A is an invariant. That is, show that 

Tr A = Tr 0AU~ l 

In your proof, establish that 

Tr A = X a n 


where a n are the eigenvalues of A. 

Answer (partial) 

Let 0 diagonalize A so that the diagonal matrix 

uAu~ l = A f 

is comprised of the eigenvalues of A. With Problem 11.21, we have 

X a n = Tr A' = Tr UAD~ 1 = Tr AD' 1 U = Tr A 
11.24 Let A be an n x n square matrix with eigenvalues a ly u 2 ,..., a n . Show that 

det A = a^ 2 • • * a„ 

(Him: Let 0 diagonalize A and refer to Problem 11.22.) 

\ote: This problem establishes that det A is another invariant property of A. Together 
with the trace, these two fundamental properties appear as 

Tr A = £ a , 

i 

det A = Y[ <*i 

i 

1 It is assumed that the student is familiar with the concept of a determinant. However, a definition of determinants may 
be found in Section 12.5. For further discussion, see G. BirkoffandS. MacLane,/! Survey of Modern Algebra Macmillan 
New York, 1953. 
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In general, sain x n matrix has n invariants, two of which are the trace and determinant. These n 
invariants are the coefficients of the characteristic equation for the eigenvalues of A [i.e., 
det (A - la) = 0], which itself is invariant. Namely, det (A - la) - det [U(A - la)U ~*] = 
det (OAU' 1 - la). 

11.25 Let A be a Hermitian n x n matrix. Let the column vectors of the n x n matrix S be 
comprised of the orthonormalized eigenvectors of A. 

(a) Show that S is unitary. 

(b) Show that S' is a diagonal matrix comprised of the eigenvalues of A. 

(Note: This establishes that a Hermitian matrix is always diagonalizable by a unitary-similarity 
transformation.) 

11.26 Again, let A be a Hermitian n x n matrix. However, now let the column vectors of the 
n x n matrix t be comprised of the unnormalized, but still orthogonal eigenvectors of A. 

(a) Is f unitary? 

(b) Is f-'At = A! diagonal? If so, what are the elements of A'l 

(c) Is the inner product between two rt-dimensional column vectors preserved under this 
transformation? 

Answers 

(a) We note that although T f f is diagonal, it is not the unit operator, so that T is not 
unitary. 

(b) Let the eigenvector equation for A be written 

A\n) - a n \n> 

It follows that the column vectors of At are a x 11 >, a 2 1 2 ),..., a„ | n>. This matrix may be rewritten 

At = f A 

where the diagonal matrix A f is comprised of the eigenvalues of A. We then have 

f- x Af = A r 

(Note: Although the similarity transformation described in this problem diagonalizes A and yields 
a diagonal matrix comprised of the eigenvalues of A, it is not a unitary-similarity transformation 
and therefore is not relevant to quantum mechanics. Changes in representations in quantum 
mechanics must preserve the inner product between state vectors, which in turn ensures preserva¬ 
tion of the Hermiticity of operators. These invariances are maintained in a unitary-similarity 
transformation.) 

11.27 In the Schrodinger description of quantum mechanics, the wavefunction evolves in time 
according to the equation (3.70) 

*Kr, 0 = ? _,Wl/ V(r, 0) 

(a) Show that the operator 



is unitary. (Hint: Use the property = H.) 
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(b) Having shown that | i/r(f)> = 0 \ \jj{ 0)>, show that the normalization of ^ <^(f)| \p(t )>, 
is constant. 

INote: In this description the state of the system is represented by a vector | ^(r, t )>, which migrates 
in Hilbert space according to the unitary transformation above. This behavior is opposed to that of 
eigenvectors corresponding to observables (e.g., L 2 , A, P x , etc.). These are fixed in the Hilbert 
space.] 

11.28 Show that if A is Hermitian, then 

0 = (A + il)(A + it)-' 

is unitary. [Hint: Multiply from the right with (A + i/).] 

11.29 Show that if the unitary operator 0 does not have the eigenvalue 1, then 

A = i(l + U)(l - 0 )- 1 

is Hermitian. 

11.30 Consider two Hermitian operators A and 6, which satisfy the commutation relation, 
[A, B] = ih. Suppose a system is in an eigenstate |a> of A. What can be said of the probability 
distribution relating to fl(i.e., | <a|fc> | 2 )? Does your argument apply to the observables 4> and L,? 
(Recall Problem 9.15.) 


11.4 THE ENERGY REPRESENTATION 


One-Dimensional Box 

In the energy representation, the Hamiltonian is diagonal. This representation 
includes a basis comprised of the eigenfunctions of the Hamiltonian. For a particle 
in a one-dimensional box, the basis in which ft is diagonal is 


(11.41) 


_ 2 f . nx . 2itx 

*-Jl sm L- s “-r 


. 3ttx ) 

,sin—,...j 


The Hamiltonian matrix in this representation is 

/I 


(11-42) 


ft = E l 


16 


0 


0 


n 4 



Simple Harmonic Oscillator 

For the one-dimensional harmonic oscillator, the basis that diagonalizes ft is [recall 
(7.59)] 

(11.43) = {|1>, |2>, |3>-} 

I 2 = P 2 x 2 , p 2 =^ 

h 

The nth-order Hermite polynomial is written The Hamiltonian matrix in this 

representation is 


/ 1/2 


(11.44) 


ft = ho) 0 


3/2 


0 


0 

(2 n + l)/2 


Position and Momentum Operators 

Let us calculate the matrix representation of the position operator St for the harmonic 
oscillator in the energy representation. Recalling (7.61) and with k and n representing 
nonnegative integers, we have 


(11.45) 


<n|*|fc> = 


This gives the matrix 


(11.46) 


it = 




1 

y/2p 


1 

y/2p 


i + (k 

1 o 

yi 

0 

0 

yr 

0 

y> 

0 

0 

V2 

0 

y^ 

0 

0 

y^ 

0 

i 0 

0 

0 

y4 


0 


For the momentum operator p, we find that 


(11.47) 


<n\P\k> = 


ma) 0 

7 


lk ll2 S n , k . i -(k + l) 1/2 <5„ 

,fc+ l] 


1/2J 
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which gives the matrix 


(11.48) 


J2W 


->/3 


Creation and Annihilation Operators 

For the creation and annihilation operators we have [recall (7.61)] 

(11 49) ° nk = = fcl/2 <"l fc - O = fc 1/2 <5„,t-i 

«U f = <"l^|fc> = (fc + l) ,/2 <n|fc + 1> = (k + l) 1 ' 2 ^, 

which gives the matrices 

o yr o o o ' 
a= 0 0 >/2 o o 

oo o yi'o 


(11.50) 


0 0 0 0 0 

yr o o o o 

= o yi o o o 

0 0 ys 0 0 


Let us check that these matrix operators promote and demote according to 
(7.61). The eigenfunctions {|n>} for the harmonic oscillator Hamiltonian are colu mn 
vectors with the only nonzero entry in the (n + l)st slot. 


(11.51) 


|0> = 


1> = 


| 2 > = 
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The time-dependent eigenstates of H appear as 


_ 0 -iHt/h m\ _ 0 -imotH | _ g-ioio</2 


i^ 0 (x, t) = e |0> = e 


1 

0 

0 

0 

0 

0 


(11.52) 


^i(x, t) = e 


_ t‘3to 0 f/2 


'0 


/O' 


'1 


01 

0 


1 

0 

, t// 2 (x, t ) = e ~ 150,0,12 

0 

0 


0 

0| 


01 


Consider the operations a\2) and a f |2>. 


^|2> = 


0 

0 


yr o o o o 

0^/2 0 0 0 

0 0 0 0 

0 0 0 yfi 0 


0 

0 

1 

0 

ol 



V2I1) 


(11.53) 


* 

at|2> = 


0 0 0 0 0 

yi o o o o 

0 y2 0 0 0 

o o y5 o o 

0 0 0 y4 0 



v/313) 


These equations very simply illustrate the promotion and demotion properties of the 
and a operators. 



The Number Operator 


In addition to the Hamiltonian (7.27) 

ft = heo 0 (tf & + £) 

the number operator (7.28) 




N = 

A + 

a T 

St 





diagonal in the energy representation. 







1 0 0 0 

0 1 


0 

xA 

0 

0 

0 1 


yi o o 

0 


0 

0 

x/2 

0 

0 

N = 

0 0 

0 


0 

0 

0 

vA 

0 


o o y 

0 


0 

0 

0 

0 

y* i 


(11.54) 


0 


0 


0 


The reader may readily check that the column vectors {|n>}, as given by (11.51), are 
eigenvectors of both ft as given by (11.44) and N as given by (11.54), with respective 
eigenvalues {ha) 0 (n + ^)} and {«}. 


PROBLEMS 

11.31 In Section 5.5 the importance of complete sets of commuting observables was discussed. 
The number of such variables (good quantum numbers , see Section 1.3) are analogous to the number 
of canonical variables relevant to the description of a classical system. It is important in classical 
physics that the number of such variables be preserved under a canonical transformation . In 
quantum mechanics it is equally significant that the number of operators comprising complete sets 
of commuting observables be preserved under a unitary transformation. 

(a) Let such a set of compatible operators be A , B, C , and 6. Show that this compatibility 
is preserved under a unitary transformation. 

(b) Let F not commute with any element in the set A, C, 6, Is this property preserved 
under a unitary transformation? 
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11.32 Show that 

det (/ + eA) = 1 + £ Tr A + 0(e 2 ) 

where A is an n x n matrix and 1 is the identity matrix in n dimensions. 

11.33 Show that 

det (exp A) = exp (Tr A) 

where A is an n x n matrix. 


Answer 

This equality may be established in two independent ways. In the first method we let D(X) = 
det [exp (>Ll)]. Then with Problem 11.22 we obtain 

det [exp (c/4)] - 1 j 


dD 

di =D !™ 


In the limit that e goes to zero, 

det [exp (t^)] = det (1 + eA) = 1 4- e Tr A 

where we have used the results of Problem 11.32 in establishing the second equality. It follows that 


dD 

lx 


D tr A 


which has the solution 


D(X) = D( 0) exp (A Tr A) 


But D( 0) = 1, hence 


D( 1) = det (exp A) = exp (Tr A) 


In the second way we first note that if V diagonalizes A y it also diagonalizes e A . Furthermore, 
det [L/(exp A)U' *] = det exp A (see Problem 11.23). 

Now the diagonal matrix l/(exp A)U ~ 1 has the explicit form 


£/(exp A)U~ l = 


, e“' 0 0 

0 0 

0 0 e*' 


\ 


l 


where {aj are the eigenvalues of A. The determinant of this matrix is 


det [(7(exp A)0 = e*^ 2 - = exp 


s 


a. 
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This is the value (in all representations) of the left-hand side of the equality to be established. For 
the right-hand side we recall that the trace is independent of representations (Problem 11.23) so 
that 

exp (Tr A) = exp (Tr A') = exp a,j Q.E D. 

The matrix A' is the diagonal representation of A. 

11.34 Use the matrix representation (11.46) and (11.48) for x and p to obtain the matrix repre¬ 
sentation for the commutator [*, p] for the harmonic oscillator in the energy representation. 

11.35 Calculate the matrix representations for X 2 and p 2 for the harmonic oscillator in the 
energy representation. 

11.36 Using the fact that any Hermitian matrix can be diagonalized by a unitary matrix, show 
that two Hermitian matrices, A and B, can be diagonalized by the same unitary transformation U 
if and only if [ A , fi] — 0. 

11.37 Consider the following equations: 

A 2 = o, AA' + A f A = I, B = A f A 

(a) Show that B 2 = B. 

(b) Obtain explicit (2 x 2) matrices for A and B. 

Answer ( partial ) 

(b) 


11.5 ANGULAR MOMENTUM MATRICES 



The L Matrices 

It was shown above that the matrix representation of an operator A in the basis 
consisting of the eigenvectors of A, is diagonal. In Chapter 9 we found that the eigen¬ 
functions of the angular momentum operators L 2 and L z are the spherical harmonics 
Yr(9, (/>). It follows that in the basis » = { Y, m }, the matrices Lf m< ,. m . and the matrices 
( L z ), m .r m • are diagonal. That is, 

(11.55) L 2 m,i m- = (lm\L 2 \l'm') = f f d cos 6 d<j)(Y l m )*L 2 Y l . m ’ 

J - i Jo 

= h 2 m +1 )s ir s mm . 

(11.56) (L z ) lml . m . = < lm\L z \l'm ') = hrnd ir d mm . 
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The manner in which these elements are displayed is as follows. The rows and columns 
of a given matrix are ordered so that for every value of /, m, runs from ( — + 0- 

For each of these m, values, / is fixed. The diagonal matrix for L 2 appears as 

(11.57) 



In this same scheme, we obtain the following diagonal matrix for L z : 



To obtain the matrices for L x and L v in the representation in which L 2 and L z 
are diagonal, we first construct the matrices for the ladder operators L+ and L_ (see 
Section 9.2). Since L_ = L + + , one merely needs to calculate the L + matrix and then, 
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from its Hermitian adjoint, find £_. Once these matrices are known, 
obtained from 


(11.59) 


£, = i(£ + + £_) 
£,= ~(£ + -£_) 


Using the relation (see Table 9.4) 


(11-60) £_y," = [(/ + m )(i - m + 

one obtains 


(11.61) ( L ± ) lm , r „■ = [(/' + ± m' + 1 )V l2 ^ivKm±i 

and the matrices (exhibiting only the / ^ 2 terms) 


(11.62) 


0 

0 

0 

0 

0 0 0 
y/i 0 0 

0 s/l 0 

0 

0 

0 

0 0 0 0 0 

2 0 0 0 0 

0 y/6 0 0 0 

0 0^/600 

0 0 0 2 0 


0 

0 

0 

0 

0 Ji 0 

0 0 ^2 
0 0 0 

0 

0 

0 

0 2 0 0 0 

0 0 y/6 0 0 

0 0 0 76 0 

0 0 0 0 2 

ooooo 


, x and L y are 
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Adding and subtracting these two matrices according to (11.59) gives (again exhibiting 
only the / < 2 terms) 


0 

0 

0 

0 

0 0 
y /2 0 y /2 

0 y /2 0 

0 

0 

0 

0 2 0 0 0 

2 0 V 6 0 0 

0 ^6 0 ^6 0 

0 0 y /6 0 2 

0 0 0 2 0 


(11.63) 


0 

0 

0 

0 

0 ^2 0 

- y /2 0 y /2 

0 ~ y /2 0 

0 

0 

0 

0 2 0 0 0 
- 20 ^° 0 

0 - y /6 0 V 6 0 

0 0 - y /6 0 2 

000-20 


Next we consider the matrix representation of the eigenvectors of L 2 and L z . 
These are column vectors whose elements are the coefficients of expansion of Y" in 
the basis {y, "'}. 

T«"-I I 

r m’ = - r 

a lm. I'm = 


(11.64) 
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The elements of these column vectors have zero entries for all values of l, m except 
at l = m = m', where the entry is unity. For example, the representations of the 
/ = 1 eigenstates are [compare (11.9)] 


(11.65) 





0 

1 

0 


\ = 


When the matrix for L 2 operates on any of these three column vectors it gives 2ft 2 
times the vector. When L 2 operates on them, it gives the respective values (ft, 0, -ft). 


Sub L Matrices 

One often speaks of the submatrices of L 2 , L z ,... corresponding to a given value of l. 
For example, the L 2 matrix for / = 1 is 

/2 0 0 \ 

L 2 = ft 2 / 0 2 0 ) 

\0 0 21 


while the L x ,t y , and L z matrices corresponding to / = 1 are 



0 1 
1 0 
0 1 


( 11 . 66 ) 



0 



—i 

0 

i 


0 




0 


/! 0 0 \ 

I z = ftlo 0 ol 

V 0 - 1 / 


The L x , / , , and L z matrices corresponding to / = 2 are 




2 

0 

0 

0\ 

10 

— i2 


0 

0 


2 

0 

s/6 

0 

0 

L - h - 

» ^y o 

f/2 

0 

- 


0 

0 

v/6 

0 

V6 

0 

0 

iyj 6 


0 

-i'n/6 


0 

0 


0 

2 j 

L 

i° 

0 


ij 6 

0 


\o 

0 

0 

2 

0/ 

1 

\0 

0 


0 

il 









0 

0 

0 

0| 

i 








0 

1 

0 

0 

0 


(11.67) 






L z = h\ 

0 

0 

0 

0 

°j 









0 

0 

0 

-1 

0 









\0 

0 

0 

0 

-2/ 



0 \ 
0 
0 

-il 
0 / 
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We may consider the eigenvectors corresponding to these matrices. These are 
also subcomponents of the infinitely dimensional column vectors (11.64). For example, 
the eigenvectors of L x for the case l = 1 appear as 


( 11 . 68 ) 



LA, 


= o H 


0 

x 


L x z x -' = -K, 



In the representation where L x is the differential operator [recall (9.56)] 

L r = ih (sin <t> + cot 6 cos <f> 

\ 00 

the eigenvector £ x corresponds to the linear combination of spherical harmonics 

£x‘ = + rr 1 ) 

which was previously labeled 2f + in (9.100). 



The 3 Matrices 

In the preceding construction of the matrices for the angular momentum operators 
L and L 2 , it proved convenient to work from the Y, m (0, </>) eigenstates relevant to the 
coordinate representation. As we recall from Chapter 9, the more inclusive angular 
momentum, J (which may represent L, S, or L + S), is defined in terms of the com¬ 
mutation relations (9.16) and the rule of length appropriate to vectors (9.17). 

The procedure for obtaining the matrices for 3 and J 2 (in a representation where 
j 2 and J 2 are diagonal) parallels the construction above. In place of (11.60), one 
writes the operationally identical equations (see Table 9.4) 

J + \ jm) = fc[(j - m){j + m+ 1)] 1/2 | j, m + 1> 

J-\jm> = ftlij + m )U - m + l)] 1/2 l;>w - !) 

Thus the matrices found above for L and L 2 are also valid for 3 and J 2 . Such matrices 
have the correct commutation properties and obey the Pythagorean length rule (see 
Problem 11.41). However, while L matrices are restricted to integral l values and are 
therefore of odd ( 2 / + 1 ) dimension, 3 matrices also incorporate j values that are 
half-odd integral. Such matrices are of even dimension. 
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Since there are 2/ 4- 1 values of J z for each value of j, the matrix of 3 Z has 
2j + 1 diagonal elements. For a given j value, the operators 3 and J 2 are (2 j + 1) x 
(2 j + 1) square matrices and operate on column vectors 2 j + 1 elements long. That is, 
3 and J 2 operate on a (2/ + l)-dimensional space. 

The diagonal matrices for J 2 and 3 Z (for a given value of j) are simple to con¬ 
struct. The first four (j = 1, §, 2) such pairs appear as 


j = F 


J 2 = 


3 h 2 


y = l: 3 2 = 2 h 2 




J z = h{0 



j = h 3 2 = 



J 


0 

0 

0\ 




f 3 

0 

0 

°l 


15ft 2 

0 

1 

0 

0 


3 

h 

0 

1 

0 

0 


4 


0 

0 

1 

0 

* 

** z 

- 2 

0 

0 

-1 

0. 



1 

|0 

0 

0 

1/ 





0 

0 

-V 





0 

0 

0 

o\ 



f 2 

0 

0 

0 

°1 


0 


1 

0 

0 

0 



0 

1 

0 

0 

0 

6 h 2 

0 


0 

1 

0 

0 

, h 

= h 

0 

0 

0 

0 

0 


0 


0 

0 

1 

0 



0 

0 

0 

-1 

0 


10 


0 

0 

0 

1/ 


1 

,0 

0 

0 

0 

-2 


j = 2: 3 2 = 6 h 2 


When j is an integer and J represents orbital angular momentum, L, one may 
transform from the | jm) column vector representation to the coordinate Y, m (9, <f>) 
representation. In this representation the ladder operators 3 ± appear as [see (9.57)] 

J,'cot 

and eigenstates of J 2 and J z are the spherical harmonics. When 3 represents spin, S, 
spherical harmonic eigenstates become inappropriate. 


The Rotation Operator 

A distinction between angular momenta corresponding to j integral or half-odd 
integral is found in the rotation operator, 1 described in Section 10.2. 

f z'<(> ■ 3\ 


= exp 


h 


1 A more fundamental distinction involves the theory of group representations. For a concise, self-contained discussion 
of this topic, see L. I. Schiff, Quantum Mechanics. 3rd ed., McGraw-Hill. New York, 1968, Chapter 7. 
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When R operates on a function /( r), it rotates r through the angle 4>. If rotation 
solely about the z axis, 4> = e z </>, then R becomes 


&<t> = exp 


h 


Let | jm) denote a common eigenstate of J 2 and J z . Then, in particular, 


and 

R*\jm> = 

For the case that j , and therefore m, is half-odd integral, e l2nm = — 1, and one obtains 
the somewhat surprising result 

(2 j + 1 = even no.) R 2 n\jm> = - 1 \jm> 

That is, the eigenstates of J 2 and J 2 corresponding to half-odd integral j values 
change sign under complete rotation of axes. If, on the other hand, j is integral, one 
obtains 

(2j + 1 = odd no.) R 2 n\j™> = 4-1 \jm> 


In the coordinate representation, eigenstates for this case become spherical harmonics. 
These functions return to their original values under complete rotation 

The smallest finite value j may assume is j = j. This spin quantum value is a 
profoundly important case and is developed in detail in the next section. Eigenstates 
corresponding to j = \ are called spinors . We will find (Problem 11.76), in accord with 
the discussion above, that spinors change sign under complete rotation of axes. 


PROBLEMS 

11.38 The state column vectors corresponding to the case / = 1, exist in a three-dimensional 
vector space. Any element f of this space is a set of three numbers of the form 



Write the vector 



as a linear combination of the vectors (^°, £ x \ f* 1 ), as given by (11.68). 
Answer 


1 


o 


1 
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11.39 Use the results of Problem 11.38 to answer the following question. A rigid rotator with 
moment of inertia / is in the state 



2 

3 


e 



(a) What is the probability that measurement of L x finds the value — hi 

(b) What is the column vector representation of the time-dependent state of the rotator 
after measurement finds the value L x = —hi 

11.40 What is the column vector representation of the angular momentum state 


•\> = -J=(jV + 3 yy + 2 y 2 ° + 31V 1 + *V 2 ) 

V24 

in the representation in which L z is diagonal? 

11.41 Show that the / = 2 angular momentum matrices satisfy the relation 



11.42 Show directly, by matrix multiplication, that ^L* 2 ) in the state £ x ~ 1 is h 2 . 

11.43 What are the matrix representations of L 2 , L.. L + , and L_ for the case / = 3? 

11.44 What are the column eigenvectors of L z corresponding to / = 3? To what combinations of 
Y , m functions do these correspond? 


11.6 THE PAULI SPIN MATRICES 
Spin Operators 

In Section 9.2 it was concluded that there are two classes of angular momentum. 
These, we recall, stem from the fact that orbital angular momentum / values cover only 
a subset of the spectrum of j values appropriate to J 2 and J z . The second class includes 
angular momentum called spin . Spin, as described in Section 9.1, is not related to the 
spatial coordinates of a particle as is orbital angular momentum. It is an intrinsic or 
internal property. Other intrinsic properties of a particle are charge, mass, dipole 
moment, moment of inertia, and so forth. Values of such parameters comprise 
internal degrees of freedom for a particle. 
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Spin angular momentum is denoted by the symbol §. The Cartesian components 
of S, being angular momentum components, obey the commutation rules 

(11.69) [S x , S y ] = ihS z , [S„ = ihS x , [$„ S x ] = ihS y 

These are the fundamental relations from which all other properties of spin follow . 
Similar to the introduction of J ± and L ± in Chapter 9, one may also introduce ladder 
operators for spin. 

(11.70) S ± = S x ± iS y 

Furthermore, since the eigenvalue equations (9.43) for J 2 and J, were derived from 
the fundamental angular momentum commutator relations (9.16), we may conclude 
that a similar structure exists for the eigenvalues of S 2 and S z . 

(11.71) § 2 \sm s y = h 2 s(s 4- l)|sm s >, S z | sm s > = hm s \sm s ) 

For a given value of s, the azimuthal quantum number m s runs in integral steps from 
— s to + s. The lowest value s can have is zero. Mesons are particles that have zero 
spin. Photons have unit spin. For s = 1 there are three values of m s : — 1, 0, 1. 


Spin Eigenstates 

Electrons, protons, and neutrons have a spin of one-half. There are two values of m s for 
s — j. These are m s = +|, — Let us call the eigenstate corresponding to (s = 
m s = i) cl (also a z ) and the eigenstate corresponding to (s = m s — -j) ft (also f$ 2 ). 
These eigenstates obey the eigenvalue equations 


(11.72) 

'i hk 

S 2 ol = ~ h 2 cc , S z ol — - a 

S 2 P = lw, s x p=~p 

The raising and 

lowering operators have the property that 1 

(11.73) 

s+ Is, m s ) = fly/ s(s + 1) - m s (m s + l)|s, m s 
S- |s, m s ) = hy/s(s + 1) - w s (w s - l)|s, m s 

It follows that 


(11.74) 

S + a. = 0 S + P = ha. 

§_a = hp §_P = 0 

' See Table 9.4. 




Matrix Representation 

We now wish to construct the matrix elements of S x ,§ y , and S z for s = j in the a, P 
basis. In this basis S 2 and are diagonal. The first two equations on the left in (11.74) 
appear explicitly as 

(S x + iS y )oc - 0 
($ x - iS y )oc = ft/3 

Adding and subtracting these two equations, respectively, gives 


(11.75) 


s,« = \ W 

= ^P 


In similar manner, addition and subtraction of the remaining two equations in (11.74) 
gives 


(11.76) 


* „ ft 

S X P = 2 <x 

SyP = - ^ fta 


Combining these with the following equations from (11.72), 


(11.77) 





establishes all the six equations needed to calculate the matrix elements of S x ,S y , and 
S 2 . For example, the element <a|S x |a> is [using the first equation in (11.75)] 

<«|S,I«> = #<«I/J> = 0 

The vectors a and P are eigenvectors of a Hermitian operator (i.e., S 2 ) and are therefore 
orthogonal. We also take them individually to be normalized. Continuing in this way 
we find that 


(11.78) 


<a|S x |/?>\ = ft/0 1\ 

x \<fi\S x \*> <P\SJP>) 2\1 Oj 
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The matrix representations of the eigenvectors a and /? are the two-dimensional 
column vectors 


(11.79) 


a = 


io r 


fi- 


In this representation the orthonormal relations between a and j6 appear as 

<a|/?> = Q/0\ =0 + 0 = 0 


(11.80) 


The operator 
(11.81) 


</»!«> = o_jVi\ = 0 + 0 = 0 

W 

<a|a> = OQ = 1+ 0=1 

<P\P> = O/ 0 \ =0+1 = 1 




is called the Pauli spin operator . The matrix representation of its Cartesian compo¬ 
nents (in the basis that diagonalizes § 2 and § z ) is 


( 11 . 82 ) 





These are called the Pauli spin matrices. They will be brought into play shortly when 
we consider the quantum mechanical motion of a spinning electron in a magnetic 
field. 


PROBLEMS 


11.45 (a) For spin corresponding to s = show that the eigenvectors of S x and S y are 


a 


X 



a 


y 




P’ = ~T\ 1 

y/2 \-0 


(b) What are the eigenvalues corresponding to these eigenvectors? 

(c) Show that these eigenvectors comprise two sets of orthonormal vectors. 
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11.46 Spin-j state vectors Q are called spinors . Spinors exist in a two-dimensional, complex 
space. Any element £ of this space is a set of two complex numbers. Any two linearly independent 
spinors span this space. In particular, show that this space is spanned by any of the three pairs of 
eigenstates (a x , a,, /?,; a z , &). That is, show that any spinor (J) may be expressed as a linear 
combination of any one of these three pairs of eigenstates. 


Answer 



acc z + bp s 




[_(a + b)ct x + (a - b)PJ 


[(a - to)a r + (cr + to)/?,] 


11.47 Measurement of the z component of the spin of a neutron finds the value S z = h/2. 

(a) What spin state is the particle in after measurement? 

(b) Show that in this state 


<s, 2 > = <s/> = 1 <S 2 - s z 2 y 


h 2 

J 


<S Z 2 > 


by direct calculation. 

11.48 An electron is known to be in the spin state a z . Show that in this state 

<S*) = (Sy) = 0 

Explain this result geometrically (Fig. 11.2). 


z 



FIGURE 11.2 Dynamical concep¬ 
tion of the spin-^ state. The angular 
momentum vector precesses main¬ 
taining a constant component about 
an axis. The projection of S onto a 
plane normal to the precession axis 
averages to zero. (See Problem 
11.48.) 
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11.49 Show that it is impossible for a spin-} particle to be in a state { = (£) such that 

<S*> = <S,> = <S 2 > = 0 


Answer 

Since is and § are related through a constant (11.81), we may work with is instead of S. First we 
find the relation between a and b which gives <£ z > = 0. 




(a* b *)(1 0 

lo -1 



= \a\ 2 - \b\ 2 = 0 


Setting \a\ — 1, with no loss of generality, this condition implies that ( is of the form 






where </> and \p are the phases of a and h, respectively. Substituting this vector into = 0 gives 

^ lo= (i o)W = 2cosa = 0 


while <d y > = 0 gives 


a = ij/ — (j> 


1^10 = 2 sin a = 0 


Since there is no value of a for which sin a = cos a = 0, we conclude that the stated hypothesis Is 
correct. 

11.50 Show that the components of a anticommute. For example, show that 

a x a y 4 * a y a x — 0 


11.7 FREE-PARTICLE WAVEFUNCTIONS, 

INCLUDING SPIN 

The coordinates of a particle include the spin variables (s, m s ) and the position 
variables ( x , y, z). The operators corresponding to these variables (S 2 , S z , % z) are 
assumed to commute. Their eigenvalues may therefore be prescribed simultaneously 
(one may locate a particle without destroying its spin state). Another set of commuting 
operators for a free particle is (5 2 , S 2 , p x , p y , p z ). 

The Hamiltonian of a free particle is 
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The reason that S does not enter in the Hamiltonian of a free particle is that the spin 
manifests itself only in the presence of an electromagnetic field. It follows that /? also 
commutes with S 2 and § z . These operators have simultaneous eigenstates. Let <p k be 
an eigenstate of H corresponding to the eigenvalue h 2 k 2 /2m and (a,/?) be the 
eigenstates of.? 2 , S z corresponding to the respective eigenvalues 3ft 2 /4 and + ft/2. Then 


(11.83) 


<p + = cp k (r)z = Ae i '‘'l 


gives 


ft<P + = 


h 2 k 2 

2m 






The eigenstate 
(11.84) 


0 N 


9- = <P k (r)P = Ae A ' T l 1 


gives 


d ft 2 * 2 


a 2 "ik 2 
S 2 V- =—<?-, 


s h 

S z (p- = “2^- 


Consider that k is unidirectional. Then the state <p+ gives the same energy 
h 2 k 2 /2m for the two vectors +k. The same is true for <p_. Thus we find that 
eigenenergies of the spinning free particle propagating in one dimension are fourfold 
degenerate. This is illustrated below. 


E k = 


h 2 k 2 

2m 



<P+( + k) 

<i»_(+k) 

<p_(-k) 


The time-dependent wavefunction for an electron with momentum ftk and with 
z component of spin —ft/2 is the column vector 


(T 


^ k (r, t) = Ae i<k ' r ~ mt) l 


ft CD = 


h 2 k 2 

2m 


With A = (2 n) 3/2 , one obtains 


<k'|k> = 






* k -dr = <5(k' - k) 


thereby regaining the normalization (10.18) relevant to free-particle motion. 



PROBLEMS 


11.51 A beam propagating in the x direction is comprised of 1.5-keV electrons, 20% of which 
have spin polarized in the + z direction and 80 % of which have spin polarized in the - z direction. 

(a) What is the wavefunction of an electron in the beam? 

(b) What are the values of the wavenumber k and frequency w of these electrons? 

11.52 A free electron is known to have the following properties: 

1. Its orbital angular momentum about a prescribed origin is 

L= hjKl + 1) 

2. Its 2 component of orbital angular momentum is hm t . 

3. Its z component of spin is — ft/2. 

4. It has kinetic energy 

E.**! 

2m 

(a) What is the time-dependent wavefunction, | = \k, /, m h s, m s , f>, for this electron? 

(b) If in an ideal measurement, the x component of linear momentum is measured and the 

value 


P x = hk x 

is found, what time-dependent state is the electron left in? 

(c) What is the degeneracy of the eigenenergy corresponding to part (b)? 


11.8 THE MAGNETIC MOMENT OF AN ELECTRON 
Bohr Magneton 

The student will recall that a circular loop of wire carrying a current /, which is of 
cross-sectional area A , produces a magnetic moment 1 

(11.85) p ~ IA 

The magnetic field due to this current loop is sketched in Fig. 11.3. In the limit that 
A -* 0 and / -+ oo such that the product IA — \i remains finite, the magnetic field 
generated by the loop becomes a dipole field, whose components are also given in 
Fig. 11.3. 


1 In cgs, A is in cm 2 and /is in emu/s. The units of fi are erg gauss. Also recall that 1 emu = I esu/c. 
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FIGURE 11.3 Magnetic field lines of a current loop. The magnetic dipole of the current loop is p. The 
magnitude of p is IA^ where A is the area of the loop. At distances far removed from the origin, the 0S field 
is that due to a magnetic dipole at the origin. In spherical coordinates, with p parallel to the polar axis, 
the components of the dipole magnetic field are 

2 u cos 8 a sin 8 

A = -j— , ^ = ^s- 

r r 

These values are computed from the Biot-Savart law 

If (r - r') 

0»(r) - - J(r') x fdr' 

£■ J I r — r | 3 

which gives the magnetic field at r, due to the current density J distributed over the source points, r . 


For an electron, one finds that the magnetic moment is directly proportional to 
its spin angular momentum. It is given by 1 


( 11 . 86 ) 


e_ s = 
me 2mc 


o = 


~Hb<* 


1 A more detailed analysis, including radiative corrections, finds a slightly larger value of electron magnetic moment and 
(11.86) is more accurately written p = (1.001 Thus to within 0.1 "/„ accuracy, the electron magnetic moment has the 
value of 1 Bohr magneton. 
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s 



u.= - 2 Mft s m 

FIGURE 11.4 For an electron, the spin and magnetic moment are antialigned. 


The quantity eh/2mc is called a Bohr magneton. It has the value 
(11-87) n b = = 0.927 x lO -20 erg/gauss 

Since the charge of the electron is negative, (11.86) may be written 


H = 



That is, the spin and magnetic moment of an electron are antialigned (Fig. 11.4). 

If a magnetic moment is placed in a uniform, constant magnetic field, a torque is 
exerted on it about its origin, given by 

(11.88) N = (i x. S3 

(Fig. 11.5). It follows that a magnetic moment tends to align itself with a magnetic 
field in which it is immersed. We may use (11.88) to calculate the work done in rotating 
the moment from the parallel orientation (0 = 0) to the inclination 0 > 0 (Fig. 11.6): 


(11.89) 


V = 



N dd = — fiM cos 0 + constant 


V = \L-M 


If we plot this potential versus 0 (Fig. 11.7), it is evident that 0 = 0 is the stable 
orientation of the dipole. While the torque vanishes at 0 = % (p antiparallel to any 
fluctuation about this orientation will cause the moment to “flip” to the stable 
position 1 0 = 0. Although there is a torque on a magnetic moment in a uniform 
& field, there is no net force on the dipole. However, the expression (11.89) for the 


* This is so if we neglect the angular momentum of the dipole (due to the rotating charge); if the angular momentum of 
the moment is brought into play, precession results. 



V X <B 



FIGURE 11.5 Torque on a magnetic dipole in a uniform 38 field. 
The force on a point charge moving in a 08 field, with velocity v, is 

F = - v x 08 

c 

Four components of this force along the ring current are shown. 
These forces tend to align p with 08 so that p and 08 are in the same 
direction. 



(B 



FIGURE 11.6 The energy of interaction 
between a magnetic dipole p and a magnetic 
field 38 is a function of the inclination 
angle 0 . 

V = -p 08 
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FIGURE 11.7 V versus 6 for a magnetic dipole in a uniform, 
constant 08 field. 
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FIGURE 11.8 Force on a magnetic dipole in an inhomogeneous magnetic field. For the configuration shown, 
it is the r component of magnetic field, & t , which causes the downward force on the ring. This may be seen by 
calculating the force (ejc)\ x m on the ring, due to the r and z components of respectively. In terms of 
interaction energy, V = -p * m, Vis larger at z v than at z 2 . This causes the dipole to “fall” from z, to z 2 . 

interaction energy 1 between |i and St suggests that there is a net force on a dipole in a 
nonuniform & field. This force causes the dipole, at a given orientation with St, to 
“fall” to a neighboring point in space where the interaction energy, — y^'St, is 
smaller (Fig. 11.8). The net force on the dipole in a nonuniform St field is given by 

(11.90) F= -VF = -V(-p-#) = V(M-#) 

Stem-Gerlach Experiment 

Equation (11.90) reveals the nature of the force which occurs in the Stem-Gerlach (S-G) 
experiment originally performed in 1922 using a beam of silver atoms. In a prototype of 
this experiment a beam of electrons with an isotropic distribution of dipole orientations 
is passed through an inhomogeneous magnetic field, as depicted in Fig. 11.9. The pre¬ 
dominant component of & is ^.Furthermore, M z varies most strongly with changes 
in z so that \S) Z ~ e z d 3t z /dz. It follows that the force on electrons as they pass 
through the pole pieces is 

(H-91) F = Vfi'&t ^ t z n z = e z F z 

oz 


1 This expression for the energy does not take into account the energy supplied by the source that maintains the cur¬ 
rent in the dipole. It gives correct forces, however, if current and ^-field are constant in time. For further discussion 
on this topic, see R. Feynman, Lectures on Physics , Vol. II, Addison-Wesley, Reading, Mass., 1964. 
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pole pieces and 
inhomogeneous 
C8-field 

FIGURE 11.9 Elements of the Stern-Gerlach experiment. 


The predominant force on the electrons is in the z direction. In addition, the sign of 
this force is solely determined by the sign of \i z . 

This z component of force causes electrons in the beam to be deflected. They 
strike the detection screen “off-axis.” If we know where an electron strikes the screen, 
we can 1 calculate F z . Since dSJdz is known (it is a property of the apparatus), the 
equation above then allows one to determine the z component of magnetic moment. 
Thus the S-G apparatus is a device that measures the z component of magnetic 
moment. More significantly, since is directly proportional to the spin S, the S-G 
apparatus becomes an instrument that measures the z component of spin. Written in 


1 The kinetic energy of the incident electron is assumed known. 
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FIGURE 11.10 Traces of electron beam on detection 
screen in the Stern-Gerlach experiment, (a) The trace 
predicted from classical physics, 

/ d£\ 

F ‘ = -( t ‘ b ^) cose 

Continuous distribution of cos 0 values implies a con¬ 
tinuous trace, (b) The trace observed experimentally. 
If s = j for an electron, then quantum mechanics 
predicts that two discrete beams emerge from the Stern- 
Gerlach apparatus. 

terms of spin of the electron, the force (11.90) becomes 

(11.92) F= -^VS-*= -e 2 ^S 2 ^ 

ft ft dz 

At the start of the description of this experiment, we remarked that the incident 
beam carries an isotropic distribution of directions of magnetic moments or, equiva¬ 
lently, spin vectors (see Fig. 11.9). This means that at any point in the beam it is 
equally likely to find \i 2 with any value from -/i to + Thus according to (11.91) one 
expects a uniform distribution of deflections. The pattern that the deflected particles 
in the beam make on the screen should be a continuous one. However, experiment 
finds that the beam divides into two discrete components (Fig. 1 1 .10). Thus experiment 
indicates that \i 2 or, equivalently, S z has only two components. But this is precisely what 
one expects if s = 7 , for in this case S 2 has only the two values ± h/2. So according to 

(11.92) , an electron going through the Stern-Gerlach $ field is acted on by only one of 
two possible values of force: 

tod*, 

F - ±_ ar~ 

These two oppositely directed components of force divide the beam into two separate 
components. 



Superposition Spin State 


Instead of the beam containing an isotropic distribution of spin orientations, let 
electrons in the incident beam all be polarized with spins in the + x direction. That is, 
each electron is in the eigenstate a* of S x and has the wavefunction 


ib = Ae iiky ~ at) a =_ e nky-at) 

x V* 


(11.93) 
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The beam propagates in the + y direction. Let the beam be incident on a S-G apparatus 
whose St field is aligned with the z axis. What portion of electrons in the incident beam 
emerges with spins in the +z and - z directions, respectively? Equivalently, we may 
ask, what is the probability that measurement of the z component of spin of an electron 
in the beam finds the respective values of +h/2 or -ft/2? To answer this question, 
we call on the superposition principle. Expanding the column vector x x in terms of the 
eigenvectors of S z gives 


(11.94) 




= —j= («r + Pi) 

V2 


The two coefficients of expansion are equal. It follows that the probability of measuring 

Si = +h/2 

p(+ = l< a *IO I 2 

is equal to that of measuring S z = — h/2 

p(-^) = ^ = k «x !^ >|2 

Thus if a beam of polarized electrons all in the state cc x enters a S-G apparatus, two 
equally populated beams emerge. These beams are also polarized, with electrons in 
spin states a 2 and jS 2 , respectively. 


PROBLEMS 

11.53 Show that the magnetic moment due to the orbital motion (as opposed to the spin) of the 
electron in the Bohr-model hydrogen atom is given by 

Mb L 

11 = T 

The orbital angular momentum of the electron is L. {Hint: If the electron moves in a circle with 
velocity v and radius r, the related current is 

ev 

I — - emu/s). 

litre 

11.54 Consider that a polarized beam containing electrons in the a 2 state is sent through a S-G 
analyzer which measures S x . What values will be found, and with what probabilities will these 

values occur? 
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Answer 

We write ol z as a linear combination of a* and f$ x . 


- 7 = K + Px) = X 

yfi 2 



+ 


f V 

i-l, 


The coefficients of expansion are equal so that it is equally likely to find the values S x = + ft/2 or 
S x = — ft/2. 

11.55 A proton is in the spin state a y . What is the probability that measurement finds each of the 
following? 

(a) S, = -ft/2 

(b) S x = + ft/2 

(c) S x = -ft/2 

(d) S 2 = +ft/2 

(e) S z = -ft/2 

Answers 

(a) 0 

(b) i 

(C) i 

(d) i 

(e) i 


11.56 A collection of electrons has an isotropic distribution of spin values. For an electron chosen 
at random, what is the probability of finding it with the following spin components? 

(a) = + ft/2, -ft/2 

(b) S y =+ ft/2, -ft/2 

(c) S z = + ft/2, -ft/2 


Answers 

If the x component of spin is measured, only two values can be found. If spin is isotropic, these two 
values are equally likely, hence there is a probability of \ that S x = ft/2 and a probability of \ that 
S x = —ft/2; similarly for S y and S z . 


11.9 PRECESSION OF AN ELECTRON 
IN A MAGNETIC FIELD 

In this section we consider the motion of a spinning, but otherwise fixed electron which 
is in a constant uniform magnetic field that points in the z direction. Suppose that the 
electron is initially in the a x state 
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What is £(f)? To answer this question, we write down the time-dependent Schro- 
dinger equation for the state £(t). 

(11.96) ih J t i = fii 

The Hamiltonian is the interaction energy 

ft = — M = +/i h <r* & = fx b :M Z 
In the matrix representation with S z diagonal, ft becomes 

(11-97) £ = 

We seek the solution to (11.96) with this Hamiltonian, for the state vector 



Substitution of this form into (11.96) with (11.97) substituted for /? gives the column 
vector equation 



where ft/2 is the Larmor frequency and 
(11.98) = 

me 


is commonly referred to as the cyclotron frequency (previously encountered in Section 
10.4). The column vector equation above is equivalent to the two independent 
equations 


which has the solution 




m = 




C 




e + iW2)t 


(11.99) 
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FIGURE 11.11 Precession of a spinning but otherwise fixed electron in a constant, uniform magnetic field. 
Electron is initially in the a x state. 


This solution is compatible with the initial conditions (11.95). At later times (including 
t = 0) one obtains 

m = «x 
{(T/4) = e- ix/ \ 

&T/2) = e~* 2 P x 

£(3T/4) = e~ i3n '*P y 

where we have written T for the period 2n/Sl. Apart from constant phase factors, we 
may conclude the following. At t = 0, the electron is in an eigenstate of S x correspond¬ 
ing to the eigenvalue +h/2. At T/4 it is in an eigenstate of S y corresponding to the 
eigenvalue + h/2. Proceeding in this manner one finds that the spin of the electron 
precesses about the z axis with angular frequency fl (see Fig. 11.11). 

Eigenenergies 

We now consider the problem of calculating the eigenstates and eigenenergies of this 
same system, i.e., a spinning but otherwise fixed electron in a constant uniform mag¬ 
netic field that points in the z direction. To solve this problem we use the time- 
independent Schrodinger equation. For the case at hand, it appears as 

/?£ = ££ 
n = 


( 11 . 100 ) 
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Setting ( = (g) gives 



or, equivalently. 


(ji b & - E)a = 0 
(ji b 9f + Ejb — 0 


If a # 0, E = +n b 3 and b = 0. If b # 0, E = and a — 0. Thus we obtain the 

(normalized) eigenstates, and eigenenergies 


( 11 . 101 ) 



E = 


hSl 

T 


E = 


-H„£ = - 


ha 

T 


In the state of higher energy, the spin of the electron is parallel to so the magnetic 
moment is antiparallel to Si and the interaction energy — (i •Si is maxim u m In the 
state of lower energy, the spin is antiparallel to Si, so the magnetic moment is parallel 
to Si and — p • Si is minimum (Fig. 11.12). 


E 



S 


I 


<B 





FIGURE 11.12 Energy eigenvalues of a 
spinning but otherwise fixed electron in a 
uniform, constant magnetic field. The orien¬ 
tation of |i with respect to M is also shown for 
these two states. 


Magnetic Resonance 

As found above (11.86), the relation between the magnetic moment of an electron and 
its spin is given by 


V = 



s 


This expression may be written in terms of the Lande g factor , 


* - H*) s 

with g = — 2. For nuclear particles such as a proton or a neutron, the relevant unit of 
magnetic moment is the nuclear magneton 

eh 

H N = - ■ = 0.505 X 10” 23 erg/gauss 

2 M p c 

where M p is the mass of the proton. The magnetic moment of a nuclear particle is 
written 


For a proton g = 2(2.79), while for a neutron g = 2(— 1.91). We wish now to describe 
a technique of measuring g or, equivalently, the magnetic moment. 

As found in the first part of this section, if a magnetic moment is immersed in a 
steady St field in the z direction, the moment will precess about the z axis with the 
“Larmor” frequency gQ/2 . Measurement of the magnetic moment is made through 
inducing a spin flip of the magnetic moment between its two energy states (for a 
spin4 particle) parallel and antiparallel to St (Fig. 11.12). As in the corresponding 
classical configuration, in order to change the angle that p makes with the z axis, it is 
necessary to impose an additional transverse magnetic field normal to the plane 
through the z axis and p (Fig. 11.13). Since this plane rotates with the Larmor fre¬ 
quency, in the corresponding quantum mechanical motion one may expect a spin flip 
of the magnetic moment to be induced when the frequency of an imposed rotating 
transverse magnetic field is equal to the Larmor precessional frequency. Let us 
examine quantitatively the manner in which this resonance occurs for a spin-i 
nuclear particle with magnetic moment g(ji N /h) S. 

Since St has three components, the Schrodinger equation (11.96) takes the form 
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FIGURE 11.13 Transverse field Mi imposes a torque N that causes 
p (or, equivalently, S) to change its orientation with respect to the 
z axis. 



(11.104) 
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In order that a and 5 be independent of time, we must set <f> = 0, which gives 


oo tt = oo b + oo 


Setting the determinant of the coefficient matrix in (11.104) equal to zero gives the 
frequencies 


(11.105) 


a> _ 

co b = - — ± (O, 


oo _ 
= 2 ± 


oo 2 



+ Oi 2 


It is only for these values of co B and oo b that the proposed forms (11.103) are solutions to 
(11.102). The fact that two frequencies emerge for oo a and oo b corresponds to the 
property that (11.102) represents two independent, second-order differential equations 
in time. The general solution for, say, b(t) is a linear combination of the two frequency 
components. 

b(t) - bi exp - + b 2 exp + “ 

To match this solution to the initial condition b(0) = 0, we choose b t = —b 2 — C/2i. 
There results 



b(t) = C sin oot e ,(0>/2>t 

To fix the coefficient C, we insert this solution into the second of equations (11.102) 
and set t = 0, a(0) = 1, to find 

C-S1 

O) 


The solution a(t) corresponding to the specific form b(t) obtained above is simply 
constructed from the second equation of (11.102). 

Combining our results we obtain 


(11.106) 


a(t)\ sin cot /e i<<a/2), [/(Q|| — co/2) + co cot cot] 
&(0/ = ^ \ ie -,<0>/2), n i 


Since normalization of the spinor | <J> is obeyed at t = 0, 

<m\m> = I o(0) I 2 + |b(0)| 2 = 1 


we should find that it is maintained for all time. From (11.106) we obtain 

.2 




4- cos 2 cot 


CO" 
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Recalling the definition of to (11.105), we find that 

<£(0I£(0> = sin 2 cot + cos 2 cot = 1 

so that normalization is maintained for all time. 

Let us see how the solution (11.106) implies the resonant spin-flip behavior when 
the driving frequency co of the transverse field is equal to the Larmor precessional 
frequency > as described above. From the form of | b\ 2 , 


(11.107) 


IWI = 1 ( 0,1 - co/2) 2 + Q x 2 


we may infer the following. In an ensemble of spins that are all pointing in -t- z direction 
at t = 0, the fraction \ b(t)\ 2 will be found pointing in the -z direction at the time t. 
From the preceding expression for |fc| 2 , it is clear that the number of such spin flips 
is maximized at the resonant frequency 


(11.108) 


to = 2C1 


h 


which, as expected, corresponds to the precessional frequency. The structure of the 
amplitude of |fe(f)l 2 further indicates that this resonant phenomenon may be made 
more pronounced by choosing the transverse field small in comparison to the steady 
parallel field & n . 


Experimental Description 

The molecules in a sample of water have zero magnetic moment save for that carried 
by the protons of the hydrogen nuclei. When placed in a steady magnetic field these 
protons align in one of two possible orientations. In thermal equilibrium there are 
slightly more protons in the lower-energy orientation with magnetic moment parallel 
to 09 (Fig. 11.12). One may utilize the presence of this net excess of magnetic moment to 
measure the g factor of protons. As described above, spin flips of the aligned protons 
may be induced by an additional rotating transverse magnetic field. This effect is 
maximized at the resonant frequency (11.108) 




With the value of this frequency observed, the relation above may be solved for g, 
since all other quantities in the equation are known. 
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In inducing a transition from the lower to the upper energy state, energy in the 
amount 


4 



is absorbed by the transition. This energy comes from the supporting transverse 
magnetic field coils. Spin flips to the lower parallel orientation expel energy hQ. 
Since there are slightly more protons in the lower energy state than in the upper 
energy state in thermal equilibrium, there will be a net detectable absorption of 
energy from the transverse coils at the resonant frequency. Measurement of this 
frequency yields the value g = 5.58 for the proton. 

In concluding this discussion we note the following convention regarding 
magnetic moment. Consider a particle with intrinsic spin S. Its magnetic moment is 
given by 


H = 9 


Hn 

h 


S 


The experimentally quoted value of magnetic moment refers to the expectation of the z 
component of p with S inclined maximally toward the z axis, that is, in the state 
m s = s. With the wavefunction of the particle written | s, m s )> this value is given by 


For a proton 


which gives the value 


/i = <S, 5|gf(yjs z |s,s> 



QSUn 


Up = 2(2.79) 



For a neutron 


n p = 2.79/% 
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to which corresponds the value 


Hn ~ 

Similarly, for an electron we find that 


He = ~Hb 


PROBLEMS 

11.57 What frequencies are emitted by an electron gas of low density (~ 10® cm' 3 ) which is 
immersed in a uniform magnetic field of strength 10 4 gauss due to spin flips? What type of radia¬ 
tion is this (x ray, microwaves, etc.)? How does this emission frequency compare to the classical 
frequency emitted when an electron is executing Larmor rotation (see Section 10.4)? 

11.58 In a nuclear magnetic resonance (NMR) experiment with .* H set at 5000 gauss, resonant 
energy absorption by a sample of water is detected when the frequency of the transverse compo¬ 
nents of magnetic field passes through the value 21.2 MHz. What value of g for a proton does this 
data imply? 


11.10 THE ADDITION OF TWO SPINS 

In Section 9.4 it was concluded that when adding the angular momenta of two com¬ 
ponents of a system, one may work in one of two representations: the coupled repre¬ 
sentation or the uncoupled representation. This also holds, of course, for the addition of 
spin angular momenta. As in the orbital case, the construction of wavefunctions in the 
uncoupled representation proves simpler. In this representation, wavefunctions for the 
two-electron system are simultaneous eigenstates of the four commuting operators 
S, 2 , S 2 2 , S lz , and § 2z . They may be written 

(11.109) £ = |s 1 s 2 m Sl m S2 ) = \ j,j, +y> 

where, for example. 


= 6 2 si(si + 1) I «»«,»»„> 
= *h 2 \siS 2 m Sl m S2 y 


These eigenstates, (£„ ..., £ 4 ), are simple products of the eigenstates a(l), fi(l) of 
, S lz and a(2), /}( 2) of S 2 2 , S 2z . They are listed in Table 11.2. The column on the 
left of Table 11.2 contains diagrammatic representations of these states in which the 
relative orientation of the two spins is suggested. 
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TABLE 11.2 Spin wave function for two electrons in the 
uncoupled representation 


Spin 

alignment 

Wavefunction 

4 = |SlS2™.,'"» J > 


m S2 


s 2 

T T 

4, = 

= a(l)a(2) 

+ i 

+ 1 

1 

2 

1 

2 

1 i 

<2 = 

= «D«2) 

I 

~ 2 

1 

“I 

1 

2 

1 

2 

T 1 

«»■ 

= a(l)«2) 

+i 

2 

i 

1 

2 

i T 

4.= 

= «l)a(2) 

-i 

+i 

i 

1 


In the coupled representation, one constructs simultaneous eigenstates of the 
four commuting operators 

S 2 = (S, + S 2 ) 2 = V + $ 2 2 + 2 § t * § 2 
§ z = S lz + §2z 

Si 2 . S 2 2 

The simultaneous eigenstates of these four operators may be written |sw s s,s 2 >. 
Since s = (0, 1), again there are four such independent eigenstates. In constructing 
these states we show first that two of the states appropriate to the uncoupled repre¬ 
sentation are also eigenstates of the coupled representation. Toward these ends note 
that all four uncoupled states are eigenstates of the total z component of spin. 

s.fi = Ki 

(11.110) S m { 2 = -h 2 

SzS 3 = s .( 4 = o 

The eigenstate is an eigenvector of §„ S u , and S 2z . If it is also an eigenstate of S 2 , 
it is one of the eigenstates appropriate to the coupled representation. To see if this is 
indeed the case, we employ the relation (see Problem 9.31) 

§1 * §2 = (S\x§2x + S\y§2y) + ^Iz^lz 

= j(§i+s 2 - + ^1-^2+) + S lz s 2z 

in the cross term of § 2 to obtain the expansion 

(11.111) $ 2 = v + $ 2 2 + 2S u S 2a + ( s 1 + s 2 _ + S x -S 2+ ) 

The raising operator S 1+ is defined by 1 

^1 + = ^1* "b y 


1 See Table 9.4. 
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with similar definitions carrying over to S 2 +» - > and § 2 -- Using the above repre¬ 

sentation ofSj • § 2 » we find that 

^1 '^2^1 = [ 3(^1 + ^2 - + ^1-^2+) + ^lr^2zD a (l)®(2) 

-[i(0 + 0) + ^] {l .^, 

so that 

S 2 ^ = (V + V + 2 §! • S2X1 = (|ft 2 + ih 2 + 

= 2hH, = ft 2 i(i + IK, 

We conclude that c, is also an eigenstate of S 2 , hence it is one of the eigenstates of 
5 2 and § z for two spin4 particles in the coupled representation. We relabel this 
eigenstate £ s (1) , for reasons that will become apparent immediately. 

£1 = «(D«(2) = Zs (i) 

Similarly, we find that t, 2 is also a common eigenstate of S 2 and S z . This eigen¬ 
state is relabeled £ s (_ u . 

£2 = 15(1)13(2) s £ s <-» 

However, <j; 3 and £ 4 are not eigenstates of S 2 . 


The Exchange Operator 

To find the remaining two eigenstates (which will be called £ s (0) and £ A ) of the coupled 
representation we introduce the exchange operator, i. When i operates on a function 
of coordinates (spin or space) of two particles, it exchanges these coordinates. If 
<P(1,2) is a function of the coordinates of two particles (the spin coordinates of 
particle 1 are labeled “1,” those of particle 2 are labeled “2”), then 

(11112) i<jp(l, 2) = cp(2, 1) 

From the definition of i, one obtains 

% 2 <p(h2) = tcp(2,1) = <p(l, 2) 

so that the eigenvalues of X are ±1. One may construct the corresponding eigen¬ 
functions of X from any state <p( 1, 2) as follows: 

<Ps = <P(h 2) + <P(2, 1) (“symmetric”) 

clearly has eigenvalue +1, whereas 

<Pa = <P(U 2) — <p(2, 1) (“antisymmetric”) 

has eigenvalue —1. 
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Since § 2 and § z commute with i, it follows that S 2 , S 2 , and i have common 
eigenstates. We already know two of them, £ s (1) and £ s (-1) . 

S 2 Z s w = 2 h 2 Z s a \ § z Zs (l) = hU l \ tZs w = + Us a) 

§ 2 Zs il) — 2h 2 Z s (l \ S t Z s <- l >=-hZ 8 '- l \ = +l^s ,_1) 

These equations serve to explain our notation. The superscript on Zs iU (i-e., + 1) is 
the eigenvalue of S g , while the subscript S denotes “symmetric.” The eigenstates 
£s (1) and Zs { ~ l) are symmetric with respect to particle exchange. 

Of the remaining two simultaneous eigenstates of S 2 ,S Z , and $, one is symmetric, 
Z s (0> , and one is antisymmetric, Za- Their construction follows simply from the 
recipe above, using the two degenerate eigenstates of § z (i.e., Z 3 and £ 4 ): 


(11.113) 



+ U) = 


" W = 



[«(1)j 8(2) + i?(l)a(2)] 
[*(1)0(2) - 0(l)a(2)] 


Using the expansion (11.111) for S 2 , one finds that 

§ 2 Z S {0) = 2h 2 Z s W) 
S 2 Sa = o h 2 Z A 


while 


S'ts m = Ws, *Zs (0) = + 1 « 0 ) 

S'Ca-OUZa, %Za=-Ha 

In this manner we obtain that the four independent eigenstates of (5 t 2 , S 2 2 , $ 2 , S z ) are 
(Zs (1) > £s <0) > !?s <-1> > £a)- Properties of these eigenstates are listed in Table 11.3. The 
three Z s states correspond to s = 1, whereas the Za state corresponds to s = 0. That is, 

§ 2 Z S = 2h 2 Z s 
§ 2 Za = 0 


Spin Values for Two and Three Electrons 

In the coupled representation one may speak of the total angular momentum of 
the two-electron system. In Section 9.4 we concluded that the total angular momen¬ 
tum quantum numbers for a two-component system vary in unit steps from | J x + l 2 1 
to \l x — l 2 1 [see (9.114)]. In similar manner the total spin angular momentum of a 
two-electron system has spin quantum numbers varying from li + il to |? — ?\ in 
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TABLE 11.3 Spin wavefunctions for two electrons in the coupled representation 


Spin 


Wavefunction 





alignment 


t = 

S 

m s 


5 2 

t t 


«(1)«(2) 

1 

1 

i 

i 

T 1 + 1 t 

« s <0 ' = 

4 Ml)«2) + fi( 1)«(2)] 

n/2 

1 

0 

i 

i 

1 1 


= «1)«2) 

1 

-1 

1 

1 

1 

2 



4 [a(l)/J(2) - /((l)a(2)] 





T 1-1 t 

<A-~ 

0 

0 

h 

i 


\ 

/2 






unit intervals. This gives the two values s = 0 and s = 1. For s = 1 there are three m s 
values: m s = 1,0, and -1. For s = 0 there is one m s value, m s = 0. This partitioning 
of states according to total spin number s is depicted in Table 11.3 in the (s, m s ) 
column. 

If we use the angular momentum addition rules of Section 9.4 to calculate the 
spin quantum number corresponding to the possible total spin values for three 
electrons, one obtains the series 

|| + | + ||, . . ., || + | — || 


which gives 




There are four m s values for s = | and two for s = |. 



These values of spin quantum number are appropriate to the coupled representation. 
The corresponding eigenstates are of the form 

£ = 15, m s ,s u s 2 ,s 3 > 


which are simultaneous eigenstates of the five commuting operators 
(n.114) {$ 2 XV,S 2 2 , V) 
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These concepts of spin angular momentum are very relevant to topics in atomic 
physics, as will be discussed further in Chapter 12. 

PROBLEMS 

11.59 Show that the coupled spin states £ s <0) and l A given in (11.113) are eigenvectors of S 2 
with eigenvalues 2 h 2 and 0, respectively. 

11.60 Obtain the four spin states 1 5 / 7155 x 52 ), listed in Table 11.3, relevant to two electrons in the 
coupled representation, through a Clebsch-Gordon expansion of the form 

|sm s s,s 2 >= £ c ’*im 2 |si«i)|s 2 'n 2 > 

i«i+m2 = w i 

11.61 Consider a spin-1 particle. For integral angular momentum quantum number, the 
matrices developed in Section 11.5 for orbital angular momentum also apply to spin angular 
momentum. Using the three-component column eigenvectors of the Cartesian components of 
S [e.g., (11.68)], determine if it is possible for a spin-1 particle to be in a state 



such that 

<s x > = <$ y > = <$,> = 0 

11.62 What is the form of a spin eigenstate, in Dirac notation, in the uncoupled representation 
for the three-electron case? How many “good” quantum numbers are there? 

Answer 

( = ls l9 s 2 ,s 3f m Sl9 m S2 , m S3 ) 

There are six good quantum numbers. 

11.63 Using the results of Problem 9.43 (and the discussion preceding), construct an operator, 
A x 2 , which commutes with the five commuting operators (11.114) relevant to the addition of three 
electron spins in the coupled representation. 

11.64 For the case of four electrons, in the coupled representation, 

(a) What are the s eigenvalues? 

(b) Write down the form of six commuting operators explicitly in terms of the vector 
operators §j, § 2 , S 3 , their inner products, and their z components. 

(c) What is the form of an eigenstate in Dirac notation? How many independent states 
of this form are there? 

Answer ( partial ) 

(a) s = I 2 + i + 2 + 21 » * * ■»1 2 + 2 “ 2 — 21 

= 2 , 1,0 
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(a) (b) 

FIGURE 11.14 (a) Direction angles (ft ft y) locate the z' axis with respect to the original Cartesian frame, 

(b) The angles (0 , ft y) for the case described in Problem 11.65. The z' axis lies in the yz plane. 


11.65 The expression for the component of spin along an axis z\ which makes respective angles 
(0 , ft y) with the (x, y, z) axes, is 

ft- ~ ft cos 6 + ft cos p + ft cos y 

cos 2 9 4- cos 2 /? 4- cos 2 y = 1 

See Fig. 11.14. This relation follows from the vector quantity of a. 

(a) Write the matrix for a z in terms of ft ft y and show that the eigenvalues of a z > are the 
same as those of ft. 

(b) An electron is known to be in the state a 2 . What is the probability that measurement of 
S z finds the respective values ±h/2 for the angular displacements 6 — te/2, /? = je/2 - yl See 
Fig. 11.14b. 

(c) Describe a double S-G experiment in which such measurement may be effected. 
Answer (partial) 

(b) To obtain the answer, one must find the eigenvectors of ft - corresponding to the eigen¬ 
values ± 1 and then expand a z as a superposition of these two states. The squares of the coefficients 
of expansion give the respective probabilities 



As y -* 0, the z f and z axes merge and P( + h/2) -► 1, P( - h/2) 0. For y = 7r/2, the z axis is normal 

to the z axis and P( + h/2) - P( - h/2) = j. 
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11.66 Show, employing explicit matrix representations, that 

§ + a = S-P = 0 

S+/J = ha, §_a = h/i 

11.67 Show that the Pauli spin operators obey the relation 

& x & y & z = il 

11.68 If A and ft are vector operators in three dimensions which both commute with 6, i.e., 

[A, A] = [lU] = 0 

show that 


(£-A)(6 -ft) = A-ft+i6-(A x ft) 

11.69 Measurement is made of the sum of the x and y components of the spin of an electron. What 
are the possible results of this experiment? After this measurement, the z component of spin is 
measured. What are the respective probabilities of obtaining the values ±h/ 2? 


11.11 THE DENSITY MATRIX 
Pure and Mixed States 

In our description of quantum mechanics to this point, we have considered systems 
which by and large have satisfied the idealization of being isolated and totally 
uncoupled to any external environment. The free particle, the particle in a box, the 
harmonic oscillator, and the hydrogen atom are cases in point. Any such isolated 
system possesses a wavefunction of the coordinates only of the system. This wave- 
function determines the state of the system. 

Consider, on the other hand, a system that is coupled to an external environment. 
Such, for example, is the case of a gas of N particles maintained at a constant tempera¬ 
ture through contact with a “temperature bath.” Very simply, if x denotes coordinates 
of a system and y coordinates of its environment, then whereas the closed composite 
of system plus environment has a self-contained Hamiltonian and wavefunction 
^(x, y\ this wavefunction does not, in general, fall into a product & 2 (y). Under 
such circumstances, we may say that the system does not have a wavefunction. A 
system that does not have a wavefunction is said to be in a mixed state. A system that 
does have a wavefunction is said to be in a pure state. 

It may also be the case that, owing to certain complexities of the system, less than 
complete knowledge of the state of the system is available. In quantum mechanics, 
such maximum information is contained in a wavefunction that simultaneously 
diagonalizes a complete set of commuting operators relevant to the system, such as 
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that described in Section 5.5. Let a set of such operators be A, B, C with common 
wavefunction \p ab( . Now suppose that the system is such that it is virtually impossible 
to measure A, B, and C in an appropriately small interval of time. Then the wave- 
function i l/ abc cannot be determined and under such circumstances one also speaks of 
the system being in a mixed state. As in classical statistical mechanics, this situation 
arises for systems with a very large number of degrees of freedom, such as, for example, 
a mole of gas. The quantum state of such a system involves specification of ~ 10 23 
momenta. The study of such complex systems is called quantum statistical mechanics 
and it is in this discipline that the density operator finds its greatest use. 

The Density Operator 

In dealing with situations where less than maximum information on the state of the 
system is available, one takes the point of view that a wavefunction for the system 
exists but that it is not completely determined. In place of the wavefunction, one 
introduces the density operator p. If A is some property of the system, the density 
operator determines the expectation of A through the relation 

(11.115) <A> = Tr pA 
and 

(11.116) Tr /5 = 1 

The trace operation, written Tr, denotes summation over diagonal elements 
[see (11.27)]. From the density operator we may calculate expectation values of all 
relevant properties of the system. 

Let us calculate the matrix elements of (i for the case of a system whose wave- 
function 4> is known. Then 

<^> = <»AI^> 

Let the basis {|n>} span the Hilbert space containing 4>- One may expand i/i in this 
basis to obtain 

w> = Zi»x»w> 

n 

Substituting this expansion into the preceding equation gives 

<a> = ZZ 

q n 

= Z Z = Tr P A 

q n 
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Here, we have made the identification 

Pn q = <g|*A>*<n|*A> = a*a n 

The coefficient a n represents the projection of the state ij/ onto the basis vector \n). 
The nth diagonal element of p is 

(11.117) P„„ = K*Aln>| 2 = a/a B = P n 

which we recognize to be the probability P n of finding the system in the state | n). Thus, 
the diagonal elements of p are probabilities and must sum to 1. This is the rationale for 
the property (11.116), Tr p — 1. 

The Mixed State 

Now consider a system that is in a mixed state. Let N be a measurable property of the 
system such as its energy. Let {|n>} be the eigenstates of iV. Since the system is in a 
mixed state, we may assume that the projections a n are not determined quantities. 
In this case we define the elements p nq to be the ensemble averages (see Section 5.1), 

(11.H8) Pnq = ^n 

The diagonal element 

(11.119) Pnn = a*a n 

represents the probability that a system chosen at random from the ensemble is 
found in the nth state. 

Equation of Motion 

Suppose again that a system is in a pure state and has the wavefunction ij/. Again, let 
N be a measurable property of the system with eigenstates {|n>}. Expanding \j/ in 
terms of the projections a n gives 

l<A> = Zo-WIn) 

n 

From the Schrodinger equation for we obtain 

= 'Z a »ft\n> 

n n 

Operating on this equation from the left with </| gives 


( 11 . 120 ) 
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We may use these relations to obtain an equation of motion for the matrix elements 
of p. 




Substituting the expressions (11.120) for the time derivatives of the projections a n and 
setting H lk * = H kl gives 

(11.121) iti 8 -?f = Z(H nk p k ,-p l , k H kl ) 

This may be written in operator form as 


( 11 . 122 ) 





Random Phases 

Consider the matrix elements of p (11.118), 

Pnm 


The indeterminacy of the state of the system may be manifest in a corresponding 
indeterminacy of the phases {0„} of the projections {a,,}. These phases are defined 
by the relation 


= c n e 




where c„ and 4> n are real. What is the consequence of assuming that the phases {</>„} 
are random over the sample systems in the ensemble? Consider the matrix element 


Pnm = C m *C n exp [;(</>„ - 0 m )] = C m *C„ [COS (<f> n - <f>J + i Sill (0 n - 4>j] 

If phases are random, then in averaging over the ensemble, cos ( <p n ~ <t> m ) will enter 
with positive value equally often as with negative value. Similarly, for sin (<^ n — <t > m ), 
so that 

cos (<{>„ - <t> m ) = Sin (<p„ - (l> m ) = 0 


except when n = m. In this case 

Pnn = C*Cn COS (</>„ ~ 0„) = C*C n 


It follows that for the case of random phases, p is diagonal. 
(11.123) Pnm = Pnn&nm 




Evolution in Time of Diagonal Density Matrix 

Suppose that p is diagonal. How does p then evolve in time? Specifically, does it 
remain diagonal? From (11.121) we conclude that the evolution in time of the 
diagonal elements of p depends on the off-diagonal elements of p. If these off-diagonal 
elements begin to grow away from zero, {p„} will change. The equation for the 
off-diagonal elements is obtained from (11.121). If at t = 0, p is diagonal, then 

(11.124) ih^ = H nl (p u - pj + 0 (t = 0) 

Thus the diagonal distribution is not, in general, constant in time. However, it is quite 
clear that the uniform distribution 

Pnl = Po^ni 

(all states equally populated) is stationary in time. 


Density Matrix for a Beam of Electrons 

An electron beam generated at a cathode is known to have an isotropic distribution of 
spins, so that 

<S X > = <S y > = <S Z > = 0 

Let us calculate a density matrix that gives this property in a representation in which 
S 2 is diagonal. The matrices for § x9 § y9 and S z are given by (11.78). Since the spins are 
isotropically oriented, the probabilities of finding S z with values + h/2 are both ± 1/2. 
In the said representation, and with the property (11.117), we conclude that the 
diagonal elements of p are \ and It follows that the matrix 

(1U25) p = °\ 


gives 


<S 2 > = Tr pS z = Tr * 


X 


0 

-1 


= 0 


From (11.78) we quickly conclude that this choice of p also renders <S X > = <S y > = 0. 


Projection Representation 

As noted above, if the wavefunction of a system is indeterminate, one may describe 
properties of the system through the use of an ensemble of replica systems. Consider 
that states \j/ of the ensemble systems are distributed with probability P^. An 
alternative form of the density operator is given by the projection sum over states of 
the ensemble. 

(11.126) P = ZltA>WI 


485 
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In the preceding example of a beam of isotropic spins, we found the density operator 
to be given by (11.125). This operator is written in a representation in which S z is 
diagonal, for which the states corresponding to S z = +h/2 are |a> and |/?> given by 
(11.79). Since the ensemble of systems contains only two values of P Sx , the summation 

(11.126) for this example may be written 

(11.127) £ = |a>i<a| + \P>KP\ 

Let us use this form to calculate <S*>. 

<S*> = Tr fiS x = <«| A$,l«> + <ft\fiS x \P> 


= i<a|Sj«> + KP\S X \P> =t 




In like manner, we find that (11.127) gives (S y ) = 0. 

Let a system be in a mixed state. Although the wavefunction is not determined, it 
is known that the probability that measurement of energy finds the value E n is P n . 
In this case (11.126) becomes 

/3 = E| ^n>PM 


Since {|^ r >} is an orthonormal sequence, it follows that p is diagonal in this repre¬ 
sentation with diagonal elements equal to P B . If the system is a gas of N particles, 
the number of particles with energy E n is NP n , which for nondegenerate states is the 
same as the number of particles in the state | ^ B >. Thus the diagonal elements of £ in 
the case at hand give the occupation numbers for the states of a system. 1 


PROBLEMS 

11.70 Is a system that is in a superposition state in a pure or a mixed state? 

Answer 

A system in a superposition state is in a pure state. The wavefunction of the system is known, and 
all properties of the system may be determined to the maximum degree that quantum mechanics 
allows. Let A, B be a complete set of compatible operators for the system. Let the common 
eigenstates {t/q of A, B span the Hilbert space Then t j/\ which is a superposition state with 
respect to the observables A and B, does not lie along any of the basis vectors {if/}. As described 
earlier in the chapter, which exists in §, is related to ^ through a unitary transformation, 
\j/' = In this manner, one may obtain a new set of states { 4V} which also span §. In this new 
basis, the operator A has the value A = UAU~ ! . So A\j/ f — U AU~ x V\jf = Ua\j/ = Further¬ 
more, [A', B'] = 0 if [4, B] = 0. Thus we may conclude that is a common eigenstate of A\ B'. 

1 For further discussion and problems on the density matrix, see R. H. Dicke and J. P. Wittke, Introduction to Quantum 
Mechanics , Addison-Wesley, Reading, Mass., 1960. 
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11.71 What is the spin polarization of a beam of electrons described by the density operator 



11.72 (a) What is the density operator corresponding to an isotropic distribution of deuterons 
(spin 1) in the representation in which S 2 is diagonal? 

(b) What is the value of ? 

(Hint: Your answer should appear as a 3 x 3 matrix.) 

11.73 Consider a particle in a one-dimensional box with walls at x = 0 and x = L. Eigen- 
energies are E„ = n 2 E v It is known that the probability of finding the particle with energy E, is \ 
and that of finding it with energy E 5 is 

(a) What is the density matrix for this system in the energy representation? 

(b) Construct two normalized wavefunctions that give the same probabilities and, 
therefore, the same density matrix. 

11.74 The canonical form 1 of the density operator is given by 



where k B is Boltzmann’s constant and T denotes temperature. Consider that t / is the Hamiltonian 
of a one-dimensional harmonic oscillator with fundamental frequency co 0 . Working in the energy 
representation: 

(a) Find the diagonal elements of fi. 

(b) Determine the normalization constant A. 

(c) Calculate the expectation <£> of the oscillator. 

(d) Construct the projection representation of ^ (11.126). 

(Hint: For summation of series, see Problem 2.36.) 

11.75 Show that 


(# z ) 2n = l (* 2 ) 2n+1 

where w is an integer. (This result also holds for the operator e * 6*, where e is any fixed unit vector.) 

11.76 (a) Using the results of Problem 11.75, show that 



1 This density matrix is relevant to a system with Hamiltonian H, which is maintained in equilibrium at the temperature 
T through contact with a heat reservoir. For a further discussion, see K. Huang, Statistical Mechanics, Wiley New York 
1963. 
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(Recall Problem 9.17.) This rotation operator tells us how spinors transform under rotation. The 
transformed spinor is given by £' = 

(b) What is the matrix form of 

(c) Show that R# preserves the length of f. That is, show that <{'|{'> = <f|f>- 

(d) Show that at most, changes the phases of the eigenvectors of a x , d y , and a 2 . 

(e) Show that under a complete rotation (<£ = 2 n) about the z axis, £ -> £' — — 

11.77 Prove the general expansion 

exp (ie ■ 6 <j>) — (cos </>)/ + i(sin ^>)e * a 
where, again, e is an arbitrarily oriented unit vector. 

11.78 (a) Show that the spin-exchange operator X for two electrons has the representation 

fi 2 X= 28 ,-Sz + j 

(b) Show that X may also be written 

h 2 X = $ 2 -h 2 

[Hint: For part (a), let X operate on a(l)/?(2) and a(2)/?(l), respectively.] 

11.79 A beam of neutrons with isotropically distributed spins has the density matrix 



in a representation where S 2 and § z are diagonal. From the condition (S') — 0, show that a — 0. 

11.80 (a) If p is the magnetic moment of the electron, in what state will | </i z > | = ^ 

(b) What is the value of </i 2 > in this state? 

11.81 Consider a process in which an electron and a positron are emitted collinearly in the +y 
and - y directions, respectively. Spins are polarized to lie in the ± 2 directions. The pair is emitted 
with zero linear and spin-angular momentum and with total energy ho. With the electron labeled 1 
and the positron labeled 2: 

(a) Write down a spin-coordinate, time-dependent product wavefunction for the electron 

positron pair which contains these properties. 

(b) What is the probability that measurement finds the electron’s z component of spin 

equal to +h/21 

(c) Suppose that measurement of the positron’s z component of spin finds the value 
-/i/2. What is the wavefunction for the pair immediately after this measurement? 

(d) What will measurement of the electron’s z component of spin now find? 

Answers 

(a) The appropriate zero spin factor of the wavefunction is found in Table 11.3. 

ip(\, 2) = —7—(a(l)/?(2) - ot(2)/J{l)) exp [i(ky, - ky 2 - wt)] 

J2(2n) 
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(b) It is equally likely to find the values ±h/2 for the electron’s z component of spin. The 
same is true of the positron’s z component of spin. 


(c) (1. 2) = ~ a(l)0(2) exp IKkiy^ - y 2 ) - a>0] 

Here we are assuming that measurement preserves S z and energy. 

(d) + ft/2. 

(Note: This problem contains a key tool of the Einstein-Podolsky-Rosen paradox. 1 Consider 
two observers 0 X and 0 2 positioned along the y axis equipped, respectively, with detectors S-Gj 
and S-G 2 oriented for measurement of Up until the time that O x makes his measurement, 
0 2 ^ equally likely to measure +ft/2. Once 0 1 makes the measurement and measures, say, 
+ ft/2, 0 2 is certain to find the value — h/2 upon measurement. This situation, presumably, main¬ 
tains for 0 { and 0 2 sufficiently far from each other with electron and positron beyond each other’s 
range of interaction.) 

11.82 Consider the antisymmetric spin zero state 


{.w = 




0,U)W2) 


WIW2)] 


relevant to two spin-1/2 particles labeled 1 and 2, respectively. This state is an eigenstate of S x 
and § 2 with eigenvalue zero. 

(a) Show that ( A (x) is also an eigenstate of 5 Z , thereby establishing that it is a common 
eigenstate of the two noncommuting operators, S x and S z . 

(b) What property renders the result in part (a) compatible with the commutator theorem 
(Section 5.2)? 


Answers 

(a) From the forms of the spinors a x , p x as given in Problem 11.45, we obtain 


a 


X 



+ Pz) 


Px = 



Pz) 


Substituting into <^(x) gives <^(x) = a£ A (z\ where a is a constant. 

(b) As pointed out previously in Fig. 9.1 and Section 10.2, the null eigenstates of angular 
momentum are common eigenstates of the individual Cartesian components^ of angular 
momentum. 


1 A. Einstein. B. Podolsky, and N. Rosen, Phys. Rer. 47, 777 (1935). For further discussion and references on this topic, 
see M. O. Scully, R. Shea, and J. D. McCullen, Phys. Repts. 43, 501 (1978). 
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11.83 Employing the rotation operator obtained in Problem 11.76 relevant to spinors, show that 
the null eigenstate £ A (x) of S x and S 2 , introduced in Problem 11.82, is invariant under rotation 
about the z axis. 

Answer 

The rotation operator is given by 

* <t> * . <(> . 

K* = cos - / + i sin - d z 

When applied to the product state cc x (l)p x (2\ we obtain 

£,I>*(1)«2)] = 1)][V*(2)] 

= ^cos 0a x (l) + sin ^cos ^ft,(2) + i^sin ^joc x (2)j 

Applying a similar rotation to the product «*(2)/J x (l) and carrying out the multiplication gives 
fi*Ox(l)M2) - a x (2)0 x (l)] = ^sin 2 ^ + cos 2 ^K(l)^ x (2) - a x (2)Wl)] 

R^^aU) = Ux) 

[Note: This problem establishes that zero spin states are invariant under rotation of coordinates 
and thus transform as a scalar. A like quality is shared by the null orbital angular momentum 
states which, we recall, are given by any spherically symmetric function /(r 2 ). See discussion pre¬ 
ceding (10.34). For both null spin and null orbital angular momentum states, <J X > = <J y > = 
<J 2 > = 0. There is no preferred direction for a system in any of these states.] 

11.84 One of the puzzles of the early theory of neutron decay, n-> p + e, was the fact that such 
a process could not conserve spin angular momentum. The neutron n, proton p, and electron e 
each have spin 1/2. To answer this objection, Pauli 1 proposed that together with the proton and 
electron, a massless, chargeless, spin-1/2 particle was emitted, which he called a neutrino. 

(a) Explain how the original process cannot conserve angular momentum. 

(b) Explain how the corrected process, n -*• p + e + v, can conserve angular momentum. 


1 W. Pau!i, Rapports du Septieme Conseil de Physique , Solvay, Brussels , 1933, Gauthier-Villars, Paris, 1934. 


CHAPTER 12 

APPLICATION TO ATOMIC 
AND MOLECULAR PHYSICS. 
ELEMENTS OF QUANTUM STATISTICS 


12.1 The Total Angular Momentum, J 

12.2 One-Electron Atoms 

12.3 The Pauli Principle 

12.4 The Periodic Table 

12.5 The Slater Determinant 

12.6 Application of Symmetrization Rules to the Helium Atom 

12.7 The Hydrogen and Deuterium Molecules 

12.8 Brief Description of Quantum Models for Superconductivity and Superfluidity 


Having developed methods for addition of spin angular momentum in Chapter 11 and 
properties of the three-dimensional Hamiltonian in Chapter 10, these formalisms, 
together with the Pauli principle, are now applied to some practical atomic and molecular 
configurations . Symmetry requirements on the wavefunction of the helium atom imposed 
by the Pauli principle serve to couple electron spins. This coupling results in a separation 
of the spectra into singlet and triplet series for helium as well as other two-electron 
atoms . Symmetrization requirements stemming from the Pauli principle are also main¬ 
tained in calculation of the binding of the hydrogen molecule. The chapter concludes with 
a description of some of the very practical consequences of Bose-Einstein condensation , 
including that of superconductivity and superfluidity. 


12.1 THE TOTAL ANGULAR MOMENTUM, J 

In this section we consider the addition of spin and orbital angular momentum for 
atomic systems. As previously noted, the total angular momentum of a system (e.g., 
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an atom or a single electron) which has both orbital angular momentum L and spin 
angular momentum S is called J. 

(12.1) 3 = t + § 


It has components 


J x = L x + S x 
J y = L y + § y 
J* = 


Its square appears as 

( 12 . 2 ) 


J2 = 12 +§2 +2t-§ 


In obtaining this expression we have used the fact that L and S commute. 


L-S Coupling 

Individual electrons in an atom have both orbital and spin angular momentum. 
Among the lighter atoms, individual electrons’ L vectors couple to give a resultant L 
and individual S vectors couple to give a resultant S. These two vectors then join 
to give a total angular momentum J (Fig. 12.1). This is called the L~S or Russell- 
Saunders coupling scheme 

Eigenstates in this representation are simultaneous eigenstates of the four 
commuting operators 

(12.3) { J 2 , Jz, £ 2 > 3 2 } 

There are six pairs of operators in this set which must be checked for commutability. 

(i) [£ 2 + § 2 + 21 ■ §, £ 2 ] = 0 (iv) [£ 2 , J z ] = [£ 2 , t z + Sj = 0 

(ii) [£ 2 + $ 2 + 2l • §, S 2 ] = 0 (v) [3 2 , J-] = [$ 2 , L + SJ = 0 

(iii) IP, Jj = 0 (vi) [£ 2 , S 2 ] = o 

In (i), £ 2 commutes with all its components. In (ii), § 2 commutes with all its com- 

ponents. The remaining relations are self-evident. 

1 This scheme is also relevant to “one- or two-electron atoms.” More generally, in heavy elements with large Z, the spin- 
orbit coupling (Section 12.2) becomes large and serves 10 couple L.and S, vectors of individual electrons, giving resultant 
j,. j,.values, these individual electron J ( values then combine to give a resultant J. This coupling scheme is 

known as j~j coupling. 
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FIGURE 12.1 Schematic vector representation of the L-S scheme 
of angular momentum addition. J 2 and J z are fixed, as are L 2 and S 2 . 


Eigenvalue equations related to the commuting operators (12.3) appear as 

J 2 \jmjlsy = h 2 j(J + l)\jmjlsy 
J z \jmjlsy = hmj\jmjlsy 
L 2 \jmjlsy = h 2 l(l + 1)| jmjlsy 
S 2 | jtrijlsy = fi 2 s(s + l)|y>Hj/s> 

For a given value of J, m } runs in integral steps from —j to + j. 

A very important operator that commutes with all four operators (12.3) is 

f * s. 

t, m §\jmjlsy - %(J 2 - L 2 - S 2 )\jmjlsy 

= (h 2 /2)\j(j + 1) - /(/ + 1) - s(s + m jmjlsy 


Eigen-/-values and Tom Notation 


In the L-S representation, / and s are known. What are the possible j values correspond¬ 
ing to these values of / and s? Since J is the resultant of two angular momentum vectors, 
the rules of Section 9.4 apply. These rules indicate that j values run from a maximum of 


to a minimum of 


7max / "I" S 


in integral steps. 


j min I ^ ^ 


(/ + S) > /' > |/ - S 


j = / + s, / + s - 1, / + s - 2,..., |/ - s\ + 1, |/ - S 
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* J, 

® j ^ FIGURE 12.2 Diagrams depicting 

I coupling of the L and S vectors of a 

single p electron, in the L-S scheme. The 
(b) doublet contains two values of j . 


For s < /, there are a total of (2s + 1) j values. The number (2s + 1) is called the 
multiplicity. In the section to follow, these different j values are shown to correspond 
to distinct energy values for the atom. Thus for a one-electron atom (s = £), a state of 
given l splits into the doublet corresponding to the two values 

j = l + h j = l ~ ? 

(Fig. 12.2). The term notation for these states is given by the following symbol 

2s + 1 (g _ 

where if denotes the letter corresponding to the orbital angular momentum l value 
according to the following scheme: 

/ 0 1 2 3 4 5 6 7 8 9 10 

letter (<£) j S P D F G H I K L M N ~ 

The doublet P states of one-electron atoms are denoted by the terms 

^1/2, ^3/2 

The doublet F states (/ = 3) are denoted by 

2 f V 2 , 2 f 5/2 

In two-electron atoms, the resultant spin quantum number is either 0 or 1. These, 
we recall (Section 11.10), are the resultant s values corresponding to the addition of 
two ^ spins. These two values of s give*rise to two types of spectra (this is the case, for 
example, for He): 

s = 0 —► singlet series: 1 S, 1 P, l D ,... 

$ = 1 —► triplet series: 3 S, 3 P, 3 D,... 
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FIGURE 12.3 Diagrams depicting coupling of L and S vectors for two electrons in an orbital D state and a 
spin-1 state. The resultant triplet of j values is 


j= 1,2,3 


The/ values of the 3 Z) states are j = 1, 2, 3. These correspond to the states 

3 D lt *D 2 , 3 D 3 


In general, any state with / > 1 becomes the triplet 


j = l + 1. U ~ 1 

(Fig. 12.3). 

The multiplicity corresponding to the case s > l is 21 + 1. For example, if s = § 
and / = 1, there are three j values:;' = f, f, j. However, the notation for this state 
remains 4 F 5/2 , 3 / 2 ,i/ 2 > with 4 written for 2s + 1, although in fact the multiplicity is 
21 + 1 . 


PROBLEMS 

12.1 (a) For given values of L and S, show that the four operators 

{L\ L Z .S\ S z } 

form a commuting set of observables. This representation is akin to the “ Uncoupled ” representa¬ 
tion discussed in Sections 9.4 and 11.9, while the L-S representation (12.3) compares to the 
“coupled” representation. 

(b) Which of these operators are incompatible with those of (12.3)? 
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12.2 Show that 

(a) [J 2 , £ 2 ] = 2ihe z * (L x S) 

(b) [P,S 2 ] = 2ifte.*(S x t) 

12.3 What are the multiplicities of the G (I = 4) and H (/ = 5) states for the two spectra series 
related to a three-electron atom? What is the complete term notation for all these states? 

12.4 What kind of terms can result from the following values of / and s? 

(a) I = 2, s = i 

(b) / = 5,5 = f 

(c) / = 3, s = 3 

12.5 What are the /, s, j values and multiplicities of the following terms? 

(a) 3 D 2 

(b) 4 P 5;2 

(c) 2 F 1I2 

(d) 3 G 3 


12.2 ONE-ELECTRON ATOMS 

In this section we consider the manner in which the spin of the valence electron in 
one-electron atoms interacts with the shielded Coulomb field due to the nucleus and 
remaining electrons of the atom. One-electron atoms are better known as the alkali- 
metal atoms. 1 In such atoms all but one electron are in closed “shells” (to be dis¬ 
cussed below). These “core” electrons, together with the nucleus, present a radial 
electric field to the outer valence electron (Fig. 12.4). Furthermore, the total orbital 
and spin angular momentum of a closed shell is zero, so that the angular momentum of 
the atom is determined by the valence electron. 


Spin-Orbit Coupling 

The interaction between the spin of the valence electron and the shielded Coulomb 
field arises from the orbital motion of this electron through the Coulomb field. When 
an observer moves with velocity v across the lines of a static electric field 8, special 
' relativity reveals that in the frame of the observer, a magnetic field 

2/t = yjl x 8 

p = -, r 1 = i - P 2 

c 


1 This analysis is also relevant to hydrogenic atoms (Section 10.6). 
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Electric field &, stemming 
from the core is radial 


FIGURE 12.4 Properties of “one-electron” atoms. 

is detected (Fig. 12.5). Keeping terms to first order in /} gives 

& = - - x $ 
c 

It follows that (to this order) if an electron moves with momentum p across a field S, 
the electron will feel a magnetic field 1 

(12.4) a = - — xg 


1 Relativistic momentum is p = ymv, so that to terms of O(0 2 ), p = my. In these formulas m is the rest mass of an 
electron: me 2 = 0.511 MeV. 
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& (out of the plane 



• • • • 


FIGURE 12.5 An observer in the (perfectly 
transparent) sphere which is moving with 
velocity v across the electric field & detects a 
magnetic field 

& = — - x & 

c 


This is the nature of the magnetic field with which the magnetic moment of the orbiting 
valence electron interacts (Fig. 12.6). The interaction energy between p and M is given 
by (11.89), modified by the Thomas factor, j. This correction factor represents an 
additional relativistic effect due to the acceleration of the electron. 1 Thus the inter¬ 
action energy between the spin of the orbiting electron and the magnetic field (12.4) 
appears as 

x 


(12.5) 




-K 




In spherical coordinates, $ has only a radial component 

*,« ~fr <tKr) 


where $(r) is the static Coulomb potential (ergs/esu) seen by the valence electron. 
Substituting this expression for & = {$ r , 0,0) into (12.5) gives 


2 me 



(r x p) • |i 


Recalling the linear relation (11.86) between p and S, 



1 L. H. Thomas, Nature 117, 514 (1926). 
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FIGURE 12.6 The magnetic moment ji of 
the satellite electron sees a magnetic field due 
to its orbital motion across the radial, static 
Coulomb lines of force which emanate from 
the nucleus. The resulting torque on the 
moment produces a precession of the spin axis 
of the electron as shown. 


and rewriting L for r x p permits H' to be rewritten in terms of its operational equiv¬ 
alent, 

<12 - 6) 

which serves to define the scalar function/(r). 


Approximate Wavefunction 


The H amil tonian of a typical one-electron atom, neglecting the L-S coupling term 
just discovered, appears as [recall (10.93)] 




m - s + 


JL 

2 mr 2 


+ V(r) 


where V = e®, L is the orbital angular momentum of the valence electron, and p r is its 
radial momentum. The eigenstates of ft 0 are hydrogenlike in structure. They are 
comprised of the eigenstates of L 2 (spherical harmonics) and solutions to the radial 
equation [recall (10.95)]. Incorporating the spin-orbit interaction (12.6) gives the 
total Hamiltonian 

= + = ^ + + y(r) +/(r)t-§ 

Rewriting L • S in terms of J 2 , L 2 , S 2 (12.2) permits this Hamiltonian to be rewritten 

(12.7) ft = ft 0 + ^[_J 2 - L 2 - $ 2 ] 

In the preceding section we showed that (J 2 , J z , L 2 , S 2 ) comprise a set of commuting 
operators. Since these operators also commute with ft 0 , approximate eigenstates of 
ft may be taken to be of the form 1 

(12.8) l<P> = \niy\jmjlsy 


‘The states lynij/s) may be constructed from the product states |/m,>|sm s > in a Clebsch-Gordon expansion (with 

m, + mi = fWj). 
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where | n/> represents the radial component of the eigenstates of ft 0 . 

/? 0 |n/> = EJniy 

For hydrogen, for example, |n/> are solutions to the radial equation (10.103), that is, 
weighted Laguerre polynomials (Table 10.3). 

Substituting the product form (12.8) into the Schrddinger equation 

#|<p> = E\q>)> 

with fi given by (12.7) gives 

(12.9) | E n + y/(r)[j(; + 1) - Kl + 1) - ^]Jk> = E\<p) 

It follows that the product solutions (12.8) are not eigenstates of fi (i.e., ^ 

constant x |<p». But due to the fact that the spin-orbit correction to E n is small 
compared to E n , they do serve as approximate solutions. Approximate eigenvalues of 
fi may then be obtained by constructing the expectation of fi in these states. 


(12.10) E nlj = (<p\H\<py 

= En + y [X/ + 1) - /(/ + 1) - ^</(r)>„, 


Since j can have two values (/ + j) for a given value of /, it follows that an energy state 
of given / separates into a doublet when the spin-orbit interaction is “turned on.” The 
two corresponding values of energy are 


( 12 . 11 ) 


£ b( ; +) = E J=t+m = -En + y KfXi 
En = E J = l _ m = E n - y (/ + 1 )</>„! 


An estimate of </> Bl may be obtained using hydrogen wavefunctions and assuming 
the Coulomb potential for V, 


V 


Ze 2 _ 
r 


where Z is an effective atomic number. (See Problem 12.13.) Substituting this potential 
into f(r) as given in (12.6) gives 


m = 


1 IdV 
2m 2 c 2 r dr 


Ze 2 1 
2 m 2 c 2 r 3 


( 12 . 12 ) 


</>„, = 


Ze 2 
2m 2 c 2 


f 


\R«(r)\ 2 2 


dr 


ft 2 (me A Z 2 /2h 2 n 2 ) 2 

2n >B ' _ mc 2 (/ + i)(/ + 1)/ 


(where we have used the results of Problem 10.48). 



Fine Structure of Hydrogen 

Recalling the energy eigenvalues of hydrogen (10.110) 


m(Ze 2 ) 2 
' En '~ 2h 2 n 2 

permits the correction factor (12.12) to be written 

ft 2 </>„ f = \E n \_ (Zoi) 2 1 

\E U \ Kl + *)(/ + 1) me 2 n /(/ + *)(/ + 1) 

where a is the fine-structure constant (see Problems 2.20 and 2.29), 



1 

137.037’ 


a 2 = 5.33 x 10" 5 


Substituting these forms into the doublet energies (12.11) gives the values 



(where we have written E n — — |F„|). Thus we see that the spin-orbit corrections to 
the “unperturbed” energies E n are about 1 part in 10 5 . The fact that these corrections 
are indeed small lends consistency to our original assumption that the product 
eigenstates (12.8) closely approximate the eigenstates of the total Hamiltonian ft 
(12.7). 

The two energies (12.13) correspond to the two possible orientations of S with 
respect to L (see Fig. 12.2). When the spin is “down,” the magnetic moment of the 

electron (p-S) is aligned with the magnetic field M (12.4) of the relative electron- 

nucleus motion. This is the configuration of minimum energy. Thus the correction 
increment corresponding to the “spin-down” case is smaller than that due to the 
“spin-up” case, in agreement with the expressions (12.13). 

The spin-orbit interaction serves to remove the l degeneracy of the eigen- 
energies of hydrogenic atoms. If the spin-orbit interaction is neglected, energies are 
dependent only on the principal quantum number n and are independent of / (and 
m t ). In the L-S representation, nljm } (and s — i) are good quantum numbers, and the 
/ degeneracy is removed. Degeneracy with respect to ntj, however, remains. Eigen- 
energies are dependent only on (n, /,;'), as indicated by expression (12.10). For a given 
principal quantum number n, the orbital quantum number is restricted to the values 
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FIGURE 12.7 Wavelengths, in angstroms, 
corresponding to the transition from the 
lowest 1 2 * P states to the ground state, for 
potassium. 


/ = 0,1,..., (n — 1) [recall (10.113)], while for a given /, the total angular momentum 
quantum number j can take the two values / = / + £. 

The partial energy-level diagram 1 for potassium, depicting the transition from 
the doublet 2 P states to the ground state, is shown in Fig. 12.7. The corresponding 
radiation lies in the near infrared. 

The selection rules for dipole radiation developed in Section 10.7 are generalized 
to the following, for one-electron atoms. 2 

Al = ±1 

Aj = ± 1, 0 (but j = 0 0 is forbidden) 

Arrij =±1,0 
An is unrestricted 

Photons are emitted only for transitions between states which obey these conditions. 

Relativistic Corrections 

The spin-orbit corrections to the energies of hydrogen are the same order of magnitude 
as the corrections due to the relativistic speed of the electron in its orbit. This 
small correction to the “unperturbed” energies E n may also be obtained using 
the technique developed above to find the spin-orbit correction. The relativistic 
Hamiltonian for a particle of mass m moving in a potential field V is 

H = (p 2 c 2 + m 2 c 4 ) 112 - me 2 + V 

Ze 2 

(12.14) V — — —— 

r 


1 It was in explanation of such doublet spectra that G. E. Uhlenbeck and S. Goudsmit first postulated the existence of 
electron spin. Naturwiss. 13, 953 (1925), and Nature 117, 264(1926). 

2 Derivation of these selection rules may be found in R. H. Dicke and J. P. Wittke, Introduction to Quantum Mechanics, 

Addison-Wesley, Reading, Mass., 1960. 
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If P < me, then the radical may be expanded to obtain 


(12.15) 


P 2 P 4 

h = + y 

2m 8 wee 2 


Again, as was done above, the correction to the eigenenergies E„ of fi 0 due to H' may 
be obtained by calculating </T> using the hydrogen wavefunctions (10.112). There 
results 


<H’> = <n/|£'M> 
1 


8 m i c 


3^2 




To evaluate this expectation value, we recall that the eigenstates | n/> satisfy the 
equation 

fi 0 \ni> = En\my 
(^+ vj\niy = EJniy 

so that (writing |w/> = |^ nI » 

P 2 |<P„i> = 2 m(E n - V)\<p nl y 

Owing to the Hermiticity of p, 

<(pnl\P 2 p 2 \<Pniy = (.P 2 < Pnl\P 2 < Pnt) 

It follows that 

<p 4 >„, = f[2 m (E* ~ V)<p n n\2m(E n - V)<p n {]r 2 dr 

Jq 

Hence 

<H'> = - 2^2 ( £ . 2 - 2 £„<K>„, + <K 2 > ni ) 

The integrals <r _2 > n/ may be obtained using the results of Problem 10.48. 

There results 


<H'> =-!£„! 


a 2 Z 2 / 8n 


4n 2 \2/ + 


T- 3 ) 



504 APPLICATION TO ATOMIC AND MOLECULAR PHYSICS. ELEMENTS OF QUANTUM STATISTICS 


As with the case of spin-orbit correction, we again find that <//'> is smaller than E n 
by a factor of the order of a 2 . Combining this correction with the expressions for the 
spin-orbit correction (12.13) gives the result 


(12.16) 


£„i/spin-orbit + rel.) = 



V = I ± i) 


This expression for the energies of hydrogen include the “fine-structure” 
corrections, due to spin-orbit and relativistic effects. The energies so found are in 
quite good agreement with observed hydrogen emission spectra. 1 


PROBLEMS 

12.6 The magnetic field (12.4) due to the relative nucleus-electron motion may also be thought of 
as arising in the following way. If one “sits” On the electron, the nucleus is seen to move in orbital 
motion about this position. This nuclear orbit constitutes a current loop, which in turn generates 
a magnetic field. Calculate the value of this magnetic field for a given value of L and compare it to 
the value obtained from (12.4). 

12.7 In quantum mechanics, when oile says that the vector J is conserved, one means that 
for any state the system is in, the expectations of the three components of J are constant. This 
follows if these three operators all commute with the Hamiltonian. Show that for a one-electron 
atom with spin-orbit coupling, L and S are not conserved. 

12.8 There is no spin-orbit interaction if an electron is in an S state (/ = 0). Why? 

12.9 What is the difference in energy between the two states of a doublet for a typical one-electron 
atom as a function of n and l ? 

12.10 What is the wavelength of a photon emitted by a typical one-electron atom when the 
valence electron undergoes a spin flip from the 2 2 P 3/2 to the 2 2 P 1/2 state? In this notation, 2 is the 
value of the principal quantum number n. According to the selection rules cited for dipole radia¬ 
tion, is such a transition allowed ? 

12.11 Make an estimate of the rotational kinetic energy, L 2 /2mr 2 , of an electron in a 2 P state of 
hydrogen. What is the ratio of this energy to the rest-mass energy me 2 = 0.511 MeV? 

12.12 (a) What are the respective frequencies (Hz) emitted in the transitions (1) 2P 1/2 -► 
lSj 2 , (2) 2P 3/2 -► lS 1/2 , for lithium? 

(b) What is the percentage change between these frequencies? 

12.13 In the theory developed in Section 12.2, the effect of the inner core electrons of an alkali 
metal atom on the energy spectrum was described by an effective atomic number. Owing to 
penetration of the valence electron wavefunction into the core, such a simple model proves insuffi¬ 
cient. A more quantitative model which includes the effects of this quantum defect is described in 
the following example. 

1 Calculation of higher-order effects may be found in L. 1. Schiff, Quantum Mechanics , 3rd ed., McGraw-Hill, New York, 
1968. 
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One assumes that the potential seen by the outer valence electron is of the form 



This modified potential has the effect of making the force of attraction between the valence 
electron and the nucleus (of charge Ze) grow with penetration of the valence electron into the core. 
The deeper this penetration, the larger is the net positive charge "seen” by the valence electron. 
The effective nuclear charge Z e and displacement b may be chosen so as to give the best fit with 
observed spectral data. 

(a) Show that the method used to solve for the energy levels of the hydrogen atom can be 
applied to this problem with only slight modifications to give energy levels of the form 

-Ze 2 

Enl ~ 2aoin + D(m 2 


Here a 0 is the hydrogen Bohr radius and 




a + i) 2 - 


2 bZ' 
flo 


- (i + i) 


represents the /-dependent quantum defect. 

(b) How do these E n energy states vary with increasing /? Give a physical explanation of 
this variation in terms of core penetration of the valence electron. 

12.14 At sufficiently high temperatures, a diatomic dumbbell molecule may suffer vibrational 
modes of excitation above the normal rotational modes. Consider that the two atomic nuclei are 
bound through a central potential V(r) which has a strong minimum at the separation r = a. At 
low temperatures the nuclei stay at this interparticle spacing and the effective Hamiltonian is 


H = 


L 2 
2 pa 2 


+ V{a) 


where p is reduced mass. At higher temperatures, the particles separate and the Hamiltonian 
becomes 


H = 


L 2 

2 p(a + c) 


- 2 + Via + {) 


where £ is the (small) radial deviation from the equilibrium separation, a. For the case that 
<L 2 /2 fia 2 } <§ «/fl)F(fl): 

(a) Obtain a form of fi that is valid to order of (£/a) 2 . 

(b) By appropriate choice of product wavefunctions, obtain the eigenenergies E in of the 
Hamiltonian you have constructed. 

(c) Argue the consistency of omitting the radial kinetic energy p 2 /2\i in the Hamiltonians 
written above. 

[Hint [for part (a)]: Since V{r) is minimum at r = a, it follows that V\a) = 0.] 
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12.15 In Chapter 11 [Eq. (11.86)] it was noted that the magnetic moment of an electron due to its 
spin is 

Hs = — S 
me 

Consider that the electron moves in a circle with angular momentum L. Show classically that 
the magnetic moment due to such orbital motion is 


[Note: Thus we see that the total magnetic moment of an atomic electron 

may not in general be assumed to be parallel to its total angular momentum J.] 

12.16 Consider an atom whose electrons are L-S coupled so that good quantum numbers are 
jlsmj and eigenstates of the Hamiltonian may be written | jlsmj}. In the presence of a uniform 
magnetic field the Hamiltonian becomes 

ft = ft 0 + /?' 

8' = — = -^-(J + §)•# 

2 me 

where J and S are total and spin angular momenta, respectively, and e has been written for \e\. 
Before the magnetic field is turned on, L and S precess about J as depicted in Fig. 12.1. Conse¬ 
quently, ji = - (fi b /h)(L + 2S) also precesses about J. 

After the magnetic field is turned on, if it is sufficiently weak compared to the coupling 
between L and S, the ensuing precession of J about & is slow compared to that of p about J, as 
depicted in Fig. 12.8a. 

(a) In the same limit show that time averages obey the relation 

(b) Assuming, as in the text, that eigenstates \ jlsmj} are still appropriate to the perturbed 
Hamiltonian ft 0 + ft show that an eigenenergy E jls ° of ft 0 splits into 2 j + 1 equally spaced levels 

Ejlsmj = Ejts° + AE m . 


AE mj = — g(jls)mj (m, = - j,. - -, j) 

where 12/2 is the Larmor frequency introduced in Section 11.9 and g is the Lande g factor 


g(Jls) = 1 + 


JU + 1) + s(s + 1) - /(/ + 1) 


2j(j + 1) 

also briefly discussed in Section 11.9. (Note: This splitting of lines due to the presence of the 
magnetic field is called the Zeeman effect . Note the inferred relation <X> — — g(g b /h){J z ).) 
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FIGURE 12.8 (a) In the presence of a weak & field, the precession of J about & is slow compared to that 
of g about J. (See Problem 12.16.) (b) Variation of cos /?. 


Answer (partial) 

(a) From the orientation of vectors shown in Fig. 12.8a we see that the relation to be 
established is correct provided that time averages satisfy 

cos p ~ cos y cos a 


Again in reference to the figure one finds that 


'Lax - a + y 

Alin = a - V 


The variation of cos ft between these extremum values is very nearly harmonic (Fig. 12.8b), and 
forming the time average of cos p gives the desired result. 

(b) With the given approximation, one obtains (show this) 


H f = 


(n\J 2 + 3-S f 


Expanding the vector (J - S) 2 and forming the expectation gives the desired 

result. 


12.17 Use the results of Problem 12.16 to obtain the Zeeman pattern of spectral lines which stem 
from the transition 4 F 3/2 — *£> 5/2 • 

12.18 In the classical formulation of the Zeeman effect, one views the orbital motion of an 
atomic electron as being perturbed by the imposed magnetic field, thereby altering frequencies of 
rotation. Assuming circular motion of unperturbed frequency w 0 , show classically that in the 
presence of a sufficiently weak magnetic field (Q < co 0 ), this frequency divides into the two lines 


Q 


0)~=<D 0 ±- 


while radiation polarized parallel to & remains with frequency ai 0 . 
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Answer 

The atomic component of force maintaining circular motion before the magnetic field is applied 
may be written mw 0 2 r. If the magnetic field is normal to the plane of the orbit, the magnetic force 
is also along the radius and provided that the field is sufficiently weak, we may assume the perturbed 
motion to be slightly altered with small variation in frequency. Let the new frequency of rotation 
be co. The total force may then be written 

F = mco 2 r — mco 0 2 r + mClcor 

Solving for co gives the roots 


2co = ft + ^/ft 2 + 4cu 0 2 

The assumption of a weak magnetic field (ft <? 2co 0 ) allows the radical to be expanded, giving the 
roots 


ft 

co = co 0 ±- 

Components of motion parallel to are unaffected by & so that frequency co 0 maintains for 
polarization parallel to 

12.19 In Problem 12.16 it was discovered that a magnetic field will split an eigenenergy corre¬ 
sponding to given jls values into 2 j + 1 levels 

m\ 

AEmj = (y j gn>j 

Show that this proliferation of levels leads to the classical Zeeman splitting of a single frequency 
into three new lines (as demonstrated in Problem 12.18) in the event that the Lande g factors of 
both levels of the transition are the same. (Hint: Frequency displacements Av from the original 
unperturbed frequency are given by 


h Av = A E m - — A E m 

m j HI j 

This, together with the selection rules Am, = 0, + 1, gives the desired result.) 


12.3 THE PAULI PRINCIPLE 
Indistinguishable Particles 

The concept of symmetric and antisymmetric wavefunctions was encountered in 
Section 8.5. These wavefunctions are appropriate to systems containing identical 
particles. There is a very fundamental distinction between the quantum and classical 
descriptions of such systems. At the quantum mechanical level of description, iden¬ 
tical particles are also indistinguishable . In the classical description of a system of 
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h»—®—1 


h>—®H 


-h 

*1 


+ 

*2 


X 



+ 

x 2 


X 


(a) (b) 

FIGURE 12.9 Two classically distinct configurations of two identical particles on a wire. The probability 
density | <p(x x , x 2 )\ 2 pertains to configuration (a) and | <p{x 2 , *i)| 2 to configuration (b). In quantum mechanics, 
the identical particles 1 and 2 are also indistinguishable, so the probability densities associated with these 
configurations must be the same. 

I «*(*!. * 2)! 2 = \<P(X 2 ,X 1 )\ 2 


identical particles, one may conceptually label such particles and follow their re¬ 
spective motion. This is impossible at the quantum level. There is no experimental 
result that distinguishes between two states obtained by exchange (interchange) of 
identical particles. 

Consider a system that consists of two identical particles (e.g., electrons) moving 
in one dimension (x). Let x x be the coordinate of the first particle and x 2 be the co¬ 
ordinate of the second particle. Then 

P l2 dx x dx 2 = |<p(*i, x 2 )| 2 dx x dx 2 

denotes the probability of finding particle 1 in the volume element dx i about the point 
Xj and particle 2 in the volume element dx 2 about the point x 2 [recall (8.98)]. In this 
notation the first slot in the wavefunction <p( , ) is reserved for the position of 
particle 1, while the second slot is reserved for the position of particle 2. Now if these 
two particles are truly indistinguishable, then it is impossible to discern between the 
two states: 


/No. latx x \ /No. 2atxA 

\No. 2 at x 2 / 3X1 \No. 1 at x 2 / 

It follows that the probability of finding these two configurations is the same (Fig. 
12.9). 


( 12 . 17 ) 


l<p(xi,x 2 )| 2 = IvKx 2 ,x ,)| 2 
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Only wavefunctions with this exchange-symmetry property are valid wavefunctions 
for a system of identical particles. Of these, it turns out experimentally that wave- 
functions relevant to quantum mechanics fall into two categories: symmetric ( <p s ) 
and antisymmetric (<p A ). These functions have the respective properties 

<Ps(x 1 ,X 2 ) = <Ps(x 2 , Xj) 

<Pa(x i,x 2 ) = -<Mx 2 ,x,) 

which both obey (12.17). For particles free to move in three dimensions, we write 

(J218) < Ps( r i> r 2 ) = + <Ps( r 2> r i) 

<Pa( t u r 2 ) = ~(Pa(*2, Fi) 


Let the Hamiltonian describe a system that contains two identical particles: 
1 and 2. If these two particles are truly indistinguishable, the Hamiltonian /? must 
be symmetric with respect to the positions of these particles, that is, 

^( r i> r 2 ) = ^(r 2 , r t ) 


Exchange Including Spin 

In addition to space coordinates r, a particle also has spin coordinates S. The state of a 
free particle, for example, may be given in terms of the eigenvalues of these commuting 
observables (e.g., § 2 , $ I9 x, % z). Thus, more generally, the Hamiltonian fl must be 
symmetric with respect to spin as well as position coordinates of particles. This sym¬ 
metry property for H appears as 


(12.19) 


^( r i> Sj; r 2 , S 2 ) — $(r 2 , S 2 ; r ls S 2 ) 


The properties (12.18) for <p s and <p A become 

^220) <Ps( r i»S 1 ;r 2 ,S 2 ) = +<Ps( r 2 » S 2 ; r u 

<Pa( r u S l ;r 2 ,S 2 ) = -<Pa(* 2 ,S 2 ',*uSi) 


Again, as in the one-dimensional case (12.17), the probability densities associated 
with these wavefunctions are totally symmetric. Writing “ 1 ” for (t u SJ, and “2” for 
(r 2 , S 2 ), this symmetry property appears as 

\<Ps(h 2)| 2 = \<p s (2, 1)| 2 
\<p A (h2)\ 2 = \<p A (2, 1)| 2 

These symmetry concepts are conveniently expressed in terms of the properties 
of the exchange operator X [recall (11.112) et seq.], which is defined by the equation 

(12.21) &?( 1, 2) = <p( 2,1) 
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A 



FIGURE 12.10 Venn diagram exhibit¬ 
ing the simultaneous eigenstates of the 
exchange operator £ and the Hamil¬ 
tonian /?. 


The operator $ has two eigenvalues: 

£</> s (L 2) = (ps(2, 1) = +<jo s (l,2) 

1. 2) = Va( 2,1) = ~<Pa( 1, 2) 

The eigenfunction <p s corresponds to the eigenvalue +1. It is even under particle 
exchange. The state q> A corresponds to the eigenvalue -1. It is odd under particle 
exchange. 

Owing to the exchange symmetry of the Hamiltonian (12.19), H commutes with £. 

( 12 . 22 ) [£, til = 0 

It follows that $ is a constant of the motion. 

s<*> = ° 

If at time t = 0, <jo(0) is such that 

*<p( o)= +m 

then the two-particle system remains with this property for all time. At time t > 0, 

5<jo(r) = + (p(t) 

Since $ commutes with fi, it is possible to find simultaneous eigenstates of both these 
operators (Fig. 12.10). These common wavefunctions are the eigenstates appropriate 
to systems of identical particles. Furthermore, such eigenstates may be classified in 
terms of their symmetric or antisymmetric properties under particle exchange. 


Bosons and Fermions 

The constancy of <T> is an immutable property of a system of identical particles 
Owing to the permanence of this property, one may assume that it is a property of 
the particles themselves (as opposed to a property of the wavefunction). Particles 
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A 

characterized by the eigenvalue +1 of 3£ are called bosons. The wavefunction for a 
system of bosons is symmetric (<p s ). Particles characterized by the eigenvalue — 1 of 3E 
are called fermions . The wavefunction for fermions is antisymmetric (< p A ). 

The characteristic of a particle that determines to which of these categories 
it belongs is given by the spin of the particle. 1 Bosons have integral spin, while 
fermions have half-integral spin. Electrons and neutrons are examples of fermions. 
Photons, Tty and K mesons are examples of bosons. 


Antisymmetric Wavefunctions 

The Pauli principle is obeyed by fermions. It states, as described above, that the 
wavefunction for a system of identical fermions is antisymmetric. Consider a system 
of two fermions. They are in the state q> A ( 1, 2). This state has the property that 

<Px ( r u ; r 2> S 2 ) = — <p A (j 2) r l5 Sj) 

Consider that both particles have the coordinates r x and Sj. That is, the system is in 
the state, <p A { 1, 1). This state has the property 

- -<p A {r u S 1 ;r u S 1 ) 

The only value of <p A which has this property is 

<Px ( r u Si; r x , Sj) = 0 


There is zero probability of finding the particles at the same point in space, with the 
same value of spin. This is the essence of the Pauli principle: two fermions cannot exist 
in the same quantum state. 2 

Let us consider a problem: What is the wavefunction of two free electrons 
moving in 3-space? The Hamiltonian for this system is 

(12.23) (1, 2) = ^ 

2m 2m 

The space component wavefunctions of this Hamiltonian are the product states 

Ekik2 = 7m + 


1 See Appendix B. 

2 This property of fermions is also called the Pauli exclusion principle. 
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This same value of energy characterizes the exchange state, 

<Pk,( r 2)<Pk 2 ( r i) = (2^)5 e ikl ' l V k2 ' ri 

From these two (degenerate) states one may form the symmetric and antisymmetric 
eigenstates 


(12.24) 


<Ps( ri, r 2 ) 
<Pa( ri, r 2 ) 



1 


[<Pk,(ri)<p k2 (r 2 ) + <Pk,( r 2><Pk 2 ( r i)] 
L<iPk l (riVk 2 (r2) - ^k.Cz^k^i)] 


Since the two particles in this problem are fermions, wavefunctions for the 
system must be antisymmetric with respect to exchange of particle spin and position. 
Inasmuch as the Hamiltonian (12.23) does not contain the spin, it commutes with all 
spin functions. Thus, if £ denotes a spin state for the two-electron system, then 


'fysO’i. r 2 ) or r 2 ) 


are possible eigenstates of fi. In Section 11.10 we found that in the coupled representa¬ 
tion, two spin-| particles combine to give three symmetric (s = 1) states, & 0 *, 
and 1, ) and one antisymmetric (s = 0) state, Combining these with the space 
state (12.24), one obtains the four antisymmetric states 


(12.25) 


1 Xa(T i> S 2 ;r 2 , S 2 ) 
3 Z/i( r i> S 2 ; r 2 , S 2 ) 

£k!k 2 


<?s(ri.r 2 )^(l,2) 

rwu) 


= <Pa(Ju tz) 


ts i0 KU 2) 

14 ( - !, (L 2 )J 


Here we are using the simple rule that the product of a symmetric and antisymmetric 
state is antisymmetric. 

This technique of incorporating spin states to ensure antisymmetry of a given 
state also applies to Hamiltonians that include interaction between particles, or 
interaction between particles and a central force field, but which are otherwise spin- 
independent. For such cases, the structure (12.25) of antisymmetric eigenstates is 
maintained. This concept finds direct application below in discussion of the helium 
atom. Symmetrization of the wavefunction for bosons will be applied in construction 
of the nuclear component eigenstates of the deuterium molecule. 



PROBLEMS 


12.20 Show that the two operators 

* _ ;±i 

have the projection property 

£ + <Kl,2) = <p s (l,2) 

X_ 9*1, 2) = ^(1,2) 

That is, i+ projects <p onto <p s and i_ projects cp onto <p A . 

12.21 (a) Consider a two-particle system with relative radius vector r = r 2 - r, (Figs. 10.8 
and 10.9). Show that Ji/*r) = P’i/'W, where P is the parity operator introduced in Section 6.5 

(see Problem 9.46). 

(b) Is the parity of a two-particle system a “good” quantum number in the energy 
representation? 

(c) Two particles interact under a central potential K(r). It is known that the system is in 
the state R A} (r)Y 3 °(0, 4>). What is the symmetry of the state? 

Answer ( partial) 

(a) ti/*r) = $i/r(r 2 - r,) = «A(ri - *" 2 ) 

Pi//(r 2 - r t ) = i/*-r 2 - (-r t )) =i/r(r l - r 2 ) 


12.4 THE PERIODIC TABLE 
Central Field Approximation 

In this model it is assumed that each electron “sees” only the electrostatic field due to 
the nucleus and remaining electrons and that this combined field is spherically 
symmetric. Owing to this spherical symmetry, the operators 

H, L\ L z , S z 

relevant to a single electron form a set of commuting operators so that the state of 
each such electron is specified in terms of the eigenvalues 

n, l, m h m s 

These quantum numbers correspond to a wavefunction for the ith electron of the form 

(12.26) S f ) = RJriiYMi, ^.*(0 

Z z ± = a(0 or j?(i) 
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The Pauli principle precludes any two electrons being in the same state [i.e.. hav¬ 
ing the same set of (n, l, m h mj values]. In our discussion of the hydrogen atom, we 
found that there are n 2 distinct states corresponding to a given value of n (10.114). 
When spin dependence is included in these states [e.g., (12.26)], this degeneracy is 
doubled. There are two values that m s may assume for any set of values nlm,. Thus 
corresponding to any value of n, there are In 2 functions of the form (12.26) which give 
the same energy for the ith electron. 

This degeneracy rule, taken together with the Pauli principle, serves to explain the 
“shell structure” of the electronic configurations of the elements. As the atomic 
number Z increases, electrons fill the one-electron states of lowest energy first. For the 
lighter elements these are shells of lower n values. Within an n shell, for any given value 
of / there is an l subshell with 2(2/ + 1) states, corresponding to two m s values and 
2/ -I- 1 values of m ,. Atoms with filled n shells have a total angular momentum and 
total spin of zero (see Table 12.1). Electrons exterior to these closed shells (“valence” 


TABLE 12.1 Diagrammatic enumeration of states available in the first three atomic shells a 


Number of available 
states in 



-2 

-1 

0 

+ 1 

+ 2 

n 

each shell 

M shell, 
n — 3 

L shell, 
n = 2 

K shell, 
n = 1 

h 

H 

H 

H 

H 

f-t 

f-i 

Hr 

H 

H 

f-t 

H 

H 

2 

1 

0 

1 

0 

0 

i°] 

6j18 = 2 x 3 2 

2js = 2 x 2 2 

2 = 2 x l 2 


a Vertical arrows represent S t values. The total orbital and spin angular momentum is zero for a closed shell. 


electrons) determine the chemical properties of the atom. The “periodicity” of these 
properties owes to the fact that valence numbers repeat after shells become closed. 

For n = 1, / can only be 0, but m s may take on the two values, ±j. Therefore, 
there can be, at most, only two electrons in the n = 1 “shell.” (This is called the 
“K shell” in x-ray notation.) In the ground state of helium (Z = 2), the n = 1 shell is 
filled. The electronic configuration for this state is described by the notation Is 2 . 
This is read: there are two (the exponent) electrons in the state with n = 1 and / = 0 
(denoted by the letter s). The term notation for this state is 

The electronic configuration of the ground state of lithium (Z = 3) is 
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TABLE 12.2 ( Continued ) 


Electronic configurations for the alkali metals 


Shell 

K 

L 

M 

N 

0 

P 

Li 

\s 2 

2s 





Na 

Is 2 

2s 2 2p 6 

3 5 




K 

Is 2 

2s 2 2p 6 

3s 2 3p 6 

4s 



Rb 

Is 2 

2s 2 2p 6 

3s 2 3p 6 3</ 10 

4 s 2 4/> 6 

5s 


Cs 

Is 2 

2s 2 2p 6 

3s 2 3p 6 3d 10 

4s 2 4p 6 4d‘" 

5s 2 5p 6 

6 s 


a Data obtained from Handbook of Chemistry and Physics, 56 th ed., CRC Press, Cleveland, 
Ohio, 1976. 


There are two electrons with n — 1, / = 0 and one electron with n = 2, / = 0. The 
uncoupled spin gives a j value of \ with corresponding term notation, 2 S l/2 . In 
beryllium (Z = 4) the ground-state configuration is ls 2 2s 2 . All spins are paired and 
the ground state is given by the term l S 0 . 

The electronic configurations and corresponding ground states for the first 
36 elements are given in Table 12.2. Note that ground states follow the L-S coupling 
scheme. For example, for nitrogen (Z - 7), whose electronic configuration is 

ls 2 2s 2 2p 3 

the ground state is 4 S 3/2 . The three p electrons can have total spin values 


and total / values (see Section 9.5) 


/ = 0, 1, 2, 3 


The corresponding j values are given by the sequence 

j = |/ + s|,|/ - s\ 

for all pairs of /, s values. The doublet (s = j) states thus obtained are 

2 S 1 /2, 2 P 1/2, 3/2 > 2 ^3/2,5/2> 2 F 5/2, 7/2 

The quartet (s — f) states are 

4 *^3/2) *P 1/2, 3/2, 5/2 > 2, 3/2, 5/2, 7/2 * ^3/2, 5/2, 7/2, 9/2 

Of these 19 possible states, the exclusion principle permits only the 2 £>, 2 P, and 4 S 
states. 1 


1 For further discussion, see M. Morrison, T. Estle, and N. Lane. Quantum States of Atoms, Molecules and Solids , Prentice- 
Hall, Englewood Cliffs, N.J., 1976. 
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Thus we find that a complete description of an atomic state involves the total 
L, S, and J of the atom in addition to the quantum numbers of individual electrons. 
The first of these is given by the term notation of the state (e.g., 5 F 7/2 ), whereas the 
second is given by the electronic configuration (e.g., ls 2 2s 2 2p 3 ). 

The periodic chart is shown in Table 12.3. The ground states of elements and 
outer electron shell configurations 1 are listed, as well as atomic numbers. 

As stated above, chemical properties of elements are determined by the electron 
configuration in the unfilled shell. Atoms with similar valence electron configuration 
have nearly the same chemical properties. The properties of atoms in some of these 
groupings are described below. 

The Alkali Metals. Group I 

The alkali metals are the atoms with one valence electron: Li 3 , Na 1 \ K 19 , Rb 37 , Cs 55 , 
and Fr 87 . The ground state of these elements is 2 S 1/2 . Ionization energy is low. The 
spectra of these “one-electron” elements resemble that of hydrogen. Valence is +1. 

The Alkaline Earths. Group II 

All the alkaline earths have two s electrons outside a closed p subshett. They are: 
Be 4 , Mg 12 , Ca 20 , Sr 38 , Ba 56 , and Ra 88 . The ground state is ^o- Ionization remains 
relatively small. Their valence is + 2. When singly ionized, these atoms are known as 
“hydrogenic” ions; their spectra resemble that of hydrogen. 

The Halogens. Group VII 

These are the elements: F 9 , Cl 17 , Br 35 , 1 53 , and At 85 . They are all missing one electron 
in the outermost p subshell and therefore have a valence of — 1. Halogens form stable 
molecules with the one-electron (alkali metal) atoms (e.g., NaCl) through ionic 
bonding. 

The Noble Elements. Group VIII 

The noble elements are also called the “rare gases” or the “inert elements.” They are 
He 2 , Ne 10 , Ar 18 , Kr 36 , Xe 54 , and Rn 86 . Except for He, all these atoms have a com¬ 
pleted outermost p subshell. The ground state of these elements is 1 S 0 . Total spin and 
orbital angular momentum are zero, so the atom has no magnetic moment. Ionization 
energy is large (see Table 12.2); electrical conductivity is low. Noble elements are 
chemically inert and have low boiling points. 


1 These data were obtained from G. Baym, Lectures on Quantum Mechanics , W. A. Benjamin, New York, 1969, and 
S. Fraga, J. Karwowski, and K. Saxena, Handbook of Atomic Data , Elsevier, New York, 1976. 
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The Transition Group 

In the transition-group elements the incomplete 3 d subshell is filled while 2 (or 1) 
electrons remain in the outer 4s subshell. The incomplete 3 d subshell gives rise to mag¬ 
netic properties. For example, the ground state of Cr 24 is 7 S 3 . The spin of the atom is 
5 = 3, which implies that the five 3 d electrons and one 4s electron all have their spins 
aligned. These parallel spins contribute to the large magnetic moment of Cr. The 
chemical properties of elements in the transition group are due primarily to the 4s 
electron(s). 


PROBLEMS 

12.22 Show that the ground state of Cr 24 , 7 S 3 , does not violate the Pauli principle. 

12.23 What are the possible states for the ground configuration of O 16 which includes four p 
electrons in its outermost shell? Check that the 3 P 2 ground state is included in your list. 

12.24 Describe the energy band structure of the metal lithium. Specifically, indicate which 
electrons fill the valence band and which electrons contribute to the conduction band. How full is 
the conduction band? (The band theory of conduction was discussed previously in Section 8.4.) 

12.25 Show that the ground states for the first three elements in the “neon configuration” 
(Z = 11 to 18) are consistent with Hund's rules : 

(a) The lowest energy state is the LS multiplet with largest s value^ 

(b) When more than one value of / is associated with this maximum s value, the lowest 
energy state is the one with largest / value. 

(c) For a given / subshell containing n e electrons, in the lowest energy state the total 
angular momentum number j has the value |/ — s| for n e < N/2 and |Z + s| for n e > N/ 2, where 
N is the number of electrons in the completed subshell. 


12.5 THE SLATER DETERMINANT 

In the central field approximation, the Hamiltonian for an N-electron atom is written 

(12.27) tf( 1, 2,.... AO = #i(D + #2(2) + • • • + #n(A0 

In this notation the number 2 denotes; the coordinates of the second electron. The 
eigenstates of the individual Hamiltonians are of the form (12.26). Calling the set of 
eigenvalues (n, /, m„ m s ) of the ith electron v ( , these eigenstates obey the equations 

(12.28) H(l)<p V| (l) = £.,?»,( 1) 

f}(2)cp V2 (2) = E Vi (p n ( 2) 

#(A0v v „(A0 = E y „<p„„(N) 
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In this notation the product eigenstates of H(l, ...,N) appear as 

( 12 - 29 ) <P(n .v N) (l, 2, ...,N) = <p Vl (l )<p V2 (2) ■ ■ • <p >]V (N) 

However, this function is not properly antisymmetric. If 3 denotes the exchange 
operation of the coordinates of electrons 1 and 3, the correct antisymmetric wave- 
functions of ft(l, . .. , N) have the property 

(12.30) 2i. 3^1,2, 3,..., IV) 

= <P(3, 2, 1. N) = -<p( 1, 2, 3 

The normalized wavefunction that obeys this rule (for all pairs of particles) and is 
an eigenstate of ft( 1,..., N) is given by the Slater determinant. 


(12.31) 


9a(U 2,N) 



<M 1) 
2 ) 


<Pv,(A) 


<Pv 2 ( 1) 
<Pv 2 ( 2) 


9>v 2 (N) 


<P,„( 2) 


This determinant has four outstanding properties, which we discuss next. 


Eigenvalues 

It is an eigenstate of (12.27) with eigenvalue 

^ 2 '^ 2 ) ^<V1,V 2 .V N ) = £», + E V2 + ' ' • + E vn 

The explicit form of q> A appears as 

(1133) <Pa ~ ~7m I (-i) |p| <Mi)<M2 )---<p*„{N) 

V n ' P{Vl,V2 .vy) 

The sum is over all permutations P of the quantum indices (v 1? v 2 ,..., v N ). The symbol 
|P| is zero or 1 . It is zero if the permutation P(v 1 , ..., v v ) can be obtained from 
(vi,..., Vjv) through an even number of exchanges of two indices. It is 1 if P(v l5 ..., v N ) 
involves an odd number of exchanges. For example, the term 

-<Ml)<M2)<p V2 (3)<M4)''' 

corresponds to the permutation 

E(v„ ..., v N ) = v 4 ,v„v 2 , v 3 ,...,Vjv 
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m 

This sequence only involves permutation of the first four indices. To obtain \P\ we 
must rearrange the sequence (4,1,2, 3) in the form of the original sequence (1,2,3,4) 
through exchanges of two integers only and count the minimum number of such 
exchanges which do the job. 

(4, 1, 2, 3) -+ (1, 4, 2, 3) -+ (1, 2, 4, 3) -+ (1, 2, 3, 4) 

Three exchanges suffice so that (- 1) |PI = - 1. We conclude that the preceding 
product wavefunction carries a minus sign, as written. 

Each such N-particle product function is an eigenstate of ft corresponding to the 
degenerate eigenenergy (12.32), whence the determinantal form (12.33), which is 
merely a linear combination of these product states, is also an eigenstate of ft cor¬ 
responding to the eigenenergy (12.32). 


Orthonormality 

The second property that the determinantal states (12.31) have is that they form an 
orthonormal sequence. That is, 

<<Pa\<Pa> =^jl <<M 1) • • • ?v w (Y)l<MD • • • ?V W (Y)> 

= 1 

since there are N\ terms of unit value in the sum. Furthermore, owing to the ortho¬ 
gonality of single-particle eigenstates, 

(fP A(vj »w) I *Pa(vi‘ . •••> *w')^ ® 

(Vi,.... V N ) # (vj',. . . , V N ') 

This establishes the orthogonality of these states. 


Antisymmetry 

The third property concerns the symmetry of <p A . If i tJ denotes the exchange of the 
ith-particle coordinates with those of the jth particle, then 

$ij<p A (iJ) = <Pa(J, 0 = ~ ( Pa(Uj) 

Exchanging particle coordinate numbers in <p A , as given by (12.31), is effected by an 
exchange of two rows of the determinant. But a determinant changes sign under 
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interchange of two rows. It follows that <p A (iJ) = - <p A (j , i). For example, for the 
exchange of particles 1 and 2, 


^1,2 

<Pv,(l) 

<Pv 2 ( 2) 

<Pv 2 (» 

2) 

■■■ <Pv N ( 1) 

••• <Pv„(2) 

_ 

<Pv,(2) 

■Pv 2 ( 2) • • • 
*, 2 ( 1) •• 

<Pv„(2) 

<Pv N (l) 


*v,(A0 

<P n (N) 

<P, n (N) 


?.,(A0 

<Pv 2 (JV) • • • 

<P*„(N) 



<Pv 2 ( 1) 

<Pv„( 1) 

<Pv,(2) 

?. 2 ( 2) ••• 

<Pv N (2) 

*v,( N) 

<p V2 (N) ... 

<Pv„(JV) 


This property establishes the antisymmetry of the state <p A . 

Exclusion Principle 

Finally, we note that if particle 2 has the same quantum numbers as particle 1, then 
<p A = 0. This property also follows from the determinantal structure of <p A : namely, if 
two particles are in the same eigenstate, then two columns of the determinant (12.31) 
are equal and <p A vanishes. Thus tp A written in the Slater determinant form is con¬ 
sistent with the Pauli exclusion principle. 


PROBLEMS 

12.26 Which purely determinantal properties related to the Slater determinant are involved in: 
(a) the antisymmetry of <p A ; (b) the Pauli exclusion principle? 

12.27 Two spin-£ neutrons move in a two-dimensional box of edge length L and impenetrable 
walls. If the neutrons do not interact with each other, construct the antisymmetric determinantal 
spin and coordinate-dependent energy eigenstates for the system. 


12.6 APPLICATION OF SYMMETRIZATION RULES 
TO THE HELIUM ATOM 

We have already found the Pauli principle to be an important rule in forming the 
periodic chart of the elements and in construction of properly antisymmetrized 
wavefunctions for atomic electrons in the central field approximation. 

In this and the next section we will further demonstrate the important role 
played by symmetrization principles in analysis of two elemental systems in nature. 
The first of these is the helium atom, which has two outer electrons. Among other 
properties we will find how the Pauli principle influences the coupling between these 
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electrons in the construction of properly antisymmetrized wavefunctions for the 
atom. The second example is the deuterium molecule, whose two deuteron nuclei are 
bosons. Consequently, the nuclear component of the molecular wavefunction must 
be symmetrized with respect to exchange of space and spin coordinates. Construction 
of such properly symmetrized states leads very simply to intensity rules for emission. 


The Helium Atom 

The Hamiltonian of helium, in a frame where the nucleus is at rest, is 


(12.34) 


/? = 


(P 2 2 2e 2 \ e 2 ft 

+ (-) +-H //so 

\2m r, / r, 7 


— #oO) + #o(2) + Hhs + //so 


The last term, Hgo, is written for the spin-orbit interaction between the electrons and 
the nucleus, while // ES is written for the electrostatic interaction, e 2 /r i2 , between the 
two electrons. The interelectron displacement is 

r 12 = l r 2 — r l I 

(Fig. 12.11). If the electrostatic as well as spin-orbit terms are neglected, H reduces to 
the sum of two hydrogenic Hamiltonians (each with Z = 2). 

(12.35) // 0 (1, 2) = //„( 1) + // 0 (2) 

This Hamiltonian (as well as the total Hamiltonian) is symmetric with respect to the 
interchange of the two electrons 

(12.36) [£ 12 ,// 0 (1,2)] = 0 

This merely reflects the indistinguishability of the two electrons. This property must 
be maintained in the eigenstates that we construct for // 0 (1,2). With the abbreviations 

v, =(«„/!, m,,); v 2 = (n 2 ,l 2 ,m h ) 

these symmetrized eigenstates of H 0 (l, 2) appear as 1 


(12.37) 


<Ps,a(?u ^ 2 ) — ^p2 ~ *^ v i 


The plus sign gives a symmetric state, (p s , while the minus sign gives an antisymmetric 
state, <p A . The energy eigenvalue corresponding to either of these states is 


(12.38) 


Ei°> = - W-4 + = -2 mc 2 a. 2 (\ + 


« 2 « 2 
n l n 2 


Mi M-j 


1 In the event that v, = v 2> then <p s (rt,r 2 ) = <p vj ( 1 )<p Vi (2). 
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FIGURE 12.11 The coordinates of the two electrons in helium. The six-dimensional volume element 
(dr x dr 2 ) is given by 

dri dr 2 = r x 2 (/ft, dr x ^-dCl 2 dr 2 = r 2 r 2 dr x dr 2 d cos 6 X d cos 0 2 d(j) x d(j) 2 


The potential of interaction between electrons is given by 


V = 


r i2 yj r 2 + r 2 - 2 r x r 2 Cos /? 

(See Fig. 9.16 for addition formulas connecting 


Separation of Multiplets Due to Spin Symmetry 

Although the spin-orbit correction to the Hamiltonian of helium is small [AE so /£ 
~ a 2 ; see (12.13)] and may well be neglected in a first approximation, the spin of the 
electrons still has an important influence on the properties of helium. This occurs 
through a combination of Pauli antisymmetrization requirements on wavefunctions 
with respect to exchange of space and spin coordinates and the relatively large 
electrostatic interaction between electrons (see Problem 12.28). In what follows, first 
we will construct the properly antisymmetrized space-spin dependent eigenstates of 
2). This immediately implies a coupling between the electron spins. Three 
states emerge with s = 1 (the triplet series) and one state emerges with s = 0 (the 
singlet series). When the electrostatic interaction e 2 /r l2 is brought into play, it is 
found that the triplet states all lie lower in energy than the singlet states. In this 
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manner we will find that symmetry requirements couple the electron spins and 
electrostatic interaction separates the resulting singlet and triplet states. 

Insofar as # 0 (1, 2) does not contain the spin, spin-dependent eigenstates of 
H 0 ( 1, 2) are quite simple to construct. If <p( r,, r 2 ) is a space-dependent eigenstate 
(12.37) of Jf 0 (l, 2), then following the procedure described in Section 12.3 for two 
free electrons, we find that the properly antisymmetrized wavefunctions are given by 


(12.39) 


= Vsfri, 2) 

TO. 2) 


3 X = 9a( * 1 , r 2 ) 


TO. 2) 
TO(1,2)J 


(s = 0) 


(s = 1) 


The £-spin functions are listed in Table 11.3. We see how symmetrization require¬ 
ments, together with the Pauli principle, effect a coupling between the spins of the two 
electrons in helium. In the triplet state (s = 1) the spins are aligned, whereas in the 
singlet state (s = 0) the spins are antialigned. 


Electrostatic Interaction 

To understand how the coupling augments the energies of helium, we recall the 
following property of symmetrized states (see Problem 8.32): namely, two particles 
in a symmetric state attract one another (in a statistical sense). It follows that the two 
electrons in the singlet state, which contains the symmetric cp s state, are closer to 
each other than they are in the triplet 3 x state, which contains the antisymmetric <p A 
state. Thus, owing to the positive repulsive energy of the electrostatic interaction, 
e 2 /r, 2 , the triplet states lie lower in energy than do the singlet states (Fig. 12.12). 

This is the mechanism behind Hund’s first rule (see Problem 12.25)—that the 
total spin assumes the maximum value consistent with the Pauli principle. In this 
symmetric spin state, the space component of the wavefunction must be antisym¬ 
metric so that electrons are further removed from each other than in the corresponding 
symmetric space state. 


Exchange and Coulomb Interaction Energies 

Let us consider the space component eigenstates (12.37) of helium in more detail. As it 
turns out, the only states of helium that are of practical significance are those for 
which one of the two electrons is in its own ground state, with n = 1, / = m ( = 0. The 
reason for this is that it takes less energy to ionize a helium atom from the ground 
state than it does to raise both electrons to excited levels (Fig. 12.13). This means that 
one is more likely to find an He + ion (hydrogenic ion with Z = 2) than a helium atom 




FIGURE 12.12 The 4 P states of calcium, illustrating the fact that in two-electron atoms, triplet states lie 
lower than the corresponding singlet state. This is due to the fact that the average interelectron distance is smaller 
in the symmetric space state, <p s , than in the antisymmetric space state, cp^ , thereby increasing the singlet 
electrostatic contribution to the total energy compared to the corresponding triplet contribution. 

< 1 z|H es | 1 x> > < 3 xltf ES | 3 *> 
e 2 

Hes — H 

r \2 




Ionization 
energy of 
He 


Bound states 
of He involving 
one excited 
electron 


Excitation energy 
to the 2s 2 
configuration 



Ground 



FIGURE 12.13 The ionization energy of He is smaller than the energy of the lowest energy state of He with 
both electrons excited. It is possible for He in this excited state to decay to He + and a free electron. 
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with both electrons in excited states. It follows that the space-dependent states of 
helium atoms that exist under natural conditions are mostly of the form 


(12.40) 


<Ps,a(*u r 2 ) 



OlOoO’lfa.timfo) ± < PlOo( r 2)lPn!m( r l)] 


One may use these eigenstates to calculate the corrections to the eigenenergies of 
ft o due to the electrostatic interaction, e 2 /r l2 - As described above, we expect the 
triplet states to lie lower in energy than the singlet states. 

One obtains 


(12.41) 


where 



^*12/ singlet 


< 1 xl(—)l‘x> 

V 12 / 

A + B 


e 2 

A = OlOo(l)<P.ilin,(2)l - l<PlOo(l)<P»lm,(2)> 

r 12 


f‘ 


= {dfi dr 2 \<p 10 o(l)\ \<Pni mi (2)\ — 

^*12 


(12.42) 


B — ^100(l)*jp«lmi(2)| I (PlOoityfpnimiWy 

r l2 


jdr 2 dr 2 <|0*oo( 1 )<Pnlm,( 1V10o(2)<P?lm,(2) 


e 


2 


r 12 


The energy A is called the Coulomb interaction energy. It is akin to the classical inter¬ 
action potential of two electron clouds with respective charge densities e|<p 10 o(l)l 2 
and e | <p„ im (2) | 2 . The second term, B, has no counterpart in classical physics. It is called 
the exchange interaction energy. 

In the triplet state the Coulomb interaction energy becomes 


(12.43) 



r 12/ triplet 


< 3 xl 



l 3 x> 


= A - B 


For A and B positive this correction energy is smaller than the corresponding singlet 
correction energy, A + B (see Problem 12.31). 

Thus we find that the electrostatic interaction separates the singlet and triplet 
states of helium. Furthermore, when spin-orbit interaction is brought into play, dif- 



APPLICATION OF SYMMETRIZATION RULES TO THE HELIUM ATOM 529 



Parahelium 
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FIGURE 12.14 Energy levels of helium, illustrating the singlet and triplet series. The fine structure of the 
triplet levels is not shown. The energies of hydrogen appear at the left. 


ferent j values have slightly different energies in the triplet states. For a given value of 
/, the total angular momentum j number has the three values 

j = / - 1, /, / + 1 

which in turn give three distinct values for the spin-orbit coefficient <L - S>, thereby 
splitting /-levels into triplets. 

Helium in antisymmetric spin states (singlet series) is called parahelium . Helium in 
symmetric spin states is called orthohelium . The distinct spectra associated with these 
different atomic configurations are shown in Fig. 12.14. 

Similar descriptions apply to the heavier two-electron atoms. Their spectra also 
are observed to separate into singlet and triplet series. The corresponding energy-level 
diagram for Ca 20 is shown in Fig. 12.15. 









FIGURE 12.15 Energy levels of calcium, exhibiting the fine structure of the triplet states. A few typical 
transitions are also shown. Transition wavelengths are in angstroms. Principal quantum numbers appear at the 
left of levels. 
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PROBLEMS 


12.28 (a) What is the ground-state wavefunction for helium in the approximation H ES = 
Aso = 0 in (12.34)? 

(b) What is the ground-state energy in this approximation? 

(c) What is the correction to this ground-state energy due to the electrostatic interaction. 
e 2 /r X2 l What is the total ground-state energy obtained in this manner? 

(d) In view of your answer to part (c), is the ground state of H 0 ( 1, 2) a good guess for the 
ground state of # 0 (1, 2) + # E s? 


Answers 

(a) The ground state is (p^r u r 2 ), with n x — n 2 — 1 and l x = l 2 = 0. This gives 

8 / r x + r 2 

<Ps =-3 exp-— 

\ flo/2 

(b) £ u (0) = -4R(1 + 1) = -4 mc 2 oc 2 = -108.8 eV 

e 2 

(c) NE — ((p s \ — I <f> s > 

fl2 

n e 2 5e 2 

\<Ps\ 2 — dr t dr 2 = -— = 34eV 
r 12 4 flo 

dr t = r 2 dr x dil u dr 2 = r 2 dr 2 dQ 2 
r x2 = r 2 + r 2 - lr x r 2 cos 


(See Figs. 9.9 and 12.11, and recall the generating function for Legendre polynomials given 
in Table 9.2.) This gives the corrected ground-state energy 


£ = £„«» + -74.8 eV 


(d) The fact that A E is not small compared to E xx <0) means that (p s is not a good guess for 
the ground state of fi 0 + H^. (Note: £ obs = -78.98 eV.) 

12.29 Which of the following operators are diagonalized by the states and 3 y (12.39) relevant 
to helium? 


L\ LJ 2 J„S\ $ 




12 


12.30 The spin-orbit interaction in two-electron atoms gives three distinct energies in the triplet 
series. What are the values of <L • S> if one electron is an s electron and the other is a d electron. 

12.31 Show that the integrals A did B in (12.41) are both positive. [Hint: Recall the Fourier 
transform of the Coulomb potential, 


*12 


2n 2 






1232 A positron is the antiparticle of an electron. When in the presence of an electron, it may 
bind to the electron, forming a positronium atom that is unstable to positron-electron annihilation. 


531 
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Prior to annihilation, the energies and wavefunctions of the atom may be approximated by those 
of hydrogen with the Bohr radius replaced by 2 a 0 = 2h 1 2 /me 2 , owing to the change in reduced mass. 
What are the spin-dependent components of the wavefunctions of positronium? (Note: The 
annihilation time of the'S state of positronium for decay into two photons is a-1.2 x 1CT 10 s.The 
3 S state decays into three photons and lasts ~ 1.4 x 10 " 1 s. The fact that positronium in the 3 S 
state must annihilate through the emission of three photons is due to the principle of charge 
conjugation. This principle states that electromagnetic interactions are invariant under change of 
all particles to their antiparticles. 1 ) 


12.7 THE HYDROGEN AND DEUTERIUM MOLECULES 
Exchange Binding 

Another important area in which symmetrization requirements imposed by the spin 
of constituent particles plays a significant role is that of the theory of diatomic 
molecules. The simplest of these is the hydrogen molecule, H 2 . The fact that the proton 
nuclei are extremely more massive than the electrons permits analysis of the molecule 
to be divided into two parts. 2 The first of these concerns the chemical binding between 
the two atoms due to electron coupling. The second addresses the motion of the nuclei 
within the bound configuration. 

The Hamiltonian of the molecule, neglecting all but electrostatic interaction, is 
(Fig. 12.16) 

(12.44) ft = ft atoma + ft t + Ke + Vpp + Kp + t,uc 



The mass of an electron is m, nuclear mass is Af, and r, is the distance from electron 1 
to nucleus a. The repulsion between the two electrons is given by the positive potential 
e 2 /r l2 , while the repulsion between the nuclei is e 2 /r ab . The potential V ep represents 
the cross attraction between electrons and protons. The kinetic energy of the two 


1 For a further discussion, see S. Gasiorowicz, Quantum Physics, Wiley, New York, 1974. 

2 This approximation is due to M. Born and J. Oppenheimer, Ann. Physik 84, 457 (1927). 
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FIGURE 12.16 Radial distances appropriate to the hydrogen molecule. 


nuclei is written f nuc . Since m/M ^ 1, it is consistent to view the electrons as moving 
in the field of two fixed protons ( p a 2 = p b 2 = 0, r ab = constant). 

To uncover the binding between the two atoms, one constructs the wavefunc- 
tions off*, further neglecting the interaction V ee + V ep . The coupling between atoms 
which follows is then due primarily to antisymmetrization requirements imposed on 
these wavefunctions in accord with the Pauli principle. The residual Hamiltonian 
appears as 

(12.45) 6 = # atomfl + £ atomfc 


with eigenstates 


(12.46) 


<PS,A 



[<Pv a (ri)<Pv b ( r 2) ± <PvJ>2)<Pv b ( r lXI 


Following previous notation [e.g., (12.37)] atomic eigenvalues have been written v Qtb . 
Spin-dependent states parallel those constructed for the helium atom (12.39) in that 
both problems address the antisymmetric states for two electrons. There results 


(12.47) 


= <Ps(r i, t i)£a 
3 X = U T 2)is 


Using these state functions, it is possible to calculate the expectation of the total 
potential of the hydrogen molecule contained in H given by (12.44). 


<vy = e 2 


111111 

- 1 _ -- 

r 12 r a b r l r 2 r lb r 2a 


(12.48) 
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FIGURE 12.17 Expectation of the 
hydrogen molecule potential (in 
units of 10* 12 erg) versus inter- 
nuclear distance r ab (in units of Bohr 
radii). 


In calculating this average, r x and r 2 dependence is lost to integration, leaving only 
dependence on the internuclear distance r ab . Thus we may write 

<*0 = V(r ab ) 

The resulting two curves for the triplet and singlet states are shown in Fig. 12.17. The 
potential of interaction is seen to have a minimum for the singlet state corresponding to 
antiparallel spins and symmetric space dependence as given by q > s . Thus, binding of the 
atoms is possible in the singlet state. As discussed in the previous section, electrons 
in the state cp s tend to occupy the same region of space. This common domain lies 
between the nuclei. At this location the electrons serve to attract each of the protons 
and bind the molecule. The same mechanism, we recall, is responsible for the triplet 
states of two-electron atoms lying lower in energy than the singlet states (see Fig. 12.12). 
However, in the present case the positive energy of repulsion between electrons is 
overbalanced by the negative energy of attraction of the protons toward the overlap 
domain. If r ab is decreased beyond the minimum in V(r ab \ the nuclear repulsion begins 
to overcome the binding afforded by the intermediary electrons and the atoms repel. 

In the triplet state the antisymmetric wavefunction q> A { r l5 r 2 ) is appropriate, for 
which case <p A (r u i^) = 0, so that electrons do not tend to occupy {he common 
domain between nuclei and there is no binding. This repulsion in the triplet state is 
evidenced by the monatonic increase of V(r ab ) with decreasing internuclear distance, 
as shown in Fig. 12.17. 

In the symmetric electronic state, electrons may be said to be “shared” by the 
two hydrogen atoms, thereby allowing each atom a completed (Is 2 ) K shell. The bond 
so effected is called a covalent bond. This bonding is to be differentiated from that 
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which couples, say, the NaCl molecule. In this case the sodium atom gives its isolated 
3s 1 electron to the vacancy in the (3s 2 3p 5 ) M shell of the chlorine atom. In the resulting 
configuration, the positively charged sodium ion is knitted to the negatively charged 
chlorine ion in what is termed an ionic bond. 

Symmetric States for the Nuclear Motion of D 2 

Having discovered the nature of the binding of the H 2 molecule, we turn next to a 
discussion of the nuclear motion within this bound configuration. However, in that 
we wish to address the construction of symmetric states relevant to bosons, we will 
consider the isotope of hydrogen, deuterium. The deuterium atom has at its nucleus a 
deuteron that has spin 1 and is therefore a boson. The Hamiltonian (12.44) carries 
over to D 2 with the change that M becomes the mass of a deuteron instead of a proton. 
The mass ratio then becomes M/m ~ 34,000 and approximations introduced above 
for H 2 are even more appropriate to D 2 . 

In the bound configuration the deuterons move within the effective potential field 
V(r ab % and the Hamiltonian for the deuteron motion may be written 

(12.49) tf nuc = f nuc + V(r ab ) 

The kinetic energy of the two deuterons T nuc may be rewritten in terms of center of 
mass motion and motion relative to the center of mass [see (10.81)]. There results 

(12.50) /? nuc " #cm = + 2^2 + F(r) 

The variable r is written for the interdeuteron distance r ab , and \i = M/2 is the re¬ 
duced mass of the two deuterons. If V(r) has its minimum at r 0 , then near equilibrium 
one may write 

(12.51) V(r) = F(r 0 ) + \(r- r 0 ) 2 (^ + • • • 

This parabolic potential gives rise to vibrational motion. At moderately low tem¬ 
perature these vibrational modes are “frozen in.” That is, they are not excited and the 
deuterons assume the shape of a rigid dumbbell which is free only to rotate. 1 The 
Hamiltonian in this temperature domain reduces to the simple rotational form 

(12.52) H nuc = ~ 


1 Characteristic rotational temperature for the D 2 molecule is T = h 2 /2Ik„ — 44 K. Vibrational modes are excited at 
4500 K and electron states are excited at temperatures several orders of magnitude larger. For further reference, see 
G. Herzberg, Molecular Spectra and Structure, Van Nostrand Reinhold, New York, 1950. 
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where I = fir 0 2 is the moment of inertia of the dumbbell two-deuteron system. 
Eigenstates of this purely rotational Hamiltonian are the spherical harmonics 
| lm t } with corresponding eigenenergies (9.49) 

r m +1) 

£ ' = 21 

The frequencies of emission due to transitions between rotational states (see Problem 
9.6) lie in the infrared and are clearly distinguished from frequencies due to transitions 
in the electron states which lie in the ultraviolet-visible portion of the spectrum. 
Spin-dependent eigenstates of ft auc (12.52) are simply constructed in the product 

form 

Xnuc I 

Since the deuteron has spin 1, it is a boson and x nuc must be properly symmetrized 
with respect to exchange of spin and space coordinates. The spin component £, is 
composed of the nine states derived from the addition of two spin-1 particles. These 
states were previously constructed in Chapter 9 and are listed in Table 9.5. Of these 
nine states, six corresponding to s = 0 and s = 2 are symmetric with respect to 
exchange of spin coordinates, while the remaining three corresponding to s = 1 are 
antisymmetric. This separation of states is listed below. 


Symmetric 

Antisymmetric 

%\sm s s i s 2 } = 15 x ) 

S|jm,s 1 s 2 > = • 

-1 WMjJa) 

|2211> 1 




|2111> 


mu) ] 


12011) 

-5 — 2 

11011) 

- s = 1 

12-111) 


n - no 


12-211), 


J 


10011) 

^5 = 0 




In that the two deuterons form a dumbbell configuration, exchange of deuterons 
is equivalent to inversion through the origin. It follows that this operation is identical 
to the parity operation, so that the symmetry of a rotational state with angular mo¬ 
mentum quantum number / is (— 1)' (see Problem 12.21). Thus in order that the states 
Xnuc be totally symmetric, they must be of the form 


(12.53) 


Xnuc l^even^i^^S (Ortho) 

3 X„uc = |Iodd»»iXa (para) 


For a given value of /, there are six x nut states corresponding to / even and three 
states corresponding to l odd. As with the states relevant to helium, those containing 


TABLE 12.4 Properties of the nuclear component wavefunctions for D 2 and H 





537 


State of lowest angular State of lowest angular 

momentum: 1 S 0 (ortho) momentum: l S 0 (para) 
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an antisymmetric spin component are denoted as para states, while those containing 
a symmetric spin component are denoted as ortho states. 1 

Owing to the commutation property (12.22), the exchange operator £ is a 
constant of the motion and one may expect transitions between states of different 
exchange symmetry to be forbidden. Assuming a uniform population of states, there 
are twice as many ortho states as there are para states. Thus in transitions between 
states of different angular momentum, radiation due to (even-even) decay is roughly 
twice as intense as that due to (odd-odd) decay. 

A comparison of these properties of the nuclear wavefunctions for H 2 and D 2 
is listed in Table 12.4. Since the proton nuclei of H 2 are fermions, the corresponding 
Xnuc function must be antisymmetrized with respect to exchange of space and spin 
coordinates. This reversal of symmetry requirements on x nuc results in nearly a 
complete reversal of intensity rules obtained above for the D 2 molecule. (These 
properties of H 2 are further discussed in Problems 12.37 and 12.38.) 

Finally, we note that the * nuc wavefunction of lowest angular momentum for the 
D 2 molecule is the ortho l S 0 state. In this configuration both orbital and spin angular 
momentum vanish (s = / = 0). The relative orientation of the spins of the deuterons 
in this state may be described as antiparallel, although in fact this 10011 > state is the 
superposition 

U + •• + IT = n/J|11>iI1, -1>2 - x /¥|10> 1 |10> 2 + Till, —1> 1 |11> 2 

(The diagrammatic representation on the left is explained in Table 9.5.) 

In this section we have found how symmetry requirements imposed by the spin 
of constituent particles strongly influence the physical properties of diatomic mole¬ 
cules. Antisymmetrization of the electron wavefunctions was found to give rise to 
exchange binding of the hydrogen molecule. Symmetry requirements on the wave- 
functions for the two-boson deuteron system were found to give rise to intensity rules 
for molecular radiation. Symmetrization requirements will enter again in the last 
section of this chapter, wherein the quantum mechanical basis of superconductivity 
and superfluidity will be described. 


PROBLEMS 

12.33 It is found experimentally that hydrogen atoms with parallel electron spins repel in scatter¬ 
ing from each other. What is the reason for this repulsion? 

12.34 Using moment of inertia values relevant to the H 2 molecule, show that the frequency h/I 
lies in the infrared. 

12.35 (a) What is the spring constant K for the vibrational coupling between the deuterons in 
the D 2 molecule in terms of the effective potential V(r ab ) and the equilibrium radius r 0 ? 


1 States of greater statistical weight carry the prefix ortho , whereas those of smaller statistical weight carry the prefix para. 
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(b) Is there a coupling between the spin of two deuterons and their vibrational motion 
(in one dimension)? Explain your answer. 

12.36 (a) In what manner are the following two physical phenomena related: (1) the triplet 
states of He lie lower than the singlet states; (2) H 2 is bound in the singlet electronic state. 

(b) What is the radial probability distribution for the nuclei of either H 2 or D 2 in the 
state? Where are the electrons with respect to this distribution? In what temperature domain is 
your description appropriate? 

12.37 The nuclei of the ordinary H 2 molecule are protons that have spin j and are therefore 
fermions. 

(a) What exchange symmetry must ^ nuc have for the H 2 molecule? 

(b) How many antisymmetric and symmetric spin states are there for two spin4 particles ? 
(See Table 11.2.) 

(c) What is the ratio of intensities of spectral lines due to transitions between even 
rotational states to that of lines due to transitions between odd rotational states? How does this 
ratio compare to that for the heavy hydrogen molecule D 2 ? 

12.38 As discovered in Problem 12.37, the nuclear component of the wavefunction for the H 2 
molecule must be antisymmetric. In that there are three symmetric, s = 1, triplet spin states and 
only one antisymmetric, s = 0, singlet spin state, the symmetric (or ortho) states are three times 
more prevalent than the antisymmetric (or para) states. At temperatures sufficiently high to 
populate the rotational levels, one expects to find molecules predominantly in odd rotational 
states. Describe qualitatively how this population of rotational and spin states changes with 
decrease in temperature. Specifically what rotational state should prevail near OK? 

Answer 

For k B T less than the energy between rotational levels, the molecules in an S rotational state 
cannot be excited out of that state. Owing to the Pauli principle, this symmetric rotational state 
must be accompanied by the antisymmetric (para) spin (s = 0, l S) state. Hydrogen at room tem¬ 
perature is a mixture of about 3:1 ortho to para molecules. However, near 20 K, the sample under¬ 
goes an ortho-para conversion. Beneath this temperature, molecules that are in the ‘S state 
become “ frozen ” in this state and the sample becomes comprised almost entirely of para molecules. 


12.8 BRIEF DESCRIPTION OF QUANTUM MODELS FOR 
SUPERCONDUCTIVITY AND SUPERFLUIDITY 

Bose Einstein Condensation 

The spin-statistics relation, which requires that fermions obey the Pauli exclusion 
principle and that bosons exist in totally symmetric states, has profound physical 
implications. We have seen that (Section 8.4) the mechanism of conduction in solids is 
intimately related to the fact that electrons, which have a spin of j, are fermions and 
therefore obey the Pauli exclusion principle. 
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Bosons (i.e., particles with integral spin values) have equally significant prop¬ 
erties. Most interesting of these perhaps is the phenomenon of Bose-Einstein 
condensation. Since bosons do not obey an exclusion principle, a gas of such particles 
can conceivably be in a state in which all particles have the same momentum, same 
energy, and so on. 

From kinetic theory we recall that the temperature T of a gas of particles is 
defined as 1 

OiM, „!.<(,-<,»>> 

The temperature is proportional to the mean-square deviation of the momentum of 
the particles in the gas. It follows that at low temperatures, there is a small spread of 
momentum values away from the mean. A gas of particles which all have the same 
momentum has zero temperature, even though this momentum value may be large. 
In a frame moving with the gas, however, zero temperature means that all momenta 
are zero 2 (Fig. 12.18). 

Suppose that we look at a box of bosons. The box is fixed in space. Lower the 
temperature. At zero temperature, momentum values drop to a minimal value which 
is consistent with the uncertainty principle (see Problem 12.40). This collapse of an 
aggregate of bosons to a collective ground state in which they all have the same 
minimal ground-state momentum eigenvalues is called Bose-Einstein condensation. 
The interesting properties of a system in such a condensed state may be related to the 
uncertainty principle. As the momentum of a particle in the system falls to lower 
values, its uncertainty in position grows. Loosely speaking, it is in many places at the 
same time. There are two well-established phenomena in nature which are directly 
related to Bose-Einstein condensation: superconductivity and superfluidity. 

At very low temperatures (near 0 K), certain metals (e.g., tin and lead) become 
superconductors. 3 If a current is established in a superconducting loop, it maintains 
itself with zero loss. No potential difference is needed to keep the current flowing. 
The resistance drops to zero below a certain critical temperature, T c (Fig. 12.19). 
Also, magnetic fields become completely excluded from a superconducting sample 
for temperatures below T c (the Meissner effect; see Problem 12.39). For tin, T c = 
3.73 K, and for mercury, T c = 4.17 K. 

1 Recall also the thermodynamic identification, 7~ 1 = dS/dE, where S is the entropy. This definition of temperature is 
more uniformly valid for low-temperature quantum systems than is (12.54). Thus, whereas the latter formula implies a 

finite temperature for a collection of fermions in the ground state, the thermodynamic relation gives the correct value 
T= 0. 

2 For further discussion of the kinetic definition of temperature, see R. L. I.ihoff. Introduction to the Theory of Kinetic 
Equations , Wiley, New York, 1969; second printing, Krieger Publishing, Huntington, N.Y., 1979. 

*' Superconductivity was discovered by K. H. Onnes in 1911. 
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(b) (c) 


FIGURE 12.18 (a) The distribution function f(p x ) relevant to a gas of particles constrained to move in one 
dimension. The function/^*) is such that the number of particles with momentum in the interval p x to p x + dp x 
is f{p x ) Sp x (the shaded area). The total number of particles in the gas is 

/»ao 

N = f(fx) dPx 

J - <X> 

The temperature of a gas is a measure of the mean-square deviation from the mean, (A/?) 2 , of momentum values 
of the particles in the gas. Thus a one-dimensional gas of particles with the distribution (b) is colder than the 
same gas of particles in the distribution (c). 

Cooper Pairs 

It has been established 1 that below the critical temperature, interaction between 
electrons and the vibrational modes (phonons) of the positive ion lattice of the metal 
results in a diminution of the Coulomb repulsion between electrons. In simplest 
terms, phonons represent deformations in the positive ion lattice. When averaged 
over many such phonon emissions and absorptions, at sufficiently low temperature, 

1 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 108, 1175 (1957 ). 
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FIGURE 12.19 Resistance versus tempera¬ 
ture for tin. The critical temperature for lead, 
T = 7.18 K, is higher than that of tin. 


the effects of these deformations overbalance the Coulomb repulsion and yield a net 
attraction between electrons. 1 This attraction allows pairs of electrons to couple with 
spins antialigned so that each pair carries zero net spin. In that their spin values are 
zero, these Cooper pairs act like bosons (i.e., they do not obey the Pauli exclusion 
principle). Beneath the critical temperature, these pairs collapse to a collective 
ground state, y G . In this ground state, paired electrons carry zero spin and zero 
momentum. The excitation energies of particles in this collective state are separated 
from the ground-state energy by a gap. If a nearly dc field (low frequency, long wave¬ 
length) is applied to the sample, single particles cannot be excited, owing to the energy 
gap. Instead, the wavefunction for the new Hamiltonian (i.e., including the applied 
field) permits a motion of the center of mass of the electrons. It has the form 


X = exp 



Xc 


The coordinate of theyth electron is r y . We recognize the exponential factor to be 
in the form of the center-of-mass eigenstates discussed in Chapter 10. (See especially 
Problem 10.3.) The Xg component characterizes internal properties of the condensate. 
The exponential factor allows for a macroscopic flow (current). If electrons are not 
excited above the gap energy, this flow suffers no loss and the current is ma intain^ 
indefinitely. 


Superfluidity 

A second example of Bose-Einstein condensation is superfluidity. In 1932 Kapitza 2 
discovered that the viscosity of liquid helium drops dramatically beneath the X point 
(2.19 K). This absence of viscous effects allows the helium to flow freely through 
capillaries with diameters as small as 100 A. 

! This attractive mechanism was first suggested by H. Frohlich, Phys. Rev. 79, 845 (1950). 

2 P. L. Kapitza, Nature 141 , 74(1932). 
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T(K) 


FIGURE 12.20 Heat capacity of 
liquid helium. The singularity near 
2.19 K is evidence of a phase tran¬ 
sition. The viscosity of the liquid 
above the transition temperature U 
similar to that of normal liquids, 
while below this temperature the 
viscosity is at least 10 6 times smaller 
than that above the transition. 


At pressures less than 25 atm, helium is a liquid at 0 K. If the heat capacity of 
liquid helium is measured, a singularity is observed at about 2.2 K, which suggests a 
phase transition (Fig. 12.20). The viscosity in the new phase (beneath T x ) is essentially 
zero, while the thermal conductivity is very high. In the new phase, helium is a 
superfluid. Below T k , helium is called helium II. Helium II is a mixture of superfluid 
and normal fluid. 

The ground state of helium is 'S 0 . The electron spins are antialigned with total 
spin zero. The orbital angular momentum is zero. The nucleus also has zero spin. 
The whole helium atom has zero angular momentum and is a boson. The superfluid 
component of helium II contains atoms condensed to the collective ground state. 


Landau Theory 

The first theoretical model related to superfluidity is due to L. Landau. 1 In this 
analysis tne liquid interacts with the walls of the capillary through which it is flowing, 
via quantized vibrational modes of excitation generated in the liquid. 

Consider that the superfluid is moving through the capillary with velocity v. In 
a frame moving with the fluid (in this frame the fluid is at rest) the capillary wall moves 
with velocity —v (Fig. 12.21). Owing to friction between the wall and the fluid, 
elementary excitations appear in the liquid. Let one such excitation be generated with 


1 L. Landau, J . Phys. 5, 71 (1941); see also L. D. Landau and E. M, Lifshitz, Statistical Physics, Addison-Wesley, Reading, 
Mass., 1958. 
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FIGURE 12.21 (a) In the lab frame the capillary is fixed. Fluid moves with velocity +v. (b) In the frame 

moving with the fluid, the fluid is at rest while the capillary moves with velocity — v. 


momentum p and energy e(p). Transforming back to the frame where the tube is at 
rest (i.e., the lab frame), the energy of the liquid becomes 

(12.55) E = jMv 2 + [s(p) + p • v] 

where M is the mass of the liquid. The p • v term stems from Doppler shifting of the 
phonon frequency (see Problem 12.41). If no excitation is present, the energy of the 
fluid is jMv 2 . The presence of the phonon excitation causes this energy to change by 
the amount [e(p) + p • v]. Since the energy of the flowing liquid must decrease owing 
to such dissipative coupling. 


e(p) + p * v < 0 

This condition must be satisfied in order that an excitation appear in the liquid. Since 


(e + p • v) > e — pv 

it follows that excitations have the property 


(12.56) 


v > 


£ (p) 
P 


We may conclude that an excitation of energy b and momentum p cannot be created 
in a fluid moving past a wall with speed v unless the preceding inequality is satisfied. If 
e/p has some minimum value greater than zero, then for small velocities of flow 
beneath this minimum, dissipative excitations will not appear in the liquid. That is, 
the liquid will exhibit superfluidity. 
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FIGURE 12.22 The minima of z(p)/p occur 
at values of p where a line drawn through the 
origin is tangent to i-(p). For liquid helium this 
occurs at the origin and at p x . Excitations at the 
origin are called phonons. Those at p x are called 
rotons. 


If the energy spectrum of excitations e(p) is plotted against p, then the minima 
of E/p occur as those values of p where 

(12.57) — = - 

dp p 

that is, at points where a line drawn from the origin of the pe plane is tangent to the 
curve e(p) (see Problem 12.44). 

The e(p) curve for liquid helium has been obtained by neutron scattering 
experiments. 1 It is sketched in Fig. 12.22. There are two values of p where e/p is 
minimum, at p = Oandp = p v The minimum at p = 0 is appropriate to temperatures 
near zero. At such temperatures superfluidity occurs for speeds 


de 

v <v 0 = — 
dp 


p -o 


For slightly larger temperatures the minimum at p x comes into play. Superfluidity 
occurs for this branch of excitations at fluid speeds 


v < 


de 

dp 


I < 

p=p\ 


The speed of phonons at p = 0 is that of sound in liquid helium at 0 K. The 
excitations at p Y are called rotons corresponding, it is believed, to rotational motion of 
small clusters of helium atoms. 2 

The isotope of helium, He 3 , has an unpaired neutron and is therefore a fermion. 
One would not expect this isotope to exhibit Bose-Einstein condensation. Recent 
experimental observation, 3 however, suggests the existence of a superfluid phase in this 
liquid as well. As with the case of superconductivity, such phenomena may be ascribed 
to a pairing process of fermions allowing for Bose-Einstein-like behavior. 


1 J. L. Yarnell et al., Phys. Rev. 113. 1379, 1386 (1959). 

2 R. P. Feynman, Phys. Rev. 74, 262 (1954); for further discussion of this topic, see D. L. Goodstein, States of Matter, 
Prentice-Hall. Englewood Cliffs, N.J., 1975. 

3 D. D. Osheroff, R. C. Richardson, and D. M. Lee, Phys. Rev. Lett. 28, 885 (1972). 



PROBLEMS 


12.39 Consider a sphere of tin immersed in a uniform magnetic field at T > T c . The finite 
conductivity of the tin permits the m field to penetrate. Inside the tin the field has the value 

If the conductivity becomes infinite as T —>► T c , what happens to 38 ? 

Answer 

From Faraday’s law 

we obtain that 

-= 0 for a = oo 

dt 

so that & is constant in time and is trapped inside an ordinary conductor. This is not the case for a 
superconductor. At T = T c , a magnetic field is excluded from a superconductor, so that W = 0 
for the configuration given. In this sense a superconductor is said to have perfect diamagnetism. 
This effect is called the Meissner effect 

12.40 Consider a model of superconductivity where the critical temperature T c describes the 
width of the Fermi sea (see Sections 2.3 and 8.4). Estimate the spatial spread (Ax) of the wave- 
functions for such electrons in tin. 


— = -v x <y = --v x j 

dt o 



Answer 

The energy of a photon of frequency co in the S frame is 

s — hco 
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In a frame moving with v with respect to S, the frequency is Doppler-shifted to the frequency 

a/ = a> — k • v 

(If k is parallel to v, d decreases. If k is antiparallel to v, d increases.) Multiplying through b> 
h gives the desired result. 

12.42 (a) Use the uncertainty relation to estimate the lowest temperature that a collection of 
bosons confined to a box of edge length L can have. 

(b) What temperature does this correspond to for helium in a box with edge length 1 cm? 

12.43 A classical gas is said to be degenerate when thermodynamic properties of the system 
(equation of state, specific heat, conductivity, etc.) are governed by quantum statistics, as opposed 
to classical, Boltzmann statistics. A criterion that determines if a gas is degenerate may be obtained 
by comparing the mean interparticle distance n ~ 1/3 (n = particle number density) with the average 
de Broglie wavelength of particles. 

(a) What is this criterion in terms of n, T, and m, where T is the temperature of the gas and 
m is the mass of a particle? 

(b) Use this formula to estimate the temperature at which a neutron star of mass density 
10 14 g/cm 3 becomes degenerate. 

12.44 Show that z(p)/p is minimum at those values of p for which 

da a 

dp p 

12.45 Show that superfluidity does not occur if excitations have the free-particle spectrum 

sm p_ 

2m 


[Note : If the liquid is a system of uncoupled bosons, one expects that excitations follow this spec¬ 
trum. N. N. Bogoliubov 1 was the first to show that a gas of bosons with weak interactions has a 
spectrum of excitations e(p), which has a finite slope at p - 0 (such as sketched in Fig. 12.22).] 

12.46 A certain Bose liquid has the excitation spectrum 





where e 0 , p 0 , and & are constants. 

(a) What are the maximum superfluid speeds for the phonon and roton branches of exci¬ 
tations, respectively? 

(b) What is the energy gap for the roton branch of excitations? 

12.47 Give a qualitative explanation of the fact that superconductors are poor normal 
conductors. 


1 N. N. Bogoliubov, J. Phys. USSR II, 23 (1947). 
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Answer 

Superconductivity is due to electron-phonon interactions. Metals with strong electron-phonon 
interaction will show large resistance at room temperature and therefore be poor conductors. On 
the other hand, strong electron-phonon interaction will raise the critical temperature beneath 
which superconductivity becomes evident. Such, for example, is the case for lead, which is a poor 
conductor but has one of the highest critical temperatures. On the other hand, superconductivity 
in gold and silver, which are very good conductors at room temperature and must therefore be 
typical of a weak electron-phonon interaction, proves difficult to exhibit. 

12.48 When He II is constrained to flow in a circular channel, the circulation maintains itself 
with no dissipation. Let particles in the ground state have the wavefunction <p = A exp [i<£(r)]. 

(a) The velocity field u of particles in this state is related to mass current 1 through the 
relation J m = mA 2 u. Show that u = ( h/m)V<t> . 

(b) What is the value of V x u for this flow? 

(c) Show that the values of the circulation are restricted to the discrete quantum values 

(j) u * d\ = na (n = 0, ± 1, ±2,...) 
h 

a = — 
m 

The constant a ^ 10“ 3 cm 2 /s for He. 

Answers 

(a) J = hA 2 V</>. 

(b) In that u is the gradient of some function, V x u = 0. 

(c) Around the path of flow we have 

(j) u • d\ = — (j) V</> * d\ 

To ensure that the wavefunction is single-valued, change in </> about the closed loop is restricted to 
integral multiples of 2n. 

12.49 The halogens, which comprise group VII of the periodic table, are characterized by the 
common property of missing one electron in the outermost p subshell. It is found that the ground 
states of these atoms are well described by the equivalent configuration of a single hole bound to an 
atom in an orbital p state. Using this model, obtain the possible ground states of a halogen atom. 
Check your answer with the ground states given in Table 12.3. The notion of a hole was discussed 
in Chapter 8. 


1 Note the relation J m = m J, where the particle current J is defined by (7.107). 




CHAPTER 13 

PERTURBATION THEORY 


13.1 Time-Independent , Nondegenerate Perturbation Theory 

13.2 Time-Independent , Degenerate Perturbation Theory 

13.3 The Stark Effect 

13.4 The Nearly Free Electron Model 

13.5 Time-Dependent Perturbation Theory 
13*6 Harmonic Perturbation 

13.7 Application of Harmonic Perturbation Theory 

13.8 Selective Perturbations in Time 


In this chapter perturbation techniques are described which serve to generate approxi¬ 
mate solutions to the Schrodinger equation. Such solutions appear in the form of an 
expansion away from known , unperturbed values. A special procedure is developed 
for systems with degenerate eigenenergies . Application is made to problems in atomic 
physics and the problem of an electron in a periodic potential , encountered previously 
in Chapter 8. Harmonic perturbation theory is applied in a rederivation of the Planck 
radiation formula and the theory of the laser. 


13.1 TIME-INDEPENDENT, NONDEGENERATE 
PERTURBATION THEORY 

Approximation methods of solution were described in Chapters 7 and 12. The WKB 
analysis, we recall, is appropriate when wavelength is small compared to potential 
scale of length, or equivalently, in the near-classical domain. 

Our present concern lies in refinement of the approximation method described 
in Chapter 12, used in calculating both the ground-state wavefunction of the helium 
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atom (Problem 12.28) and the fine-structure spectrum of hydrogen (12.13). In both 
these problems the Hamiltonian encountered was of the form 

H = 8 0 + H' 

This breakup of a Hamiltonian into a part // 0 , whose eigenfunctions are known, 
and an additional term //', which is in some sense small compared to ft 0i is typical 
of many practical problems encountered in quantum mechanics. The theory that 
seeks approximate eigenstates of the total Hamiltonian ft is called perturbation theory. 
In the expression above, the Hamiltonian, ft 0 , is called the unperturbed Hamiltonian 
while ft ' is called the perturbation Hamiltonian . Some typical perturbation problems 
are listed in Table 13.1. 


TABLE 13.1 Examples of perturbation Hamiltonians 


Name 

Description 

Hamiltonian 

L-S coupling 

Coupling between orbital 
and spin angular momentum 
in a one-electron atom 

fi = fi 0 + f(r)L ■ § 
fi' = / (r)L • § 
fi 0 = p 2 /2m — e 2 Z/r 

Stark effect 

One-electron atom in a 
constant, uniform electric 
field $ - e z So 

H = 

H' = e£ 0 z 

Ho = ( p 2 /2m ) - e 2 Z/r 

Zeeman effect 

One electron atom in a 
constant, uniform magnetic 
fields 

/) = /)„ + (e/2mc)3 • m 
iV = (e/2mc)3 ■ & 
ft 0 = (p 2 /2m) - e 2 Z/r 

Anharmonic 

Spring with nonlinear 

fi = # 0 + K'jc 4 

oscillator 

restoring force 

/?' — K'x 4 

fi a = (P x 2 /2m) + iKx 2 

Nearly free 

electron 

model 

Electron in a periodic lattice 

fi = fi 0 + V(x) 

V(x) X V„ exp [i(2nnx/d)J 

fto = P//2m 


The perturbation analysis we will develop in this chapter divides into three 
categories: (1) time-independent, nondegenerate; (2) time-independent, degenerate; 
(3) time-dependent. In the last category one investigates the time development of a 
system in a given state due to a perturbation on the system which is turned on at a 
given instant of time. 

Smallness of the Perturbation 

Perturbation theory begins with the assumption that the perturbation Hamiltonian, 
ft\ is in some sense small compared to the unperturbed Hamiltonian, ft 0 . The 
criterion that establishes the smallness of ft' compared to ft 0 will emerge in the course 
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of the analysis. Another underlying assumption in perturbation theory is that the 
eigenstates and eigenenergies of the total Hamiltonian, ft, do not differ appreciably 
from those of the unperturbed Hamiltonian, ft 0 . That is, suppose that {cp„} and {£„} 
are, respectively, the eigenstates and eigenenergies of the total Hamiltonian ft, 

fttyn =00 + = EnVn 

while {<p B (0) } and {£„ (0) } are, respectively, the eigenstates and eigenenergies of the 
unperturbed Hamiltonian 

tto<Pn 0) = £„ (0 V„ (0) 

Then it is always possible to write 

<Pn = <jO» ,0) + &<Pn 

E„ = £„<°> + A£„ 

where, owing to the smallness of ft', A<p„ is a small correction to <p„ (0) and A£„ is a 
small correction to £„ (0) . 

To keep the smallness of ft' in mind, we rewrite it as /./?', where X is an infinites¬ 
imal parameter and is introduced for “bookkeeping” purposes only. The equation 
to which we seek a solution is of the form 

(13.1) (ft 0 + Xft')q> n = E n <p„ 


The Perturbation Expansion 

The eigenstates and eigenenergies of ft 0 are assumed known. Since q>„ -*■ (p„ i0) as 
X -*■ 0, it is consistent to seek solution to (13.1) in the form of a series with <p n (0) 
entering as the leading term. In similar manner, E n is expanded, with £„ (0) entering 
as the leading term. 

/ 13 2 ) <P* = <Pn 0) + Xq> n a) + X 2 (p „ <2) + • • • 

£„ = £„ (0) + XE n (1) + A 2 £ b (2) + • • ■ 

Substituting these expansions into (13.1) and arranging terms according to powers 
in X gives 

(13.3) lft 0 q> „ (0) - £ n ( 0 V„ <0 '] + X[_ft Q( p n ^ + ft'<p n i0) - £ b « 0 V b (1) - £„ ( 1 Vn <0) ] 

+ * 2 lfio<Pn (2) + ft'<pj l) - £„ ( >„ (2) - £„ <1) <j0|l <1) - £„ <2, % <0 '] 

+ •■• = 0 

This equation is of the form 

F (0 > + XF a) + X 2 £ <2) + X 3 F l3) + • • • = 0 
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If this equation is to be true for arbitrarily small values of A, then 

pi o) _ pm = pm - ... — o 

In this manner (13.3) gives the coupled set of equations 

(a) 8o<P„ m = E™<p™ 

, ia „ (b) 0o ~ E„ (0> )(p„ il) = (E„ a) - 

(13,4) (C) 00 - EJ°')W 2) = (En W - 8')<Pn a) + £n (2) <P„ (0> 

(d) 00 - £„ (0 >„ (3) = (E„ (1) - + E„ (2) (p n w + E„<V> 

In the lowest approximation, (13.4a) returns the information that {<p„ <0> } and {E„ <01 } 
are, respectively, the eigenstates and eigenenergies of ft 0 . The second (as well as 
all of the higher-order equations) has the following interesting property. The left- 
hand side of this equation remains the same under the replacement 

- <P* a) + a<Pn i0) 

where a is an arbitrary constant. Suppose that one solves (13.4b) for <p„ (1) and E„ (l) . 
Then <p„ (1) + acp n (0) ; E„ a) is also a solution. An extra constraint is needed to remove 
this arbitrary quality of solution. This constraint may be taken as follows. We 
assume that all corrections to (p„ (0> in (13.2) are normal to 


(13.5) <(P^\W 0) > = 0 



In Hilbert space this relation indicates that A<p n is normal to <p„ (0) . This condition 
will aid us in the construction of <p„ (s) . 

Returning to (13.4b) we note that fi 0 operates on (p n a) in this equation, which 
suggests that the solution may be obtainable through expansion of <p„ (1) in a super¬ 
position of the eigenstates of # 0 - 

(13.6) \(p„ a) > = Ic B( |W 0) > 

i 

If this expansion is substituted into (13.4b), there results 

0o ~ E„ (0) )ZcJ<A< 0, > - (E n (l) ~ G')\ 


1 Another popular constraint is to construct <p* is) so that it is normalized. Both choices of constraint yield the same 
corrections to the energy, while the wavefunctions that emerge differ by at most a phase factor (see Section 4.1). 
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Multiplying from the left with <<p J (0, | gives 

d 3 - 7 ) ( £ / 0) - K (0) K + H'j n = E«% 

where H' jn are the matrix elements of ft' in the {<p n (0) } representation 


First-Order Corrections 


With j * n, (13.7) gives the coefficients, {c nj }, which when substituted into (13.6) 
gives the first-order correction to <p n . 


(13.8) 


Cni 


( 1 ) _ 


H', 


in 


£„ <0) - £j ,0> 


' = 


H'u. 


E E (0) (0) < Pf < ° ) + C »»<P, 

i*n 


( 0 ) 


Here one assumes that all corrections, {<p„ (s *}, lie in a Hilbert space that is spanned 
by the unperturbed wavefunctions, {<p„ <0) }. 

The coefficient c m is obtained from (13.5), which yields 


Cnn ^ 

Withy = n, (13.7) gives the first-order corrections to the energy £„. 

(13-9) E.™ = H' m 

These are the diagonal elements of ft'. Substituting (13.8) and (13.9) into (13.2) 
and setting A = 1 gives 


(13.10) 




The first of these equations tells us that in order for the expansion (13.2) to make 
sense, the coefficients of expansion should be less than 1. 
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The matrix elements of S' should be small compared to the difference between the 
corresponding unperturbed energy levels. In similar manner, the second equation 
in (13.10) reveals that 

\H'J< E„ <0) 

The diagonal elements of the perturbation Hamiltonian should be small compared 
to the corresponding unperturbed energy level. 


Second-Order Corrections 

To find the second-order correction to q> n and E„, we must solve (13.4c). Again we 
note that S 0 operates on <p„ (2 \ and it is again advantageous to expand <p n (2) in the 
eigenstates of S 0 . 

(13.11) d>„ <2) = I<kW 0) 

i 

Substitution into (13.4c) gives 

££/ 0 ) dJ<A <0, > + S'\<p n w > = £ n , 0 , £<y<A (0> > + £„ (, V n a) > 

i * 

+ E n i2) \<p n (0) y 

Multiplying from the left with <<p/ 0) | gives 

(13.12) (Ej i0) ~ E„ (0) )d n j + «>|tf'|<A, (1> > = E n (2) 5 jH + £ n (1) « ) |^ (1) > 

With j = n, this equation gives 

e„ < 2) = wr\fi'\<Pn <u y 

ft* it* 

- £<W"I E m_Em >* m > 

i*n 


lit Tjr 



Owing to the Hermiticity of S', this equation may be rewritten 


(13.13) 


£ ( 2 ) _ y 

Li F (0) _ p (0) 
i*n 


Note that in obtaining this result we have used the result that c„„ = 0. Substituting 
this expression for £„ <2) into (13.2) together with the expression for £„ (1) given by 
(13.9) gives the following second-order expression for E„\ 


(13.14) 
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To calculate the second-order corrections to the wavefunction <p n , we must 
obtain the coefficients d nl in (13.11). These are directly obtained from (13.12). With 
n/j this equation gives 

<£„>»’ - - <«> '**"’> 

k*n n &It 

In the second sum, only the k = ; term survives the <<p/ 0) |<p* (0) > inner product. All 
terms in the first term remain. There results 

, _ 1 /V H 'A \ 

nJ £» <0) - £/ 0) En 0) ~ E k (0) ) (£„ <0) - Ej <0> ) 2 

Again, owing to (13.5), one finds that 

d nn = 0 

In this manner one obtains the following expression for <p„, good to terms of second 
order in ft'. 




v H’ ik H' kn 

k % (E„ (0) - £,«») (£„«*> - E k (0> ) 


]w 0) 


PROBLEMS 

13.1 Calculate the first-order correction to £ 3 <0) for a particle in a one-dimensional box with 
walls at x = 0 and x = L due to the following perturbations. 

(a) //' = 10~*E lX /L 

(b) H' = \0~ 3 E^x/L) 2 

(c) H= 10- 3 £ lS in(x/L) 

13.2 What is the eigenfunction (p n for the same configuration as in Problem 13.1, to terms of 
second order, for the constant perturbation 

H ' = 10 3 £ x ? 

13.3 Calculate the eigenenergies of the anharmonic oscillator whose Hamiltonian is listed m 
Table 13.1, to first order in ft*. 


H = H 0 + K x 4 


Answer 
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In terms of raising and lowering operators, (a\ a), the perturbation Hamiltonian appears as 

The corrections to £„ (0) which we seek are given by 

£„<*» = H„„ = Oltf'ln) 

The only terms in the expansion of (d + a f ) 4 which give nonzero contributions are those which 
maintain the eigenvector | fi). All other terms vanish because of orthogonality with (u |. Of the 16 
terms in the expansion of (d + 5 f ) 4 , only six survive this orthogonality condition. The energy 
£„ (1) may be determined by a graphical analysis, according to which a diagram is associated with 
each integral that contributes to <n|//'|n>. The eigenvector |n> is represented by a dot drawn at 
the right of the diagram. Another dot drawn at the left of the |n> dot, but on the same horizontal, 
represents the eigenbra (n |. The creation operator, a 1 , is represented by a diagonal arrow from the 
right and inclined upward at n/4, while the annihilation operator, a, is an arrow from the right at 
— n/4. Thus the diagram related to /n \ aa \ n} is / 

(Hidden) /\ 

The diagram that represents the fourth-order term, <n|a t ua t a|n>, is 


<n|<3Wa|n> 


while the second-order term, <n|S 2 |n>, is represented by 


<n \a 2 |n> 

Any sequence of arrows that do not join the two horizontal dots represents a zero contribution. 
Continuing in this manner, we find that, in all, there are 16 fourth-order diagrams. Of these, only 
six gave nonzero contributions. These six diagrams are: 




/\/\ 
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FIGURE 13.1 Potential configurations for Problems 13.4,13.5, and 13.6. 


Summing these contributions gives the desired result: 

3K' 

E » {i) = l>(n + 1) + 1] 

13.4 Consider a particle of mass m in a potential well shown in Fig. 13.1a. Suppose that the hump 
at the bottom of the well can be considered a small perturbation. 

(a) Calculate the corrected second eigenenergy and eigenfunction to first order in the 
perturbation. 

(b) What dimensionless ratio must be small compared to 1 in order for your approxima¬ 
tion to be valid? 

(c) First-order corrected energies corresponding to even eigenstates are greater than 
energies corresponding to odd eigenstates. Why? (Hint: Note the behavior of eigenstates at the 
origin.) 

13.5 (a) Consider the perturbation bump shown in Fig. 13.1b. What are the first-order cor¬ 
rected eigenenergies of a particle of mass m confined to this well? 

(b) Calculate the eigenenergies of this configuration, in the domain £ > F 0 , using the 
WKB formula (7.191) and compare your results with those obtained in part (a). 

13.6 Again consider the potential shown in Fig. 13.1a. What is the unperturbed ground state for: 

(a) Two identical bosons of mass m confined to the box. 

(b) Two identical fermions of mass m confined to the box. 

(c) What are the unperturbed ground-state energies E s and E A for these two cases? 

(d) Use first-order perturbation theory to obtain the new ground-state energies for these 
two cases. 


Answers ( partial) 


(a) 

(b) 


<Ps(x „ x 2 ) = ~ cos cos 

0.(X„ X.) - ^ [- (^) sin (^) - cos (S) sin ^ j 
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FIGURE 13.2 


Potential configuration for Problem 13.7. 


13.7 A particle of mass m is in an asymmetrical one-dimensional box, depicted in Fig. 13.2. 

/ 

(a) Use first-order perturbation theory to calculate the eigenenergies of the particle. 

(b) What are the first-order corrected wavefunctions? 

(c) If the particle is an electron, how do the frequencies emitted by the perturbed systems 
compare with those of the unperturbed system? 

(d) What smallness assumption is appropriate to V 0 ? 

Answers 

(a) 

(b) 

a 1 |"sin (n — l)n/2 sin (n + 0n/2"| 

= n L nT/ ir+1 J 

(c) They are the same. 

(d) V 0 < E x 

13.8 Show that the matrix elements of the perturbation Hamiltonian ft' obey the equality 

I ItfLI 2 = (H' 2 )„. 


E„ = £„<°> + £„ (1) = E„ (i> + ^ 


Answer 

X i w ™l 2 = X<"i/M m >< m l/?'i"> 

m m 




= <n| #'//*» = <n|tf' 2 |n> = (H' 2 )„„ 
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Here we have recalled the relation 


J = S |m><m| 

m 

13.9 A hydrogen atom in its ground state is in a constant, uniform electric field that points in the 
z direction. The electric field polarizes the atom. Show that there is no change in the ground-state 
energy of the atom to terms of first order in the electric field. The interaction energy is 

H' = eSz = eSr cos 6 

13.10 The conditions are those of Problem 13.9. In calculating second-order corrections to the 
ground state, one must know the values of the matrix elements <100|tf'|n/m>, where |n/m> 
denotes a hydrogen eigenstate. Show that these matrix elements vanish if / # 1. 

13.11 Consider again, as in Problem 13.9, that a hydrogen atom is in a constant, uniform electric 
field S that points in the z direction. If a. is the polarizability of hydrogen, then the change in the 
ground-state energy is joi£ 2 , so we may write 

) 

| H' I 2 

to* 1 = I FTo » "r ( 0 , . H'm = <100|W'|nlO> 

n > 1 1 

(a) Use the result of Problem 13.8 to show that 


£oe S 2 < 


(H' 2 ) u 


E 2 i0) - E x 


(0) 


(b) What maximum value for the polarizability of hydrogen does this inequality imply? 
How does this value compare with the correct value of a? 


Answers 


(a) 


K 


(0) 


- srinin = £ 2 (0) - 


SO 


w 2 < y_ = 1 y \ tj , i2 

n>i E 2 ™ - £ 1 (0) £ 2 (0) - £/ 0) n h 1 lJ 

Using the results of Problem 13.8, we obtain 

l\H'u \ 2 = \H' u \ 2 + f \H ' U \ 2 = (H*) n 

n= 1 n> 1 


I |WiJ 2 = (ff'% -\H' n \ 2 <(H' 2 ) n 

n> 1 


so that 
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hence 


<*>) 


which gives 


2<x$ 2 < 


1 


(tf' 2 )u 


(0) _ 


E x 


(0) 


I iff i„i 


n> 1 


(0) 


ffi 


( 0 ) 


MLx = ^ (ff”)i. 


3IR e 


2 <? 2 JJJ | <p* 00 | 2 r 4 cos 2 6 d cos 9 dip dr 


~ 3 a ° 


3W 


^max 3 a 0 


The more correct value is a = ■)a 0 7 '/2. 


i 


13.2 TIME-INDEPENDENT, DEGENERATE 
PERTURBATION THEORY 

A gain we consider a system whose Hamiltonian has the form 

ft = # 0 T & 

where 6’ is a small perturbation about the unperturbed Hamiltonian, ft 0 . In the 
present case, however, /?„ has degenerate eigenstates. We have found previously 
(see Section 8.5) that degeneracy in quantum mechanics stems front symmetries 
inherent to the system at hand. Any distortion of such symmetry should therefore 
tend to remove the related degeneracy. 

Suppose, for example, that the ground state of fl 0 is q-fold-degenerate. If the 
symmetry producing this degeneracy is destroyed by the pferturbation ft', the ground 
state E„ (0) separates into q distinct levels (Fig. 13.3). The primary aim of degenerate 
perturbation theory is to calculate these new energies. Suppose that we proceed as 
in the nondegenerate case described in the previous section and expand the first-order 
wavefunctions of ft' in the eigenstates of ft 0 (13.6). 

W" = I c nl <Pi m 

i 

The formula that emerges for the coefficients {c„J is given by (13.8). 

H' in 

C "‘ E <°> - Ei i0) 
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£* (0 + \ 


£< 0 ) 

Zq+l 



^-fold degenerate 
state, before 
perturbation 



After perturbation 


FIGURE 13.3 Perturbation causes a removal of degeneracy. 


If Ei (0) is q-fold-degenerate, then 

E/o) = E 2 (0) -- E t m 

and c nl is infinite for n, i < q. This situation is remedied by constructing a new set 
of basis functions from the set {(p„ l0) } which diagonalize the submatrix, H' in (for 
n, i < q). With the off-diagonal elements of H' in vanishing, the corresponding singular 
c IR coefficients also vanish and we may proceed as in the nondegenerate case. 

£ 

Diagonalization of the Submatrix 

Thus the primary aim in degenerate perturbation theory is to diagonalize this 
submatrix of H' in . As it turns out, the diagonal elements so constructed are the 
incremental energies, which when added to E separate the q energies contained 
in the ground state. 

Let the q functions that diagonalize H’ in (i, n < q) be labeled <p n . 

( 13 - 16 ) <p n = ia ni (p^ 

1 = 1 

These linear combinations of the degenerate eigenstates {<p t <0) } diagonalize H’ in , so 

( 13 . 17 ) <v„ | & | (p P > = H' np 5 np (n, p < q) 

These functions, when joined with the complementary set of non-degenerate states, 
{<Pi (0) , i > q}, give the basis 1 

( 13 . 18 ) ® = {<Pi, <p 2 ,...,<p q , (p q+1 {0) ,(p q+1 {0) ,...} 


1 The sequence (13.16) spans the same subspace of Hilbert space spanned by the degenerate states {(p„ (0) }, n < q. Thus 
the basis (13.18) spans the same Hilbert space spanned by the basis {<p I (0) }, i > 1. 
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The matrix of ft’ calculated in this basis appears as 


(13.19) 


//'u 


H', 


22 


0 




9+1 



h: 


9+ 1,1 


h : 


99 


I 


First-Order Energies v 

We will now show that the diagonal elements of the q x q submatrix of ft' are the 
first-order energy corrections £„' to E n (0 \ n < q. That is, 

(13.20) E; = <<p„ | /?' | <p„> = H' m (n < q) 

If these diagonal elements are mutually distinct, then the q-fold degeneracy of ft 0 
is removed by the perturbation ft'. To establish the equality (13.20), we proceed as 
follows. 

The Schrodinger equation for the total Hamiltonian appears as 

fi<Pn = (#0 + ft')<Pn = E„(p n 

The ground state of ft 0 is q-fold degenerate. Substituting 


(13.21) 


<Pn = <Pn 

£ n = e* 0) + e; 


(n < q) 


into the Schrodinger equation gives 


( 13 - 22 ) tt'Vn = E n '(f>„ (n < q) 

Here we have recalled that q>„, being a linear combination of degenerate states, 
is itself a degenerate state (corresponding to the eigenvalue £ 1 (0) ). With the elements 
°f (fin} (as well as those of {<p„ ,0) }) taken to comprise an orthogonal sequence, one 
is able to identify (13.17) as being the matrix counterpart of the operator equation 
(13.22). This is so, provided that we set 


E’ = H' m (n < q) 

which again is the relation (13.20). This equality establishes the fact that the diagonal 
elements of the submatrix H'„ p are the first-order corrections to the total Hamiltonian 
ft (for n <, q). 

Let us now construct the new basis functions {<p„} which diagonalize the said 
submatrix of ft'. These are given in terms of the a ni coefficients in (13.16), which 
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make {q> n } obey the eigenvalue equation (13.22). Substituting the former into the 
latter gives 

ft' I aJW 0 ') = £„' Ia ni |W 0) > 

i= 1 i=l 

Multiplying from the left with {(p p i0) \ gives 

£ a ni flpi = £„' X a„i<5 P i = £„'a np (for fixed n,p<q) 

i i 

This equation may be rewritten as 

(13.23) ^ t (H' pi - E„’S pt )a ni = 0 (n, p < q) 

i~ 1 

The coefficients {a ni } for a fixed value of n comprise the column vector representation 
of <p n in the subbasis {<p, (0) , / < q}. Similarly, 

H' pi = «°»|^|W 0) > 

are the matrix elements of ft' in this same basis. 


The Secular Equation 


For each value of n and p, (13.23) is one equation for E n and the q components {a n J. 
There are q such equations corresponding to the q values of p. For n — 1, for example, 
these equations appear as 


/ 


(13.24) 


tfii 

H' 2l 


Hi 2 

H' 22 - E, f 


Hi 3 
Hi 3 


Hi 




/ 


Hi 




h: 




fl 12 


= 0 


This is the matrix equivalent of (13.22) in the basis {<p„ (0) , n < q}. Setting n — 2 in 
(13.23) generates (13.24), with the modifications that £/ is replaced with E 2 and 
the column vector {a u } is replaced by {a 2i }. As n runs from 1 to q , one obtains q 
such equations. The condition that there be a nontrivial solution {a ni } for any one 
of these q matrix equations is that the determinant of the coefficient matrix vanish, 
which gives the secular equation 


(13.25) det|ifp ( — E n f S pi \ = 0 

This equation may be rewritten in a purely operational form, 

det | ft’ - £„'/1 = 0 

The identity operator is I (or, equivalently, the q x q unit matrix). The q roots of 
the algebraic equation (13.25) are the eigenvalues of (13.22). They are the diagonal 
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elements of the submatrix of depicted in (13.19). Substituting any value of E 
so obtained, say E\, back into (13.24) permits one to solve for the coefficients {a u }. 
In similar manner, E' 2 permits calculation of {a 2l }, and so on. These coefficients, in 
turn, give the new basis functions {<p„} in (13.18). 

Using this new basis (13.18), the ambiguities due to the degeneracy of H 0 
are removed 1 and one may proceed with the analysis developed in the previous 
section for the nondegenerate case. For example, (13.2) appears as 

<Pn = Vn + *Vn il) + A 2 + • • • « ^ q 

<Pn = (Pn i0) + *<Pn l) + A 2 ^>„ (2) + • • • M > q 

E„ = E„ <0) + XE' n {1) + X 2 E' n w + • • • nzq, C E 1 (0) - £,<°>) 

E n = £„ (0) + A£„ (1) + X 2 E n w + • • • n>q 
E' n = (ip n \H’\<p n y n ^ q 

E„ (1) = <^„ <0) | J W'IW° > > n > q 

An outline of this analysis is shown in Fig. 13.4. An important feature of degenerate 
perturbation theory is that solution of the matrix equation (13.24) gives (1) first- 
order corrections to the energy; and (2) corrected wavefunctions which, together 
with the nondegenerate states, serve as a proper basis for higher-order calculations. 


Two-Dimensional Harmonic Oscillator 

In this section we are primarily concerned with the degeneracy-removing property of 
the perturbation /?'. As a simple example of these procedures, consider the case 
of the two-dimensional harmonic oscillator whose Hamiltonian is 

or, equivalently, 

#o == h™ 0 (a'a + + 1) 

where 


1 


x = 


y = 


y/2 P 

1 

y/2 P 


(a + a f ) 


(b + 6*) 



mco 0 

~T~ 


1 It may be that first-order calculation does not remove the degeneracies of H 0 . For example, this occurs if the off-diagonal 
elements of ft' are zero. For such cases it becomes necessary to include higher-order terms to remove the degeneracy. 
For a discussion and problems relating to such second-order degenerate perturbation theory , see L. I. Schiff, Quantum 
Mechanics , 3rd ed., McGraw-Hill, New York, 1968. 
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FIGURE 13.4 Elements of degenerate perturbation theory. 


The eigenstates of ft Q are the product forms (8.111) 

<Pnp = <Pn(x)<Pp(y) 

which we will label | np>. The corresponding eigenenergy 

E„ P ~ hwoin + p 4- 1) 

is (n + p 4- l)-fold degenerate. It follows that the energy 

E 10 = E 01 = 2haj 0 

is two-fold degenerate, with corresponding eigenstates 110) and |01>. 

Let us apply the analysis developed above to determine how this energy 
separates due to the perturbing potential 


H' =Kxy 
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Furthermore, we wish to find the two new wavefunctions that diago nally ft'. These 
are given by the linear combinations (13.16) 

9i = a(p 10 + b<p 0l 
V 2 = a'<P 10 + b'(p 01 

The submatrix of ft' in the basis {<p 10 , (p 01 } appears as 

u- = K Y <10| * y|10> < io i^i oi >\ = F /° 

\<01|xy|10> <01|xy|01>/ \l 0/ 


Consider, for example, the calculation of the (1, 2) elements of H'. 

<10|*f|01> = i <101*6 + tit + afit + *tgt|oi> 

<1014*101) 

With these values of the matrix elements of ft', we are prepared to solve (13.25) for 
the incremental energies £'. This equation appears as 


-E 

E 


E 

-E! 


= 0 


which has the solutions 


E' = + E 


Thus we find that the perturbation separates the first excited state by the amount 2E. 


(13.26) 


£.o 


E + — E 10 + E 
£_ = E 10 — E 


The corresponding new wavefunctions are obtained by substituting these values 
into the matrix equation (13.23), which for the present case takes the form 


/-£' E 
\ E 


a 


b 
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The two values of E given above serve to determine two column vectors, (a, b) and 
(a', b'). The value E = E gives a = b, while E = — E gives a’ = — b'. Thus we obtain 
for the new wavefunctions, q> x and <f> 2 - the values 


( 13 . 27 ) 


E = + E —► (Pi = -7r(<P 10 + <Poi) 

V2 

E = - E - <p 2 = “7r OPio “ <Poi) 

V2 


These new wavefunctions serve to diagonalize the perturbation Hamiltonian H'. 


PROBLEMS 

13.12 How does the threefold-degenerate energy 

E — 3ha) 0 

of the two-dimensional harmonic oscillator separate due to the perturbation 

H' = K'xy? 

13.13 Consider a particle confined in a two-dimensional square well with faces at x = 0, L; 
y = 0, L (see Section 8.5). The doubly degenerate eigenstates appear as 


9 . / nnx\ . / prty\ 

^ x ’*> = z sin (-r) sm (ir) 

E np = £i(« 2 + p 2 ) 


What do these energies become under the perturbation 


H' = 10 _3 £ 1 sin j? 

13.14 The eigenstates of a rotating dumbbell, with moment of inertia /, 

r _ h 2 W + 1) 

El 21 

are (2/ + l)-fold degenerate. In the event that the dumbbell is equally and oppositely charged at 
its ends, it becomes a dipole. The interaction energy between such a dipole and a constant, uniform 
electric field $ is 

/?' = -d* (8 = 8 0 -&-S) 

The dipole moment of the dumbbell is d. Show that to terms of first order, this perturbing potential 
does not separate the degenerate £, eigenstates. 
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13.15 Consider again the dipole moment described in Problem 13.14. If both ends are equally 
charged, the rotating dipole constitutes a magnetic dipole. If the dipole has angular momentum L, 
the corresponding magnetic dipole moment is 


V = 


e 

2 me 


L 


where e is the net charge of the dipole. The interaction energy between this magnetic dipole and a 
constant, uniform magnetic field 38 is 


(a) If & points in the z direction, show that ft' separates the (21 + l)-fold degenerate E, 
energies of the rotating dipole. 

(b) Apply these results to one-electron atoms to find the splitting of the P states. (Neglect 
spin-orbit coupling.) (IVofe^This phenomenon is an example of the Zeeman effect discussed 
previously in Problems 12.15 et seq.) 


133 THE STARK EFFECT 


In Problem 13.9 we found that to within a first-order calculation, an electric field 
does not remove m t degeneracy of states of definite orbital number /. However, as 
we shall now see, a similar calculation reveals that such a field will induce a partial 
separation of the n 2 degeneracy of eigenenergies related to one-electron atoms. This 
effect was first noticed in 1913 by Stark. He observed the splitting of the Balmer lines 
in a field of 100,000 V/cm. (The more readily observed Zeeman effect was first 
observed in 1897.) 

The Hamiltonian of a one-electron atom in a constant, uniform electric field 
S which points in the z direction, neglecting spin, is 


ft = 



+ 


L 2 

2mr 2 


— eSz 


= #o + 

ft' = — eSz = —eSr cos 6 


The eigenstates of the unperturbed Hamiltonian are n 2 -fold degenerate. Let us 
consider how the perturbing electric field removes this degeneracy. Specifically, 
let us consider the fourfold degenerate n = 2 states. The related degenerate wave- 
functions are, in the | nlrn) notation, 

1200 ), | 211 >, | 210 >, | 21 - 1 > 
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To calculate the incremental changes in the energy £ 2 , we must solve the deter- 
minantal equation 



<200|#'|200> - E 

<200|#'|211> 

<200|#'|210> 

<200|/)'|21-1> 

0 = 

<2111 /?' 1200> 

<211|#'|211> - E 

<211|/?'|210> 

<2111#'|21-1) 

<2101 /?' 1200> 

<210|#'|211> 

<210|fl'|210> - E 

<210|tf'|21-l> 


<21-1|tf'| 200) 

<21-l|tf'|211> 

<21-l|tf'|210> 

<21-1 \ff‘\ 21-1) - 

(13.28) 





Only two elements survive integration. All elements with different m, numbers 
vanish by orthogonality of the \nlmi) states. Equivalently, one says, does not 
connect states of different m,” Integration gives 1 


< 210 |/?'| 200 > = < 200 |/?'| 210 > 

= - eC ^f f p \2 - P)e~ p dp[ d cos 6 cos 2 9 f d<j) 
32n J 0 Jo 


eSh 2 

mZe 


= — \e\3&a 0 = — E 


With these values inserted into the determinant above, (13.25) becomes 


— E' 

0 

-E 

0 

0 

-£' 

0 

0 

-E 

0 

— £' 

0 

0 

0 

0 

—£ 


which has the four roots 
(13.29) 


E' = 0,0, +E, -E 
E = 3|e| Sa 0 


Thus we find that to terms of lowest order in the electric field S, the degenerate n 
state separates into three states: 


E 2 


£ 2 ,0) + E 
£ 2 <0) 

£ 2 (0) - E 


2 


To calculate the new n = 2 wavefunctions 

<p = a 1200) + i»|211> + c| 210) + d|21-l> 


1 The nondimensional radius p is defined in Table 10.3. See also Table 10.5. 
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we substitute the values (13.29) into the matrix equation 

a\ 


(13.30) 


There results 


(13.31) 



—E' 

0 

-E 


0 

■E' 

0 


-E 

0 

— E‘ 


1 o 

0 

0 

E 2 * = l 

i 2 (0) + E 

-► (p + 

E 2 - = E 

: 2 (0) - e 

: 


/ 


0 


= 0 


1 

1 


E 2 ° = E 2 m <* 9 ~ |211> 
^> = | 21 - 1 > 


The perturbation mixes the m = 0 states, while the m = 1, -1 states are left de- 
generate. The values ± E represent the average values of the interaction /?' in the 
respective states, q > ± . 


PROBLEMS 

13.16 Show that the n = 2 matrix of the interaction Hamiltonian H\ of the Stark effect, is 
diagonal in the basis (13.31). 

13.17 What is the dipole moment of the hydrogen atom in the <p± states (13.31)? 

Answer 

The interaction energy between an electric dipole d and the electric field S is 

H' = -d* 

In the cp ± states, the average value of H' is E = + 31 e | a 0 &. We may infer from this result that the 
magnitude of the dipole moment in the (p ± states is 3|e|a 0 . The directions of these moments are 
parallel or antiparallel to the z axis (i.e., the direction of S). 

13.18 What is the charge density q(r , 6) of the hydrogen atom associated with the state </>_ 
(13.31)? 


Answer 


q(r,6) = e\<p-\ 2 




~ria o 


13.19 Of the two states <p ± in (13.31), <p_ is said to be more stable than <p +. Why? Discuss your 
answer in light of the interaction energy, — d • S. 



13.4 THE NEARLY FREE ELECTRON MODEL 

In this section we return to the problem of an electron in a periodic potential F(x). 
discussed in Section 8.2. Wavefunctions are in the Bloch form 

(p(x) = u(x)e ikx 


where the periodic function u(x) has the same period d as V(x). Eigenenergies are 
functions of the crystal momentum wavenumber k. For a lattice of length L, the 
nearly continuous wavenumber k has the discrete values [see (8.42)] 



j2n 

L 


We recall (see Problem 8.13) that in the high-energy domain (E > V ), the 
energy spectrum reduces to the free-particle values h 2 k 2 /2m, or, equivalently, 

„ h 2 k, 2 j 2 h 2 

Ej ~ 2m 2mL 2 


We now wish to return to the same problem with the object in mind of obtaining 
expressions for the energy gap 5E„ at the nth band edge. A band edge, we recall, 
is a,break in the energy spectrum which occurs at the k values kjd = nn. 

In the present analysis the periodic potential is considered a small perturbation 
to the free-particle Hamiltonian 


The electron is “nearly free,” which is the same as saying that E > V. 
Unperturbed eigenstates are normalized to the sample interval L. 


<Pkj 


( 0 ) _ 


1 

7 ^ 


exp ( ikjx ) 


With kj = j(2n/L) these functions comprise an orthonormal sequence, as may be 
seen as follows: 


(13.32) 


<k 9 \kj) = 7 f exp [i(kj - k q )~\ dx = 

^ J-Lf 2 


sin [(kj - k q )L/ 2] 
(kj ~ k q )L/2 


_ sin (j - q)n 

O' ~ <?)* 
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The Perturbation Potential 


The perturbing potential is periodic and may be expanded in the Fourier series (see 
Problem 8.17). 

( 13 - 33 ) H' = V(x) = £ K„exp 

The zero energy line in the present analysis is set at the average of V(x). This ensures 
that the dc component V 0 of V vanishes (see Fig. 13.5). 

fL/2 

V 0 = V(x) dx = 0 

J-L/2 

Application of first-order perturbation theory necessitates calculation of the 
matrix elements of H'. 

(13.34) H qJ = <fc f | £ V n exp |*;> 

/L kj + (Innjd) 

n 

Substituting these matrix elements into the first equation of (13.10) gives the first- 
order corrected wavefunctions 


(13.35) 


1 


00 




K exp {ix[kj + (2nn/d)]j 


00 


El <°> 




(2nnfd) 


Calculation of the first-order corrected eigenenergies as given by the second 
equation in (13.10) gives 


(13.36) 


E kj = E kj {0) + <lCj | F|fej> = E kj i0) + V c 
h 2 k- 2 

= £ <o) = 2A. 

kj 2m 


To first order, the energy remains unperturbed. This free-particle spectrum was found 
in Chapter 8 to maintain in the domain E p V However, in the present analysis 
there is explicit evidence which indicates that this result is invalid at the band edges 
of the energy spectrum. Namely, the summation in (13.35) for the first-order cor¬ 
rected wavefunctions becomes singular if the denominator of any term vanishes. 

(13.37) E k . i0) — £i°V( 2 m/< i) = — 2 ^~j 2 ~(kjd + nn) = 0 


572 



THE NEARLY FREE ELECTRON MODEL 573 



FIGURE 13.5 The zero in potential is chosen so as to eliminate V 0 . 


V 0 = 



dx = 0 


This singularity arises from the zeros of (13.37), corresponding to the degeneracy 
at the band edges, kjd + nn = 0. To obtain correct energies at these values of k jt 
one must use degenerate perturbation theory. As described in Section 13.2, the first 
step in this procedure is to construct a new basis {&} that diagonalizes the relevant 
2x2 submatrix of if'. This new subbasis {<p} is constructed from linear combinations 
of the degenerate portion of the unperturbed basis and we may write 

(13.38) 9 = aeUiiX + be~ lkjX 

Diagonalization of H’ in the basis (13.38) yields the matrix equation 


(13.39) 


H' kJkJ - E k ; 


HL 


kj’kj 


H' kj ,- kj 

HL kj ,- kj -E k ; 



= 0 



nn 

~d 


The matrix elements of H' are given by (13.34), from which we find 

H' kjkj = H'- kj ,- kj =V o = 0 

Only the off-diagonal elements survive. Choosing the origin so that V(x ) is an even 
function gives 

H' kj ,- kj = K= V-„ = H’- kj , kj 
The determinant equation (13.25) then becomes 

_ f. ' V 
hki ", = 0 
k -E k ; 


which gives the roots 


E k ; = ± k 
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FIGURE 13.6 Energy gaps at the 
band edges in the nearly free electron 
model are given by twice the cor¬ 
responding Fourier coefficient of the 
periodic potential. 


Resubstituting into the matrix equation (13.39) gives two nondegenerate eigen¬ 
states, which written together with the first-order corrected energies appear as 

E k ; = £ tj <°> + V„ <p + = 2« sin kjx 
Ekj~ = Ekj (0) ~ K (p- = 2a cos kjx 

These eigenstates, we recall, are the standing waves at the band edges previously 
obtained in Section 8.3 relevant to the Kronig-Penney potential. The present calcula¬ 
tion affords an estimate (in the domain £ > V) of the width of the energy gap at 
the band edges. 

= E k . + - E k ~ = 21 V n \ kjd = ±nn 

Thus we find that the nth gap in the energy spectrum £ = E(k), at the values k = 
±nn/d, has width which is twice the nth Fourier coefficient of the potential V(x) 
(Fig. 13.6). 


PROBLEMS 

13.20 Resketch the E(k ) curve shown in Fig. 13.6 for the case that the zeroth Fourier coefficient 

v 0 > 0 . 

13.21 A periodic potential has Fourier coefficients V„ = VJn 2 . The width of the tenth energy 
gap is 0.031 eV. What is the value of V t ? 

13.22 What are the energy gaps at the band edges for a particle in the periodic delta-function 
potential 

V(x) = V 0 d £ 5(x - qd) 

q= ~ oo 

defined over the entire x interval? [Hint: Consider the following delta-function representation 

00 

%) = X exp (ilnhy) 

n - - or 

The right-hand side is periodic with period 1 and represents a delta function at y = 0, ± 1, ± 2. 
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The left-hand side is a delta function only at the origin. The domain of validity of the equation may 
be extended to the whole y axis if one writes 

X <5(> — m) = X ex P (i2™y). I 

- oo - 00 J 

13.23 (a) Show that the first-order corrected wavefunction q> k as given by (13.35) may be cast 
in the form of a Bloch wavefunction q> k - u(x)e lkx . 

(b) Show that the expression you obtain for m(x) has period d. 

13.24 Estimate the energy gaps at the band edges for the Kronig-Penney potential of potential 
height F 0 , well width a , and barrier width b. 

Answer 



13.25 Estimate the band-gap widths for the potential 

_ (2nx\ 

K(x) = 2K 0 cos j 

Answer 

Rewriting the cos term in terms of exponentials, 

V(x) = 2V 0 cos = K,[exp (^) + exp (^)j 

reveals that this potential has only two nonvanishing Fourier coefficients. First-order perturbation 
theory implies the existence of the gaps at k = ±it/d , of width 2V 0 . Higher-order perturbation 
theory would uncover energy gaps at subsequent band edges as well. This may be concluded 
directly by writing the Schrodinger equation for the given potential, 1 

+ |r \ E ~ 2V cos ^t)] (P = 0 

This is a well-known equation in mathematical physics and is called the Mathieu equation . As with 
most such equations, it stems from writing the “wave equation ” (V 2 -I- k 2 )(p = 0, in a particular 
orthogonal coordinate frame. For the Mathieu equation these are elliptic cylinder coordinates. 
Solutions of the equation are called Mathieu functions and have been studied in detail. These 
analyses reveal a sequence of intervals on the E axis in which solutions to the equation are un¬ 
stable. 2 


1 This case has been studied in detail by P. M. Morse, Phys. Rev. 35, 1310 (1930). Here it is also shown that the energy 
bands approach the line spectrum of an infinitely deep well as the amplitude V 0 of the periodic potential grows infinitely 
large. 

2 That is, series solutions in these domains do not converge. For further discussion of the properties of Mathieu functions, 
see P. M. Morse and H'. Feshbach. Methods of Theoretical Physics , Chap. 5, McGraw-Hill, New York, 1953; also, 
E. T. Whittaker and G. N. Watson, A Course of Modern Analysis , Chap. 19, Cambridge University Press, New York, 
1952. 
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13.26 At 0 K a certain semiconductor has its valence band filled and conduction band empty. 
The potential “seen” by electrons may be approximated by the function 

K(x) = 2 V 0 cos 

V 0 = 0.1 eV, <f = 0.5A 

(a) Assuming that the valence band is the band of lowest energy, estimate the width of the 
gap SE between the valence and conduction bands. 

(b) Setting SE = k B T, estimate the temperature at which the sample will begin to conduct 
appreciably. (k B = 8.6 x 10~ 5 eV/K.) 

Answers 

(a) SE ^ 2V 0 — 0.20 eV 

(b) 7:* 2300 K 


13.5 TIME-DEPENDENT PERTURBATION THEORY 

Time-dependent perturbation theory addresses the following problem. Initially, the 
unperturbed system is in an eigenstate of ft 0 . Then the perturbation, is “turned 

on.” What is the probability, after a time t, that transition to another state (of ft 0 ) 
occurs? 

The total Hamiltonian for these problems is of the form 

(13.40) #(r, 0 = # 0 (r) + A/?'(r, t) 

where X is again a parameter of smallness. 

Let the time-dependent eigenstates of ft 0 be written 


(13.41) 


<A n (r, t) = <p„(T)e 
fto<Pn = £„ <0 Vn = flCO n (p n 
Suppose that at time t > 0, the system is in the state 
(13.42) t) = £ c n (0*A„(r, t) 

n 

Then, by the superposition principle, |c„| 2 is the probability that measurement finds 
the system in the state i//„ at the time t. Thus the primary aim of the present discussion 
is to calculate these coefficients. They are determined in the following mann er The 
wavefunction i//(r, t) is a solution of 

ih ^ = (H 0 + Xft’)ij/ 

at 


(13.43) 
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Substituting the expansion (13.42) into this equation and then operating from the 
left with | dr r) gives 

(13.44) ih^ = X^<k\H'\n>c n 

This is an infinite sequence of coupled equations for the coefficients {c k (r)}- I * 1 the 
limit that X -» 0, the c k coefficients are all constant. It is therefore consistent to seek 
solution in the form 

(13.45) c*(r) = c*<°> + Ac * (1) (0 + X 2 c k ™(t) + ■■■ 

Substituting this series into (13.44) and equating terms of equal powers in X gives 
(with a dot denoting time differentiation and H' kn written for the matrix elements of/?') 

ihc k (0) = 0 

4te* (1) = I H' kn c n «» 

n 

(13.46) i*c k ™ = l l H' km c™ 


ihc k ls+1) = ^ H' k „c n is) 

ft 

The lowest-order equations for c* (0) indicate that these coefficients are all constant 
in time. They are the initial values of the coefficients {c t (t)}. 

We now specialize to the problem in which it is known that initially the system 
is in a definite eigenstate of ft 0 , say ^(r, t). With (13.42) this implies that as t -> - oo, 


(13.47) 


Hr, t) ~ H(r, 0 = 1, S n ,H(r, 0 

n 

C„ i0) (- oo) = <5„, 


Note that we have taken “initially” to denote the time t = - oo. Substituting this 
value into the second equation in (13.46) gives (dropping the superscripts 0 and 1) 

(13.48) ihc k (0 = £ H' kn c n {- oo) ^ H' u 


For n # l, c„(—ao) = 0, so the first-order solution for c k (0 is given by 
(13-49) c ‘ (f) = ^J" H ' k,(T ’ n dt ' 

If the time dependence of t) is factorable, then 

#'(r, o = mom 
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and the matrix elements of ft become [with (13.41)] 

H'Jt) = <+ k \H'(r, t)|* f > = 

(13.50) = H a#**fit) 

h(o kl = h((o k - (o,) = E k - E, 

(Note that we have deleted the zero superscripts of E k and £,.) This gives the more 
explicit form of c k (t), 

[UJ' /*t 

(13.51) Ck(t) = -£j 

These coefficients determine the effect of the perturbation on the initial state, 
The probability that the system has undergone a transition from this state to some 
other eigenstate of H 0 , ij/ k , at the time r, is 

(13.52) P,^ k = |c*| 2 = ^ | 2 1 J’ e^'m dt' 2 

Application of these results follows. The transition probability P t ^ k is hereafter 
written P lk . 

PROBLEMS 

13.27 A system with discrete eigenstates {</>„} and eigenenergies {£„} is exposed to the perturba¬ 
tion 

e -t 2 n 2 

ft' = fl'(r)— 

V* 

The perturbation is turned on at t = — oo, when the unperturbed system is in its ground state, . 
What is the probability that at t — + oo the system suffers a transition to the state \p k ,k > 0? 

Answer 

To obtain the answer to this problem, we must calculate the time integral in (13.52). Writing w 
for co ko , we have 



_ e -5>2/4 _ e -(E 0 -E k ) 2 z 2 /4f, 2 
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Substituting this into (13.52) gives the desired result 

e ~(Eo — Ek) 2 x 2 l2h 2 

13.28 Consider that the unperturbed system in Problem 13.27 is a particle of mass m confined 
to a one-dimensional box of width L. The spatial factor in H'(x , t ) is 

10 

2m 

What state does the perturbation leave the system in at t = +00? 




13.6 HARMONIC PERTURBATION 


Stimulated Emission 


As a first application of the analysis above, we consider a perturbation that is switched 
on at t — 0 and is subsequently monochromatically harmonic in time. The perturba¬ 
tion acts on a system whose Hamiltonian is ft 0 . If it is definitely known that the un¬ 
perturbed system was in one of its own stationary states before the perturbation 
was applied (r < 0), in what state will measurement find the system after the 
perturbation has been turned on for t seconds? This problem is appropriate, for 
example, to an atom that interacts with a (weak) electromagnetic field. The explicit 
form of the perturbation /?' is (with co > 0) 


(13.53) 


fiXr, t) = 1 °. 

(2/?'(r) 


t < 0 

r) cos cot t ^ 0 

(see Fig. 13.7). Substituting this form into (13.51), with /(t) = 2 cos cot, gives 


c *(0 




(e -i “‘ + e i0,, )dt' 


ioit ''i 


Hi, - 1 

h a) ki ~ 0J 


+ 


gi(a>kt + Q>)t _ j 

(Oftl CO 


] 


Employing the relation (see Problem 1.21) 


e‘ e — 1 = lie 16 2 sin (6/2) 


permits the equation above to be rewritten 


(13.54) c*(f) 


i2H' kl IV 
ft 


l(Mk| - m)</2 sin K, - co)t/2 + “W 2 sin (©„ + co)t/2 


Oi u - CO 


+ 


I 


Q) kl 4- CO 
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H' = H'(r)/(f) 



The dominant contributions to c k come from the values to ^ ±<%. At these values, 
the moduli of the two bracketed terms in c k , respectively, assume their maximum 
value, t/2. These resonant frequencies correspond to the energies 

to ~ +to*, -> E k > E t 

to ~ -o) kl -► E, > E k 

In the first case, the “final” energy E k is larger than the “initial” energy E,. The 
system absorbs energy and jumps to a higher energy level. 

E k = E, + hat 

The energy absorbed, ha), is that of a photon in the incident radiation field (Fig. 13.8). 
For the second case the perturbation induces a decay in energy 

E k — E t — hco 

A photon of energy fcco is radiated away from the system. This decay process is 
stimulated by a photon of the same frequency in the perturbation field. 



Resonant absorption 



FIGURE 13.8 Dominant transition processes due to harmonic perturbation. 
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FIGURE 13.9 Frequency dependence of probability of transition from the /th to the fcth state at the time t due 
to harmonic perturbation of frequency 


Let us consider the case that the incident radiation field excites only higher 
energies, so that co u > 0. Under such conditions, the first term in (13.54) dominates 
and the probability that the perturbing field causes a transition to the fcth state 
becomes 


(13.55) 


Pit — 


Ck\ = 


4|HW 


h 2 (co kl - ri)‘ 


sin 2 [j(oj w - co)t] 


The frequency dependence of this function is plotted in Fig. 13.9. 


Energy-Time Uncertainty 

From this sketch it is evident that states falling in the interval 
(13.56) \hco u - hca | = | E k - (E, + ha) \ <> ^ ^ A£ 

have the greatest probability of being excited, after the perturbing field has acted for t 
seconds. If this perturbation is applied many times to an ensemble of independent, 
identical systems, all initially in the state tpi , then after a time t the energies excited 
among the members of the ensemble will lie primarily in the interval A E. Thus 
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(13.56) gives the uncertainty in the values of energy observed. The final energies E k 
are spread throughout the interval 

A E^- 
t 

(13.57) E k as (E, + fuo) ± A E 

^final — ^initial i 

Note that E initial refers to the energy of the incident photon plus that of the system 
in its initial state. Our perturbation analysis returns the principle of conservation of 
energy, properly modified by the uncertainty relation, A E ^ h/t 


Long-Time Evolution 

The transition probability formula for absorption (13.55) and its counterpart for 
stimulated emission may be written together as 

<a58 > 


where the T signs refer to absorption and stimulated emission, respectively (see 
Fig. 13.8). This expression takes a convenient form in the long-time or, equivalently, 
high-frequency limit. This form follows from the delta-function representation 


(13.59) 


<5(co) = - lim 

71 


(-► oo 


sin 2 (ct>r/2) 

too 2 


so that in the same limit, 


(13.60) 


PIk 


2nt 

J 2 


Mi,| 2 <5(co w + w) 


The corresponding transition probability rate appears as 
(13.61) w lk = ^ | H;,| 2 5(cu w + co) 

In this or the formula above, the delta function expresses the fact that in the long-time 
limit, the Fourier transform of a monochromatic perturbation becomes sharply 
peaked about the frequency of perturbation. The system “sees” only a single fre¬ 
quency. Since the uncertainty in energy h/t vanishes in this limit, the argument of the 
delta function is also an expression of conservation of energy. 



Short-Time Approximation 

If a harmonic perturbation is applied to a system for a short-time interval such 
that (co kl — co)t < 1, (13.55) may be expanded to yield 

(13 62, f 


The related transition probability rate is 


(13.63) 


= 


Wi 2 

h 2 


At early times, the rate at which transitions to the feth state occur grows linearly 
with time. 


The Golden Rule 


In many problems of practical interest, the final excited states lie in a band of energies 
(Fig. 13.10). Such is the case, for example, for ionization or free-particle scattering 
states. Such states comprise a continuum. If the density of final states is g(E k ), then 

dN = g(E k ) dE k 

is the number of energy states in the interval E k to E k + dE k . The probability that 
a transition occurs to a state in a band of width 2A centered at E k is 


Inserting (13.55) gives 


_ + A 

P lk = Pi k g(E k ) dE' k 

JE h -\ 



2 sin 2 /? 


2 hfi = h( u> kl — c o)t = (E' k — Ei — fuo)t 


For fixed £,, t and eo 


dE' k = 


2 hdP 

t 


and 


K 



dp 
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FIGURE 13.10 Resonant absorption to a band of energies. If 
the density of states about E k is g(E k ), then the probability rate 
of transition to the band is 

= y0(£,)|Ni,| 2 


where 2S is the corresponding spread in P values. Owing to the rapid decay of the 
sin 2 p/p 2 function (see Fig. 13.9), only a slight error is introduced in the expression 
above if we replace the interval (-<5, +<5) by (— oo, + oo). Furthermore, if we assume 
that g and H' kl are slowly varying functions of E k , they may be taken outside the 
integral. There results 


P 




sin 2 P 

~T~ 


dp 


= t ^ giE k )\H' it \ 2 


The related transition probability rate is 

(13.64) w tt = y^)I Hi, I 2 


This formula was found to have such widespread application that Fermi 1 dubbed 
it “Golden Rule No. 2.” It will be applied in Chapter 14 in our study of the Born 
approximation in the theory of scattering. 


PROBLEMS 

13.29 Show that if the perturbation field 

H = 2fiT(r) cos on 

acts on a system initially in the /th state for a very long time, and a> ~ a> kh then the only state 
that will be excited is the kth state. Interpret this result in terms of the Fourier decomposition (in 
time) of ft'. 

13.30 The expression in the text obtained for P lky the probability of transition to a band of 
states, is seen to be independent of the frequency a> of the perturbing field. In what approximation 
is this result valid? 


1 E. Fermi, Nuclear Physic j. University of Chicago Press, Chicago, 1950. 
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13.31 What does the transition probability P lk (13.55) become if the perturbing field is 
precisely “on resonance”; that is, if o = co kl ? 

13.32 A polarized beam of current, J cm 2 /s, contains electrons with spins aligned with a 
steady magnetic field of magnitude 38 which points in the z direction. The beam propagates in 
the x direction. The wavefunction for an electron in the beam is 

* ( 2*) 1/2 [ l ) 

A monochromatic electromagnetic field of frequency 

hoj = 2ju b 38 


extends over a length of beam path, L cm long. A Stern-Gerlach analyzer is in the path of the 
beam at a point beyond the domain of the electromagnetic field. Its orientation is such that 
spins aligned with 38 are not deflected from the beam. If the beam moves with the speed v 9 what 
is the current of electrons with is scattered out of the beam by the S-G analyzer? Assume that 
the interaction between electrons in the bean and the electromagnetic wave is 

H' = -\i38 cos cot 

where m’ is the amplitude of magnetic field of the wave. The component of 38* in the z direction 
is small compared to 38. 

1333 A one-dimensional harmonic oscillator of charge to mass ratio e/m and spring constant 
K is in its ground state. An oscillating uniform electric field 

S(t) = 2g cos co 0 t, co 0 t - K/m 

is applied for t seconds, parallel to the motion of the oscillator. What is the probability that the 
oscillator is excited to the nth state given that (co n0 - co 0 )t <i 1? 

Answer 


Pon ~ 4 


n, 1 


e& 




t 2 , p 2 m 


mco n 


13.7 APPLICATION OF HARMONIC PERTURBATION THEORY 

In this section we apply the transition probability formula (13.61) found above to 

Einstein’s derivation of the Planck radiation formula (2.3) and to a brief qualitative 
description of the laser. 

Einstein considered the equilibrium state between the walls of an enclosed 
cavity and the radiation field interior to the cavity. Atoms in the walls constantly 
exchange energy with the radiation field. The excited states of these atoms are very 
closely spaced and essentially comprise a continuum. Consider that the two energies 
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Ek 



hv 


Ei 


hv 


FIGURE 13.11 Energy states of closely packed atoms in the 
walls of a radiation cavity. 


Ei and E k are representative of two states in the continuum (Fig. 13.11). Photons with 
energy hv = E k - E, can be absorbed by atoms in the E, state raising them to the E k 
state. Atoms may decay from the E k to the E t state by stimulated or spontaneous 
emission. Stimulated emission was discussed in the preceding section. Spontaneous 
emission is related to the natural lifetime of the excited state and is more dependent 

on internal properties of the radiating system. 

$ 


Einstein A and B Coefficients 

The rate at which atoms in the E k state decay by stimulated emission is proportional 
to the number of such atoms ( N k ) and number of photons of frequency v in the radia¬ 
tion field. This number of photons is proportional to photon energy density, u(v). 
The rate at which the atoms in the E k state decay by spontaneous emission, on the 
other hand, is proportional only to the number of atoms N k in the E k state, Thus the 
total transition rate of decay of atoms with energy E k to energies E, is 


E k 


(13.65) W kl = [ A kl + B w u(v)]N k = w k ,N k hv+r^i 


- 1 - E, 

The transition probability rate per atom is written w ki . The proportionality 
constants A and B are called Einstein A and B coefficients. 

Atoms in the E t state can be excited to the E k state only by absorption of a 
photon of frequency ( E k - E,)/h. Thus the rate of elevation of atoms in the E t state 
to the E k state is 

- 1 - E k 


E, 


(13.66) 


W lk = B, k u(v)N, = w lk N, 




Planck Radiation Formula 

In equilibrium, these rates must be equal. 


Equivalently, we may write 
(13.67) 


W a = W u 


Nt _ A u + B kl u(v) 
N k B lk u(v) 


The ratio N t /N k may be obtained from elementary statistical mechanics. If the energy 
of an aggregate of atoms at the temperature T is partitioned such that N, of the atoms 
have energy E iy N 2 have energy E 2 , and so on, and the total energy of the aggregate is 
constant, then the most probable distribution of energies is given by the Boltzmann 
distribution. 1 In this distribution the number of atoms N t with energy £, is pro¬ 
portional to the Boltzmann factor, exp (-EJk,, T), where k B is Boltzmann’s constant. 
It follows that the ratio N l /N k has the value 


fli = JEk-E,)lk a T _ hv/kaT 

N k 

Substituting this into (13.67) gives 


(13.68) 


u(v) = 


l kl 


D JtvIksT _ p 

B ik e — n k i 


The basic structure of the Planck radiation formula (2.3) follows if B lk = B kl . 
This equality may be obtained from the harmonic perturbation theory developed 
above. To these ends we consider the interaction between a wave mode in the radia¬ 
tion field, 


& = S 0 2 cos cut 

and an atom in the wall of the cavity. If d is the dipole moment of the atom, this 
interaction is 

(13.69) H' = —d • S = —<f 0 • d 2 cos cut 

which is identical to the perturbation (13.53). Substituting into (13.61) gives the 
transition probability rate for radiative absorption, 

w ik = Kll^o •d|k>l 2 <5(cc hi ~ 


1 This distribution was employed previously in Problem 2.36. For a further discussion, see F. Reif, Fundamentals of 
Statistical and Thermal Physics, McGraw-Hill, New York, 1965. 
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If the electric field is isotropic (<? 0 is randomly oriented), then 

|<d’^o>l 2 =i<<*o>|di*l 2 

Furthermore, the energy density associated with this mode is 


It follows that 


u (to) = j n </ 8 > 


W lk = ^ M (®)l^/c| 2<5 ( CO ki ~ ®) 


The frequency that appears in (13.66) is v kt or, similarly, c o kl , so this equation may be 
rewritten 

w lk = B lk u(oj)S(oj kt - co) 

Equating this value to the preceding expression for w lk gives the desired result, 


(13.70) 


Aj r-2 

B lk = w \n\m\ 2 


The square moduli of the matrix elements of d obey the relation 

| </|d|fc>| 2 = </|d|fc> * <k|d|/> 

= <fc|d| Z> * </|d|fc> = |<fc|d|/>| 2 


It follows that 


Blk — B kl 


and (13.68) reduces to the desired form, 

, X A / B 

(13-71) m(v) = e „ vlkBT _ t 

To obtain the ratio A/B we will use the correspondence principle. This rule stipulates 
that (13.71) should reduce to the classical Rayleigh-Jeans law (discussed in Section 
2 . 2 ) in the limit h -*• 0 . 

8 *V 2 t T 

u RJ = — 3 - k B T 

Expanding the exponential in (13.71) in this limit gives 

A/B 8 ttv 2 , „ 
hv/k B T ~ c 3 B 
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from which we obtain the desired result, 

A _ 8nhv 3 
~B c*~ 

Substituting this value into (13.71) gives the Planck formula, (2.3). 


The Laser 

The concepts of stimulated and spontaneous emission play an important role in the 
theory of the laser. A laser is a device for producing an intense beam of coherent, 
monochromatic light. A coherent beam may be defined as follows. Two or more 
collinear, unidirectional, monochromatic beams of electromagnetic radiation which 
propagate in the same region of space, and are in phase, form a coherent beam. In 
1954, C. H. Townes 1 conceived of a process for the generation and amplification 
of such coherent radiation in the microwave domain. The device was called a maser. 
The term is an acronym for the words microwave amplification by the stimulated 
emission of radiation. Shortly after, these concepts were extended to the optical 
region. 2 In this domain the corresponding device is called a laser. 


Coherent Photons 

The central principle in the realization of the laser is as follows. In constructing 
formula (13.65) for the transition rate from the E k state to the E, state, decay due to 
stimulated emission was taken to be proportional to the number of resonant photons 
present in the radiation field. Consider that a number of atoms in a gas are in the 
excited state E k . Then when a photon of frequency 


hv = E k — Ei 


falls on one of these atoms it stimulates the emission of another photon of the same 
frequency. These two photons, the emitted and incident, travel in phase in the same 
direction and combine coherently. A second atom, in the vicinity of the first and also 
excited to the E k state, suddenly “sees” a duplication of resonant photons and is 
stimulated to emit another coherent photon, thereby adding to the intensity of the 
coherent radiation and amplifying it. 

1 J. P. Gordon, H. J. Zeiger. and C. H. Townes, Phys. Ret-. 99, 1264 (1955). 

‘ A. L. Schawlow and C. H. Townes, Phys. Rev. 112, 1940 (1958). For further discussion and reference, see B. L. Lengyel, 
Introduction to Laser Physics, Wiley, New York, 1966; T. B. Melia, An Introduction to Masers and Lasers , Chapman 
& Hall, London, 1967. 
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We found above that the matrix elements for radiative excitation, B lk , and 
stimulated emission, B ki , are equal [(13.70) et seq.]. To ensure that resonant photons 
stimulate decay to the E, state more than they are absorbed in exciting the atom 
to the higher E k state, the number of atoms, N k , in the E k state must outweigh the 
number of those in the lower E, state, N t . At any finite temperature, T, the ratio of 
these numbers of atoms, NJN,, is given by the Boltzmann formula [preceding (13.68)]. 

Nk -kv/kaT 

N, 

Population Inversion and Optical Pumping 

The number of atoms in the higher E k state decreases exponentially with energy 
difference, hv. To effect a population inversion, so that N k > N,, an outside source 
must be brought into play. 1 In optical pumping, N k is increased by irradiation with 
light of frequency v ^ (£ fe t- E 0 )/h, where E 0 is the ground state of the atom. Another 
technique for effecting a population inversion is by bombardment of electrons with 
energy E > E k — E 0 , thereby exciting atoms in the ground state to higher energy 
states. In a third technique, inelastic collisions between atoms in the ground state 
with those of a foreign gas which are in an excited state £ > E k - £ 0 serve to populate 
the higher-energy states. 

Consider three atomic states: £ 0 , E u and £ 2 . The ground state is £ 0 , while 
E 2 is a short-lived state with lifetime of the order of 10 to 100 ns. The more stable 
(“metastable”) £, state has a lifetime of the order of ps to ms. The upper £ 2 state 
replenishes the metastable state through spontaneous decay [the A coefficient in 
(13.65)]. These randomly emitted photons comprise an incoherent radiation field. In 
Fig. 13.12 a scheme is depicted where the £ 2 state is populated through pumping with 
an external source. When an atom in the metastable E : state decays to the £ 0 state, 
neighboring atoms in the populated £ t state decay, through stimulated emission 
to the ground state, and a coherent beam is generated. 

Such a device is realized in an optical cavity of cylindrical shape with end 
mirrors positioned so that the cavity is tuned to the frequency mode (£j - E 0 )/h. 
Photons propagate parallel to the axis of the tube. The radiation field is coherently 
amplified by stimulated emission (£, ->• £ 0 ) and may be tapped through a small 
aperture on the axis, in one of the mirrors. The spontaneously emitted photons 
(£ 2 -» £,) propagate in random directions and are dissipated in collisions with the 
walls. 


1 Including the effects of degeneracy, the number of atoms in the nth state is given by A/„ — The condition for 

growth of radiation then becomes N k /g k > N } jg } , which returns the inequality stated in the text. For further discussion, 
see A. Yariv, Quantum Electronics , Wiley, New York; 1968. 
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Spontaneous 



FIGURE 13.12 Schematic for the three-level 
laser. 


PROBLEMS 

13.34 Obtain a relation between the spontaneous emission coefficient A ^ and the dipole matrix 
element | d kl |, analogous to (13.70). 

13.35 The electric dipole moment of the ammonia molecule, NH 3 , has magnitude d = 1.47 x 

10 8 esu-cm. A beam of these molecules with dipoles polarized in the + 2 direction enters a 

domain of electric field of strength 1.62 x 10 4 V/cm, which points in the — 2 direction. The result¬ 
ing interaction between the molecules and the field gives rise to coherent radiation. What is the 
frequency of this radiation (Hz)? (Note: Units of voltage in cgs are statV; 1 statV = 300 V.) 


Answer 


v = 24 GHz 

13.36 In deriving Planck’s formula (see Problem 2.36 et seq.) for the density of photons in 
frequency interval v, v + dv, in a radiation field in equilibrium at the temperature T, in cubic 
volume V = L 3 , 


n(v) dv = 


8tcv 2 dv 1 

^3 ghvjkaT _ | 


one assumes the relation 


n(v)dv = f BE (v)g(v)dv 

The term g(v) dv is the density of available states in the said frequency interval, while / BE is the 
Bose-Einstein factor, giving the average number of photons per state, 


/be( v ) — 


1 

ghvJkBT _ 1 


Using the momentum-position uncertainty relation (appropriate to a three-dimensional box), 
derive the following expression for the density of states g y relevant to a radiation field: 


g(v) dv = 


8tcv 2 dv 



592 PERTURBATION THEORY 


Answer 

With p - hv/c, we look at Cartesian p space and note the volume of a spherical shell of radius p 
and thickness dp. 

volume of shell = 4np 2 dp 


All momenta in this shell correspond to nearly the same energy—and therefore the same frequency. 
Owing to the uncertainty principle for a particle confined to a three-dimensional box (see Problem 
5.42), the smallest volume (a cell in p space) that may be specified with certainty to contain a state is 


(^) 3 min = 


m > 3 

L 3 


V 


It follows that the number of states in the dp shell is 

volume of shell _ 4np 2 dp V 
volume of cell (h/ 2) 3 


Finally, we note that one courfts states only in the first quadrant of p space insofar as photons have 
only positive frequencies. Furthermore, to each such p state there are two photon states, cor¬ 
responding to two possible polarizations. This gives 


, , 1 „ 4nVp 2 dp 


8 nVp 2 dp 


The desired answer follows using the given relation between p and v for a photon. 

13.37 (a) What are the Hamiltonian 8 0 »eigenstates and eigenvalues of a collection of harmonic 
oscillators with natural frequencies: o) u eu 2 , ■.. s in the number operator representation? 

(b) The Hamiltonian constructed in part (a) represents a radiation field in second quanti¬ 
zation. In this representation the radiation field is viewed as a collection of harmonic oscillators. A 
perturbation 8' is applied to the radiation field such that 

[£', ftj = * 


$1 = Ol'fll 

The subscript 1 denotes the frequency coj. Show that ^ 1 ] = 0- Then show that the per¬ 
turbation ft' represents a sink that diminishes the number of photons of frequency w, exponen- 
tially with an e-folding time r. 


Answers 

(a) H 0 = X + i) 

l 

Eigenstates take the form 

| l /'» in2 -> = \ n l ’ n 2 < w 3 > • ■ •> 
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The number of photons in the o> ( mode is n*. These wavefunctions have the properties 

j..., n,-,.. = yftii |. ■ * j 1 , ■ ■ ■ y 

, n f ,...) = T|. + 1,...) 

It follows that 

«2. • • •> = Z+ T)|n„ n 2 ,...) 

i 

(b) The average number of photons of frequency o) 1 is 

(N i> = <ni, n 2) ...|JV,|/ ll) n 2 ,...> = n. 

The equation of motion for <N 1 > is [recall (6.68)] 

= l - <[/?, #j> = £ <&', i»i]> = -\ <N t y 

dn x 1 _ 

_ = - - Wl ni = Wl (0) e ^ 
at t 

13.38 In Problem 13.37 we found that the Hamiltonian of an electromagnetic radiation field 
may be written 1 

Hr = Z 

j 

Recalling that the frequency of a photon of momentum hk is w - ck [see (2.28)], it follows that the 
operator corresponding to the total momentum of the radiation field is 

P = l hkjH/aj 

j 

Here we are assuming that the field is contained in a large cubical box with perfectly reflecting walls. 
Boundary conditions then imply a discrete sequence of wavenumber vectors {k J. (See Problem 
2.37.) Consider that a charged particle bound to a point within the radiation field vibrates along 
the z axis. Its Hamiltonian is 

fi P = ha) 0 (a'a + \) 

(a) If the oscillator and the field are uncoupled from each other, what are the Hamiltonian 
and eigenstates of the composite system? 

(b) Consider now that a small coupling exists between the particle and the field whose 
interaction energy is proportional to the scalar product of the displacement of the particle and the 
total momentum of the field, with coupling constant afto> 0 2 /mc 2 , where a is the fine-structure 
constant. Assuming (13.61) to be appropriate, calculate the probability rate that as a result of this 
interaction, the oscillator emits to the field a photon of energy hco 0 . 


Here we are omitting the infinite zero-point energy J] \h(Oj. 


i 
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Answer 

(a) H P f = f) P + ft F = ha) 0 (a*a + 2 ) + X ho)jd/dj 

j 


W) = I^p>I^f> = |n; « 1 . n 2 ,.. •> 


^pfI'/') = + i) + S I 

The notation is such that n, denotes the number of photons with momentum hkj . 
(b) The interaction Hamiltonian is 


/?' = 


otho) 0 2 1 
me 2 


j 


where f$ 2 = mco 0 /h [recall (7.26)] and k j2 denotes the 2 component of kTo apply (13.61) we must 
first calculate the matrix element of ft* between the initial state 


<*Ail = <n; n t , 

and the final state 


£, = ha) 0 (n + i) + ha) 0 n k + £ ^ w j n i 

j*k 


I*/'/) = \n - 1; n u ..., n k + 1,...>, E f - ha) 0 (n - i) + hco 0 (n k + 1) + £ ha} j^j 

j** 

Here n k represents the number of photons with wavenumber co 0 /c. This choice of | \j/ f } guarantees 
conservation of energy in the transition, as prescribed by the delta-function factor <5(£ f — E f ) in 
(13.61). Since |^ ; > (as well as 1^)) is an eigenvector of £ 0 / 0 ,-, h ma y be brought through the 
field component of ft'. When completed with the ket vector the inner product of the field 
component factors of the wavefunctions vanishes and we conclude that for the given perturbation, 




The hypothetical field-particle coupling does not induce a transition in the state of the harmonic 
oscillator. 


13.8 SELECTIVE PERTURBATIONS IN TIME 


The Adiabatic Theorem 

Let us now consider the case that ft' is adiabatically turned on, which means that ft' 
changes slowly in time (Fig. 13.13). Consequently, at any instant of time, the 
Hamiltonian may be treated as constant and an approximate solution can be obtained 
by regarding the Schrodinger equation as time-independent. This will be shown 
below. 
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FIGURE 13.13 Adiabatic perturbation. 
The rise time, o _1 , of the perturbation 
obeys the inequality 

ct> co M 

where oj kt are the natural frequencies of the 
unperturbed system. 


The slowly changing quality of ft ' may be incorporated into the analysis 
through a parts integration of (13.51). 

(13.72) c k (t) = i f H' ki (t')e ia>k " dt' = - f H' kl (t') A e^’dt' 

itlJ-oo fUDuJ-n tit 


= ~ i - a eiak “ t dt ] 

where we have set = Hi, f(t). If #'(t) is slowly varying, the second term is 
small compared to the first and c k (t ) is well approximated by 

(13.73) c k (t) — — HUty^ 

hco kl 

E k (0> - £, <0 > 

Let us recall that the analysis leading to (13.49) presumes that the system is in the 
stationary state ^ at t < 0. To terms of first order in the perturbation //', the series 
(13.42) then appears as 

Hr, t) = H + X c k ^ k 

k*l 


Substituting the values for c k given by (13.73), we obtain 

(13.74) q>(r) = e iMk 'V(r, 0 = <*><+ I F(0 f“^ ( o) 

This is precisely the first-order result which stationary (time-independent) perturba¬ 
tion theory gives, (13.10). But the solution (13.10) represents an eigenfunction of the 
new Hamiltonian, which in the present case is ft — ft 0 4- ft'(t). That is, the wave- 
function (13.74) represents the Zth eigenstate of ft 0 + ft'(t ), to first order in if'. 
[Note that we are writing ft'(t) for the operator ft ' evaluated at the specific time t.] 
Since the system was originally in the Zth state of ft 0 , we may conclude the following. 
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A system originally in the Zth state of an unperturbed Hamiltonian will at the end 
of an adiabatic perturbation be found in the Zth state of the new Hamiltonian. One says 
that the system “remains in the Ith state.” 

Having established that <p as given by (13.74) is an eigenstate of the new 
Hamiltonian, it follows that expectation of energy in this state is the same as the eigen- 
energy of the state. The expectation of energy to first order in the perturbation 
Hamiltonian is easily calculated with the explicit form of <p as given by (13.74). There 
results 


(13.75) = E/ 0) + H' n (t) 

This is the Zth eigenenergy of the Hamiltonian ft 0 + So under an adiabatic 
perturbation, a system originally in the Zth eigenstate of an unperturbed Hamiltonian 
will at time t be found in the Zth eigenstate of the new Hamiltonian with the Zth 
eigenenergy* of the new Hamiltonian. With (p t (t ) written for the time-independent 
wavefunction evaluated at the time t, we may write that under an adiabatic per¬ 
turbation 


(13.76a) 

where 

(13.76b) 


<Pi(0) -► (pit ) 

£«(0) -► Elt) 

[#o + #'(0M0 = Elt)<plt) 


This equation is not a time-dependent equation. One first evaluates fi\t) and then 
finds the solution <p,(t). These results constitute the adiabatic theorem, first proved 
by Born and Fock in 1928. 1 

As an example of the use of this theorem, consider that a particle of mass m 
is in a one-dimensional box of edge length L. The width of the box is slowly increased 
to olL over a long interval lasting t seconds, where a > 1. Let us calculate the new 
wavefunction and new energy of the system given that the particle initially was in 
the ground state. The adiabatic theorem tells us that the new state is the ground state 
of the new Hamiltonian. 


<P.-Po ( 0 = y^sm(^ 

Here, as above, we are writing <jf>(t) for the time-independent wavefunction evaluated 
at the time t . The new energy is the ground state of the new Hamiltonian. 


Eo E 0 (t) — 


Sm(<xLy 


1 M. Born and V. Fock, Z. Physik. 51 , 165 (1928). 
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Note that in slowly expanding (as in the classical case), the particle loses energy to 
the receding walls in slowing down. The amount of work absorbed by the walls in 
the present example is 


W = E 0 - E(t) = 


h 2 

%mL 2 


1 


or 1 




W 


EU> 


Domain of Validity 


Our conclusions regarding an adiabatic perturbation rest on neglecting the integral 
term in (13.72). Let us obtain a quantitative criterion which allows this term to be 
discarded. Let the perturbation be gradually turned on at t = 0. If /?' changes slowly, 
then dfi'/dt may be taken outside the integral term in (13.72) and we obtain 



f 


e ia>fc “' dt f 


2 dH’ kl 


co kl dt 



It follows that the nonintegral term in (13.72) dominates provided that 


(13.77) 


I ^ 2 


Wa 

dt 


Thus a perturbation that undergoes a small fractional change in a typical period of 
the unperturbed system may be termed adiabatic. 


Transition Probability 

We have found that in the adiabatic limit, neglecting the integrated term in (13.72) 
leads to the system remaining in the initial state of the unperturbed Hamiltonian. 
What is the probability in this same limit that there is a transition out of the initial 
state? Suppose, for example, that an adiabatic perturbation is turned on at t = 0 
and that the unperturbed system is originally in the Ith state of the unperturbed 
Hamiltonian. The probability for a transition from the / to the k state is given by 
|c k | 2 . With (13.72) in the adiabatic limit, we obtain 


k *| 2 



+ 


4 

KO 1 



2 d(H' kl y 

dt 


co 


sin 
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Over a long time interval, the last term averages to zero, whereas the sin 2 term in 
the middle expression averages to As we have found above, the first term represents 
the probability that there is no transition out of the It h state. It follows that the 
probability that there is a transition out of the initial Ith state to some fcth state 
(k ^ l) in the adiabatic limit is 


(13.78) 




2 


Once more we find that there is zero probability of transition out of the /th state for 
sufficiently slowly changing perturbation. 


Sudden Perturbation 

The next type of perturbation problem we wish to examine involves a sudden change 
in a parameter in ft 0 . For example, suppose that the spring constant of a simple 
harmonic oscillator is suddenly doubled. If the oscillator is in its ground state before 
the perturbation, in what state is it after perturbation? For such problems it is 
presumed that the eigenstates of both Hamiltonians (i.e., before and after perturba¬ 
tion) are known. This, together with the assumption of an instantaneous change of 
ft o, are basic to the sudden approximation. 

Let us call the Hamiltonian before the change in parameter, H, and the 
Hamiltonian after the change in parameter, ft\ so that 

8<Pn = E„q>„ t < 0 

£>; = £„>: t ;> o 

(Note that ft' is now a total Hamiltonian.) Initially, the system is in an eigenstate 
l//j of ft. 


0) = <jt>,(r) 

At later times the system is in a superposition state of ft'. 

f(r,t) = Zc n < Pn 'e - i °>»'• 

n 

Equating this function to its initial value at t = 0 [thereby making the transition 
from \j/(t) to {//'(t) continuous at t — 0] gives 


<Pl = Hc n (p n ' 

n 


so that 


C* = <(Pk I <Pl> 
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The probability that the sudden change from fl to ft' causes a transition from the 
/th state of fl to the fcth state of fl' is 

(13.79) /> u = |c k | 2 = |<^|^)| 2 

The worth of this result rests on our knowledge of the eigenfunctions of ft and fl'. 

Expressions obtained above for the transition probability in various limiting 
cases are listed in Table 13.2. 


TABLE 13.2 Transition probabilities for time-dependent perturbations 


1. ft' is separable. ft'(r, f) = IHI'(r)/(t) 

(Hi, 121 " 


Pik - fc2 


f e i<aMt f{t') dt ' 

* — on 


Harmonic perturbation ,/ — 2 cos cot, 
turned on at t — 0: 


DC perturbation (co = 0,/= 1) 
turned on at t = 0: 


P* = 


I Hi, I 2 


| Hi,| 2 sin 2 (co u t/2) 


sin 2 [(to., — a>)f/2] 


W<o k , - co)/ 2] 2 
Long-time or high-frequency limit: 
2«|Hi, 12 


Pu. = 


(hco kl /2) 2 
Short-time or low-frequency limit : 


P* = 

Wkl = 


ft 2 

2*1 HLI 2 


■ <5(a> k i - co) 
5(co kl - oo) 


P lk = 


t 2 \Ki \ 2 

h 2 
' |2 


W t/ = 


1 1 Hiil 

h 2 


Probability for transition to a band centered at E k with g \ H'| slowly varying in 
energy: 

2nt 

P* = -z r 9(E k m' u \ 1 

h 

27C 

= I Hi,| 2 

n 


2. ft' = ft (r, t) is slowly changing 
Probability for transition out of the initial l state: 


P 


2 



2 


Adiabatic theorem: 


P kl ^0 (k*l) 

3. ft changes suddenly to ft' 

Eigenstates of both ft and ft' are known. 





PROBLEMS 


13.39 A neutron in a rigid spherical well of radius a = 0.1 A is in the ground state. The radius of 
the well is slowly decreased to 0.9a. 

(a) What is the energy and wavefunction of the neutron after the decrease in the well 
radius? 

(b) How much work (in eV) is performed during the compression of the well? 

13.40 A collection of N 0 = 10 13 independent electrons have spins polarized parallel to a uniform 
magnetic field that points in the t direction, of magnitude J A 0 , A perturbation field is applied in the 
x direction of magnitude 


10~ 3 ^ 0 (1 -e‘ ,/T ) (t> 0) 

(a) Obtain a criterion involving t which ensures that the perturbation is adiabatic. 

(b) Given that Qt = 10 2 and .^ 0 = 10 4 gauss, estimate the number of electrons A AT 
that are thrown out of the ground spin state at t — 10t. 


Answers 

(a) r > 1 — mc/e A 0 

(b) A rough estimate is obtained from (13.78). 


AN ~ 2No 


o 

1 

£ 

2 

e~ tfx 

Ml 


Qt 


13.41 A one-dimensional harmonic oscillator has its spring constant suddenly reduced by a 
factor of The oscillator is initially in its ground state. Show that the probability that the oscillator 
remains in the ground state is P ~ 0.98. 

13.42 A particle of mass m in a one-dimensional box of width L is in the third excited state. 
The width of the box is suddenly doubled. What is the probability that the particle drops to the 
ground state? 

13.43 A one-dimensional harmonic oscillator in the ground state is acted upon by a uniform 
electric field 






switched on at t = — oo. The field is parallel to the axis of the oscillator. 

(a) What is the probability that the oscillator suffers a transition to its first excited state 
at t — +oo? 

(b) Show that no other transition is possible. 

13.44 Radioactive tritium, H 3 , decays to light helium, He 3 + , with the emission of an electron. 
(This electron quickly leaves the atom and may be ignored in the following calculation.) The 
effect of the p decay is to change the nuclear charge at t = 0 without effecting any change in the 
orbital electron. If the atom is initially in the ground state, what is the probability that the He + ion 
is left in the ground state after the decay ? 

600 



SELECTIVE PERTURBATIONS IN TIME 601 


13.45 A hydrogen atom in the ground state is placed in a uniform electric field in the z direction. 

$ ^ S 0 e~ ttz 

which is turned on at t = 0. What is the probability that the atom is excited to the 2P state at 
t > T? 

13.46 The perturbation 

fi’ — 4- e HnxfL) e -t*l r* 

Xy/n 

is applied to a particle of mass m in a one-dimensional box of width L at t = — oo. At this time the 
particle is in the ground state. If h/x E in what state is it most probable that the particle will be 
at t — +oo? 

13.47 An electron in a one-dimensional potential well 

V = jKx 2 

is immersed in a constant, uniform electric field of magnitude $ which points in the x direction. 
The corresponding perturbation to the Hamiltonian is 

H' = eSx 

(a) Find the exact eigenenergies of the total Hamiltonian, 

A 2 t 

H — + — Kx 2 + eSx 

2m 2 

(see Problem 7.16). Discuss your findings with respect to the corresponding classical motion. 

(b) Show that the first-order corrections to the energy vanish. Then calculate the second- 
order corrections. Show that these agree with your answer to part (a), so that the second-order 
corrections give the complete solution for this problem. 


Answers 

(a) Setting 


X = 


eS 

K 


together with the transformation of variables 

x' = x + x 

permits ft to be rewritten 

6 = ^-+\ K.(x 2 + 2xx) 
2m 2 

= — + - Kx' 2 - - Kx 2 
2m 2 2 K 


= fin ~ t 
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Since 



e 2 S 2 

~2Kr 


is constant, the eigenenergies of fl are simply 


E n = E { 


o 


E = hco 0 



e 2 S 2 

2K 


All levels are equally depressed by the constant energy E. The new wavefunctions are 


<Pn = <Pn(x') = <Pn(x + X) 

The center of symmetry of these wavefunctions is at x = — 

In the corresponding classical problem, the potential of the electron in the presence of the 
uniform electric field is 


V - iK(x + x? ~ E 

This parabola is congruent to the original potential Kx 2 /2. The new equilibrium at x = 
occurs where the electric force is balanced by the spring force. This new potential minimum is 
lower than the original minimum by the amount E. (Work must be done to move the electron, 
quasi-statically, from x = - / to x = 0.) The classical analog of the quantum mechanical problem 
considered above involves an electric field that is very slowly (adiabatically) turned on. If the 
energy of the oscillator initially is £ <0) , what is it after the electric field is established? In classical 
mechanics, for such adiabatically changing harmonic motion, the ratio A/co is constant (it is an 
adiabatic invariant). The amplitude of oscillation is A. Since the new potential well is congruent to 
the old well, co is the same for both wells. This means that the amplitude of oscillation must also 
be preserved (during the adiabatic change). Owing again to congruency of the parabolas, this is 
ensured (only) if the distance between £ <0) and the bottom of the new well is the same as the 
distance between £ (0) and the bottom of the original well. That is, if 

£< 0) = £ + E 


It follows that the new energy of the oscillator 

£ = £<°> - E 

is depressed from the initial value, £ {0) , by the amount E. This is identical to the quantum mechani¬ 
cal result (Fig. 13.14). 

(b) The perturbation Hamiltonian may be rewritten 

fi = (<3 f + &) = S’(8 + S) 

\/2 P 

02 _ m< °0 
P ~ h ’ 
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FIGURE 13.14 The classical adiabatic change 
from a parabolic potential, V, to a congruent 
(w 0 = ajb) parabolic potential, V\ with a new 
center of symmetry, preserves amplitude A. We 
see that the amplitude of oscillation is pre¬ 
served, A — A\ provided that E — E {0) — E. 
This result for the new energy of oscillation, E, 
is identical to the quantum mechanical result. 
(See Problem 13.47.) 


It follows immediately that 


(n\ft'\n) = 0 


so there is no first-order correction to £„ (0) . To calculate the second-order corrections, we must 
evaluate the off-diagonal matrix elements of ft. 


<«!//'!/> = £'(n\a' + a\l) 


— tf’ix/l 4- 1 j+i 4- \Jl d n ,i - i) 

Substituting this expression into (13.14) gives the desired result. 

13.48 A system with discrete energy states and Hamiltonian fi 0 has the density operator p 0 , 
which is diagonal. Furthermore, [p 0 , /? 0 ] = 0, so p 0 is constant in time. Show that after a per¬ 
turbation fi r is applied, the diagonal elements of p change according to the Pauli equation 


dPm 

dt 


= Z W »k(Pkk - Pnn) 

k 


The transition rates w nk are given by (13.63). 


= lim 72 |H^| 2 
Ar-o n 

The density operator was discussed in Section 11.11. 


Answer 

For a short time interval after the perturbation fl’ is applied, we may expand p to obtain 


p(At) - p(0) = 


d l 

dt 



(AO 2 


o 


0 


2 


+ ... 
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Using the equation of motion (11.122) for p permits the last equation to be written, with ^(0) 

f - i” p^] - f” {s [fl ' «• - w «•} 

The diagonal form of p 0 leads to the following properties: 

<n|[R o + tf , .A»]l*> = 0 
<n|[// 0 ,[//\p 0 ]]|H> = 0 
Forming the diagonal elements of dp/dt then gives 


dP "”= - | A]] I «> 

At-0 


dt 


The diagonal element on the right-hand side reduces to 

<"![£'. lti‘> ^o]]l»> = 2l{|^| 2 p»,(0) - \H' nk fp kk (0)} 

k 

which when substituted into the preceding equation gives the desired result. 



CHAPTER 14 

SCATTERING IN 
THREE DIMENSIONS 


14*1 Partial Waves 

14.2 S- Wave Scattering 

14.3 Center-of-Mass Frame 

14.4 The Born Approximation 


In this concluding chapter an elementary description is offered of the quantum mechanical 
theory of scattering in three dimensions. Application of low-energy scattering is made to 
the Ramsauer effect , formerly encountered in Chapter 7, and scattering from a rigid 
sphere . The chapter concludes with a discussion of the Born approximation. This im¬ 
portant analysis permits certain scattering problems to be formulated in terms of har¬ 
monic perturbation theory developed previously in Chapter 13. 


14.1 PARTIAL WAVES 
The Rutherford Atom 

One of the most fundamental tools of physics used for probing atomic and subatomic 
domains involves scattering of known particles from a sample of the element in 
question. Thus, for example, the description of an atom as being comprised of a 
positively charged central core of radius ~ 10 ~ 13 cm, with external satellite electrons, 
is due to scattering experiments performed by E. Rutherford in 1911. In these experi¬ 
ments a particles in an incident beam were deflected in passing through a thin metal 
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foil. The prevalent model for an atom at the time was J. J. Thomson’s “watermelon” 
model, in which negative electrons floated in a ball of positive charge. The relatively 
large angle suffered by a small fraction of the a particles in the incident beam in 
Rutherford’s experiment was found to be inconsistent with Thomson’s model of the 
atom. For it is easily shown that a particles, after passing through hundreds of such 
spheres of distributed charge, are deflected at most only by a few degrees. On the 
other hand the actual scattering data is consistent with an atomic model in which the 
positive charge is concentrated in a central core of small diameter. Large angle of 
scatter is then experienced by a particles which pass sufficiently close to the positive 
nucleus. 


Scattering Cross Section 

The typical configuration of a scattering experiment is shown in Fig. 14.1. A uniform 
monoenergetic beam of particles of known energy and current density J inc (7.107) is 
incident on a target containing scattering centers. Such scattering centers might, for 
example, be the positive nuclei of atoms in a metal lattice. If the particles in the 
incident beam are, say, a particles, then when one such particle comes sufficiently 
close to one of the nuclei in the sample, it will be scattered. If the target sample is 
sufficiently thin, the probability of more than one such event for any particle in the 
incident beam is small and one may expect to obtain a valid description of the scatter¬ 
ing data in terms of a single two-particle scattering event. 



FIGURE 14.1 Scattering 
configuration. 
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Let the scattered current be J sc . Then the number of particles per unit time 
scattered through some surface element dS is J sc • dS . Let dS be at the radius r from 
the target. Then if dil is the vector solid angle subtended by dS about the target 
origin, dS = r 2 dSl (see Figs. 9.9 and 14.1). The vector solid angle d£l is in the direction 
of e r ; that is, dSl = e r dCl. It follows that 

number of particles 

passing through dS = dN = J sc • dS = r 2 J sc * d£l 
per second 

Since the number of such scattered particles will grow with the incident current J inc , 
one may assume this number to be proportional to J inc and can equate 

(14.1) dN = r 2 J sc • dSl = J inc da 

The proportionality factor da is called the differential scattering cross section and has 
dimensions of cm 2 . It may be interpreted as an obstructional area which the scatterer 
presents to the incident beam. Particles taken out of the incident beam by this ob¬ 
structional area are scattered into dSl. The total scattering cross section a represents 
the obstructional area of scattering in all directions. 



Scattering cross section has a classical counterpart. Classically, the total cross section 
seen by a uniform beam of point particles incident on a fixed rigid sphere of radius a 
is a — ita 2 . If the incident beam has current J inc , the number per second scattered out 
of the beam in all directions is no 2 J inc . 


The Scattering Amplitude 

Returning to quantum mechanics, let the particles in the incident beam be independent 
of each other so that prior to interaction with the target a particle in the incident beam 
may be considered a free particle. If the z axis is taken to coincide with the axis of 
incidence, then a particle in the incident beam with momentum fik and energy 
h 2 k 2 /2m is in the planewave state, 

(14.3) (pine = e ikz 

When this wave interacts with a scattering center, an outgoing scattered wave <p sc is 
initiated. If the scattering is isotropic so that scattering into all directions (all 4 n 
steradians of solid angle) is equally probable, we can expect the scattered wave <p sc to 
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be a spherically symmetric outgoing wave. The specific form of an isotropic outgoing 
wave was described previously [(10.65) and Problem 10.6], 

_ e ikr 

sc, iso = ^ 

More often, however, the scattered wave is anisotropic. Anisotropy of the scattering 
component wavefunction <p sc may be described by a modulation factor/(0), and in 
general we write 


(14.4) 


me ikr 


The modulation/(0) is called the scattering amplitude and will be shown to determine 
the differential scattering cross section da. 

The number of particles scattered into dCl, which is in the direction of e r , is 
obtained from the radial component of J sc . 


(14.5) 


J. 




* 


) 


hk 
mr 2 


I f(#)l 2 


Since the vector element of solid angle dSl is in direction e rJ it follows that 

i 

r 2 J sc • d£l = r 2 J sc r dQ = J jnc da 

In that the current vector of the incident beam only has a z component with magnitude 
hk/m [see (14.3)], the preceding equation becomes 


hk. 

r2 ^se,r dSl = — da 
m 

Substituting (14.5) into this equation gives the desired relation. 


(14.6) 


do = |/(0) | 2 d£l 


Thus the problem of determining da is equivalent to constructing the scattering 
amplitude / (0). 

Owing to the rotational symmetry of the scattering configuration about the 
axis of the incident beam and the assumed radial quality of the interaction potential 
between incident particle and scatterer, the scattering cross section depends only on 
the scattering angle 0 (and incident energy) and not on the azimuthal angle </) (see 
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FIGURE 14.2 The scattering cross section is in¬ 
dependent of the azimuthal angle <fi for central poten¬ 
tials of interaction V(r). 


Fig. 14.2). It follows that in integrating (14.6) over all directions, the integration over 
d(f> may be done separately to obtain 2n. There results 


(14.7) 


= Jda = 2n Jj/(0)| ; 


sin 0 dO 


The total cross section is a simple integral over the square modulus of the scattering 
amplitude. Referring again tp Fig. 14.2, we see that the same symmetry implies that 
f(9) is an even function of 0 or, equivalently, f(0) = /(cos 0). 


Partial-Wave Phase Shift 


The form of the wavefunction for the steady-state scattering configuration described 
above, at positions far removed from the scattering target, will contain a plane-wave 
incident component and an “outgoing” scattered component. 

(14.8) <p(r, 0) = e ik * + (r -+ oo) 

r 


(Fig. 14.3). The scattering amplitude is determined by matching (14.8) to the asymp¬ 
totic form of the solution of the Schrodinger equation relevant to the configuration at 
hand. Such configuration includes a particle of mass m with known energy h 2 k 2 /2m, 
interacting with a fixed scattering center through the central potential V(r). The 
radial Schrodinger equation is given by (10.95). 


/(/ + 1) 

r dr 2 T r 2 


+ k>- 2 ^f\R k lr) = 0 


(14.9) 
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FIGURE 14.3 Incident plane wave and scattered 
outgoing spherical wave. 


In the far field where V(r) is rapidly approaching zero, one may expect the solution to 
this equation to be given approximately by the asymptotic form of the free-particle 
solution ji(kr) [see (10.55) and Table 10.1]. 

1 / In 

(14.10) R kl ~ ^ sln [ kr ~ J 

Provided that V(r) decreases faster than r -1 , this free-particle asymptotic form re¬ 
mains intact 1 save for a change in argument through a phase shift S,. 

+ $ij 

A superposition state comprised of these wavefunctions at fixed k has the form 

(14.12) <p k (r, 0) = £ C, R k r m P ,(cos 0) 

1 = 0 


(14.11) 


s sin r _ I 


The /th term in the sum is called the Zth partial wave and 8 l is the phase shift that the 
partial wave incurs in scattering. 

We must now match the asymptotic form of the general solution (14.12) to the 
form (14.8). With the expansion for exp (ikz) given in Problem 10.12, we obtain the 
asymptotic expression 


00 


e ikz ~ 


I (2 1 + 1)/ 

1 = 0 


sin (kr — In/ 2) 


kr 


P t (cos 0) 


1 For example, the analysis is not valid for the Coulomb potential V(r ) = r l . Proof of the validity of the stated criterion 
may be found in L. Landau and E. Lifshitz, Quantum Mechanics , Addison-Wesley, Reading, Mass., 1958. 
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The coefficients C, and the scattering amptitude f{8) are found from the matching 
equation 


EC,f,(cos9) si " (tf -, l " /2 + ' i|) 

/ kr 


/ kr 


+ 


f(8)e ikr 

r 


Expanding/(fl) in a series of Legendre polynomials, one obtains, after some trigo¬ 
nometric gymnastics, 

C, = i\2l +1) exp (i^) 

(14 ' 13) /(0) = ^f §sin^P i( cos0) 

K / = 0 l 

The problem of calculating da or, equivalently, f(8) is reduced to one of constructing 
the phase shifts 8 t . 

Two immediate results are evident: First, substituting the series (14.13) into 
(14.7) and taking advantage of the orthogonality of the P ( (cos 8) polynomials, we 
obtain 

4ir 00 

(14.14) a = T2 S (21 + !) sin 2 S, 

K / = 0 

The second result follows from setting 8 = 0 in (14.13), which yields 
/(0) = T Z ( 2l + *) cos <5i sin <5 i + tZ( 2( + !) sin2 

K i K i 

Comparison with (14.14) reveals that 

(14.15) a = T lm [/( ° )] 

This result is known as the optical theorem. It is a widely used relation connecting the 
forward scattering amplitude,/(0), to the scattering in all directions, a. 1 


Relative Magnitude of Phase Shifts 

The problem of determining the partial wave phase shifts (5, is often difficult. 
However, under certain conditions one may make simplifying assumptions which 
greatly facilitate calculation. In classical scattering one introduces the impact 


1 For inelastic scattering, (14.15) is still valid with <r replaced by the total cross section, a T = <j s + a A , where a s is the 
elastic cross section and a A is the absorption cross section. 
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FIGURE 14.4 Classical trajectory and impact 
parameter s. 


parameter. If L and p are the incident particle’s angular momentum and linear 
momentum, respectively, then the impact parameter s is given by (see Fig. 14.4) 

L = ps 

Quite clearly, if the potential of interaction is appreciable only over the range r 0 , then 
the interaction between incident particle and scatterer will be negligible for s > r 0 . 
This criterion provides a useful rule of thumb applicable in quantum mechanics. With 
L = hjld + 1) ^ hi and p = hk , interaction will be negligible if 

(14.16) / > r 0 k 
The incident energy is h 2 k 2 /2m. 

Each partial wave in the superposition (14.12) represents a state of definite 
angular momentum. From (14.16) we can expect that partial waves with / values in 
excess of r 0 k will suffer little or no shift in phase. In the corresponding expansion of 
the scattering amplitude f(9) as given by (14.13) it follows that only those values 
will contribute for which / < r 0 k. For low-energy scattering with kr 0 <? 1, only the 
/ = 0 phase shift will differ appreciably from zero. When such is the case (14.13) 
reduces to 

(14.17) f(6) = ^e iia sin <5 0 

which is independent of 0. The scattering is isotropic and is called S-wave scattering. 
Only the S partial wave (/ = 0) contributes to the scattering. In the opposite extreme 
of large incident energies, kr 0 > 1, we can expect all partial waves to suffer phase 
shifts and the cross section to be anisotropic. 


PROBLEMS 

14.1 From (14.1) we find that the number of particles scattered into the solid angle dO per 
second is 

dN = J da 


dN 

T 



dQ 


or, equivalently, 
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The Coulomb cross section for the scattering of a charged particle of energy E and charge q 
from a fixed charge Q is 

da _ ( q Q\ 1 

dQ \^4 £) sin 4 (0/2) 

(a) What is the expression for the fraction of particles scattered into the differential cone 
(0, 0 + d0) from a target comprised of A scattering centers per unit area? 

(b) Employ the expression you have obtained to find the fraction of a particles with 
incident energy 5 MeV which are scattered into a differential cone (0, 0 + d6) at 0 = tc/ 2, in 
passing through a gold sheet 1 ftm thick. 


Answers 

(a) If we assume that each particle in the incident beam sees only one scatterer and that 
there is a scattering event for each scatterer, then 

“- a (S)' ,q 

For the scattering into the cone (0, 0 + d6) 


8N ~ A L ™ ede 


= 2ttAI — J sin Odd 


(b) For a sheet of mass density p, thickness /, comprised of atoms with atomic mass A, 

* P"ol 


where N 0 is Avogadro’s number (N 0 atoms have mass A grams). For a gold foil l cm thick with 
p = 19.3 g/cm 3 and A = 197, we obtain A = 5.9 x 10 22 / atoms/cm 2 . For a particles of energy 5 
MeV scattered by the nuclei of gold atoms, qQ/E = e 2 • 2 x 79/E = 4.6 x 10“ 12 cm. Thus we 
obtain 

SN(n/2) = ^ (jPj ^ d0* 2 x 10" 4 dO 


14.2 S-WAVE SCATTERING 

Let us consider the configuration of a low-energy beam of point particles of mass m 
scattering from a finite spherical attractive well of depth V 0 and radius a. 


(14.18) 


F(r) = 


-Vo 

0 


for r < a 
for r > a 
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If we assume that energies are sufficiently small that ka 1, we need only look at the 
5-wave scattering. The corresponding Schrodinger equation is obtained from (14.9). 
Setting l = 0 and u = rR there results, for r < a, 


d 2 Ui 

"dr 2 


+ k 1 u l = 0 



2m 


E+V 0 


E 

0 


a 




-^o 


The solution to this equation which corresponds to JR(r) remaining finite at r — 0 is 

u x = A sin k x r (r < a) 

For r > a, V = 0 and we obtain the general solution 

u 2 = B sin (i kr 4- <5 0 ) (r > a) 


Boundary conditions require continuity of d In u/dr at r = a, which gives 
(14.19) k x cot k x a = k cot (ka 4- $ 0 ) 


In that k x is finite, in the limit that k goes to zero, 

c fci cot k x a 
cot (ka 4- s 0 ) =-:- 


grows large so that sin (ka 4- S 0 ) grows small and we may set 

sin (ka 4- S 0 ) ^ ka + S 0 

Since ka 4 1, this equation implies that <5 0 ^ las well. Under these conditions (14.19) 
reduces to 


k { cot k x a ^ 


ka 4- <5 0 


or equivalently 



In that S 0 is small, we may also set 
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We may now construct the scattering amplitude (14.17) and cross section (14.7). 


(14.20) 


<r = 4 - 1 


2 


Two significant observations relevant to this study of attractive well scattering are 
discussed next. 


5-Wave Resonances and Ramsauer Effect 

First we note that when k x a is an odd multiple of (tc/ 2), tan k i a is infinite and the cross 
section as given by (14.20) becomes singular. In that 3 0 is also infinite at these values 
of k x a, assumptions leading to (14.19) are violated and we must seek an alternative 
procedure to construct the cross section. Consider the relation (14.19), which assumes 
only that ka <? 1. Let k x a = n(n/2), where n is an odd number. At these values, (14.19) 
gives sin (<5 0 + ka) = 1, which with the condition ka 4 1 yields sin 3 0 ~ 1. Thus the 
maximum cross section at these S-wave resonances is 

(14.21) ffmax = 1?, M = n(£j 

A more careful analysis pursued to higher angular momentum states, appropriate to 
larger incident energies, reveals corresponding resonances at / = 1, termed P-wave 
resonances, and so forth. 

Whereas (14.20) suggests resonant scattering at odd multiples of n/2, it also 
indicates that the attractive scattering will become transparent to the incident beam 
at values of k x a which satisfy the transcendental relation 

tan k x a = k x a 

As noted in Section 7.8, such resonant transparency of an attractive well is experi¬ 
mentally corroborated in the scattering of low-energy electrons (~0.7 eV) by rare 
gas atoms and is termed the Ramsauer effect. 

The Repulsive Sphere 

The second observation related to our study of low-energy scattering by a scattering 
well is that merely changing the sign in the defining equations (14.18) produces the 
potential for a repulsive sphere of radius a. Solution for the corresponding scattering 
problem is effected by simply replacing k x by ire, in the relations following (14.18). For 
the interior wavefunction we obtain 
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The exterior wavefunction u 2 maintains its sinusoidal dependence for r > a, as given 
in the equation preceding (14.19). Imposing boundary conditions at r = a and, again 
assuming low-energy incident particles, we obtain the total scattering cross section. 


(14.22) 


a = 4na 2 


(tanh Ka 


- 1 


Ka 


In the limit that V 0 -> oo, the sphere becomes impenetrable and the total cross 
section reduces to 

(14.23) a = Ana 2 

In that this formula does not contain h, our suspicion is that it is also appropriate to 
the classical domain. However, the obstructional area imposed by a rigid sphere of 
radius a to an incident beam of classical particles has the value na 2 , so the quantum 
cross section is larger than the classical one by a factor of 4. Although the cross section 
(14.23) does not contain Planck’s constant, nevertheless one might still object to 
considering it a classical result in that it is relevant to the strictly nonclassical domain 
of large de Broglie wavelength. If a classical result is to-be obtained, it should emerge 
in the limit of large incident energy, ka > 1. Such analysis, which includes the phase 
shifts of all waves, 1 again yields a cross section independent of h, namely 

a = 2iia 2 , ka > 1 

which is still larger than the classical result. Thus the classical cross section does not 
emerge in the limit of large incident energy. This discrepancy may be ascribed to the 
sharp edge of the spherical potential barrier for the configuration at hand. Across the 
sharp potential step, dV/dx is infinite and it is impossible for the classical criterion 
(7.166) to be satisfied. 


PROBLEMS 

14.2 The scattering amplitude for a certain interaction is given by 

f(0) = - (e*“ sin ka + 3 ie i2k ° cos 0) 
k 

where a is a characteristic length of the interaction potential and k is the wavenumber of incident 
particles. 

(a) What is the S-wave differential cross section for this interaction? 

(b) Suppose that the above scattering amplitude is appropriate to neutrons incident on a 
species of nuclear target. Let a beam of 1.3-eV neutrons with current 10 14 cm’ 2 s’ 1 be incident 
on this target. What number of neutrons per second are scattered out of the beam into 4n x 10" 3 
steradian about the forward direction? 

1 The calculation may be found in L. I. Schiff, Quantum Mechanics , 3rd ed., McGraw-Hill, New York, 1968, 
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14.3 Analysis of the scattering of particles of mass m and energy E from a fixed scattering center 
with characteristic length a finds the phase shifts 


Will + 1)/U 

(a) Derive a closed expression for the total cross section as a function of incident energy E. 

(b) At what values of E does S-wave scattering give a good estimate of < 7 ? 


Answer ( partial ) 
(a) 



14.3 CENTER-OF-MASS FRAME 

In all of the preceding analysis, it has been assumed that the target particle remains 
fixed during the scattering process. This is the case if the mass of the target particle far 
exceeds that of the incident particle. More generally, however, the recoil motion of 
the target particle must be taken into account in any scattering analysis. Thus the 
general formulation of a scattering event involves two particles, of mass mj and m 2 . 

As described in Election 10.5, the motion of such two-particle systems may be 
described in terms of the motion of the center of mass and motion relative to the center 
of mass. The Hamiltonian of the relative motion (10.85) describes a single effective 
particle with reduced mass fi = m 1 m 2 /(m 1 + m 2 ) at the radius r = r, - r 2 . This is the 
motion observed in a frame moving with the center of mass. So, in fact, in this center 
of mass frame, the scattering event may be described by a single particle of mass /1 
interacting with a potential V(r ) centered at a fixed origin. It follows that the preceding 
formulation of the cross section a(0) describing scattering from a fixed scattering 
center is appropriate to scattering in the center of mass frame. The only change is 
that the mass m of the incident particle is set equal to the reduced mass /x. In addition, 
we must note that the angle of deflection 0 is measured in the center of mass frame. 
For example, in the expression (14.13) for the scattering amplitude, 0 is the angle of 
scatter in the center of mass frame, which will henceforth be called 0 C . To obtain a 
relation between the scattering cross section Gjf0f) in the frame of the experiment, or 
what is commonly called the lab frame and the cross section a c (0 c ) as measured in 
the center-of-mass frame, we note the following. The number of particles scattered 
into an element of solid angle in the lab frame J , nc (daJdQ L ) dSl L is equal to the number 
scattered into the corresponding solid angle in the center of mass frame, J inc (dff c /dfi c ) 
dCl c . This gives the equality 

da L _ da c d cos 0 C 
d cos 0 L d cos 0 C d cos 0 L 


(14.24) 
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(a) (b) (c) 


FIGURE 14.5 (a) In the center-of-mass frame, the total momentum is zero, (b) The relative velocity vector v 
rotates through the angle 0 C . (c) In the lab frame, m 2 is assumed to be at rest before collision. 

The relation between cos d c and cos d L is obtained by examining the scattering in both 
frames. In transforming from one frame to the other, it is convenient to speak in terms 
of velocities. Such velocities are related to linear momentum through the prescription 
v = hk/m. When one describes an “orbit” in this description, one has in mind a 
picture inferred by the direction of momentum k vectors. Thus, before collision, m 2 
is at rest and the incident particle has velocity v t = fck/mj. After collision, m t is 
scattered through the angle 0 L . 

The center of mass frame is characterized by the property that total momentum 
in that frame is zero before and after collision (Fig. 14.5). Letting barred variables denote 
values in the center of mass frame, and v the relative velocity, 

v = v t - v 2 

one obtains, for before the collision, 

Pi = m 1 (v 1 - Vcm) = fiv 
We may immediately conclude that 

P2 = -M* 

In a similar manner, after collision we write 

Pi' = & 

Pi = -in' 



or, equivalently, 
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FIGURE 14.6 Orientation of momentum and relative velocity 
for mjm 2 < 1. 


The corresponding relations in the lab frame are obtained by adding v CM to the right- 
hand sides of these equations. Multiplying the resulting equations by m x and ro 2 , 
respectively, gives 


Pi' = fi\' + —&> 

m 2 

(14.25) p 2 '- -jnr' + iL^ 

mi 

& = Pi + Pi 

Since m 2 is at rest before scattering, = 2P. It follows that (14.25) may be 

rewritten 


(14.26) 


, , m i 

Pi = + — fw 

m 2 

Pi' = -fjy’ + 


These vector equations imply the vector diagrams shown in Fig. 14.6. The desired 
relation between 0 L and 9 C is obtained by constructing tan 0 L from the partial dia¬ 
gram shown in Fig. 14.7: 


(14.27) 


tan 0 L 


Hv’ sin 0 C 

( mjm 2 )iiv + fiv' cos 0 C 



FIGURE 14.7 Triangle used to obtain relation between d L and d c . 
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Now H rtl is a conserved quantity throughout the scattering. Prior to, and after col¬ 
lision, H rel is purely kinetic and has the respective values fiv 2 /2 y \xv ,2 l 2. It follows that 
the magnitude of the relative velocity is maintained in scattering 


v = v 


/ 


Substituting this equality into (14.27) gives the desired relation, 


(14.28) 


tan 9, = 


sin 9, 


e + cos 8 C 


This relation permits completion of (14.24): 



(14.29) 


do L _ da c (1 + e 1 + 2c cos 0 C ) 3/2 
d cos 8 l d cos 6 C 1 + e cos 6 C 


If the mass of the scatterer is very much larger than that of the incident particle, we 
may set e = 0 and the cross sections in both frames are equal. From (14.28) in this 
same extreme we obtain 0 L = 9 c . 

In general, as (14.29) implies, scattering that is isotropic in the center of mass 
frame is not isotropic in the lab frame. For example, the isotropic cross section ob¬ 
tained for S-wave scattering (14.17), 



when substituted in (14.29) yields [with (14.28)] an anisotropic cross section in the 
lab frame. 


(14.30) 


da\ _ sin 2 <5„ (1 + e 2 + 2e cos fl c ) 3/2 
dQ/ L k 2 1 + e cos 9 C 


Applications of results developed in this section appear in problems to follow. 
Whereas our primary example in the preceding analysis is relevant to low-energy 
scattering, where the potential of interaction plays a dominant role, the analysis to be 
developed in Section 14.4 addresses the case where the potential of interaction acts 
as a small perturbation on the incident plane-wave state. This analysis, known as the 
Born approximation, has many applications. 



PROBLEMS 


14.4 Assume that the differential cross section for a given interaction potential do/dil is iso¬ 
tropic in the center-of-mass frame. For mass ratio e < what is the ratio of the differential cross 
section in the forward direction to that in the 9 = n/2 direction in the lab frame? 

Answer 


da(n/2) 

14.5 At what value of 6 C will the cross section vanish in the lab frame for S-wave scattering of 
two particles with mass ratio el 


14.4 THE BORN APPROXIMATION 


Harmonic perturbation theory, developed in Chapter 13, includes as a special case the 
example of a constant potential that has been turned on for t seconds. The pertur¬ 
bation Hamiltonian 1 is then given by (13.53) with a> = 0. As was shown in Section 
13.6, the theory of harmonic perturbation leads naturally to Fermi’s formula (13.64) 
for cases where final states comprise a continuum. Such, of course, is the situation for 
scattering problems. 

For these problems the perturbation Hamiltonian is the interaction potential, 
which is viewed as being “turned on” during the time that the incident particle is in 
the range of the potential. The incident particle enters the range of interaction with 
momentum hk and leaves the range of interaction with momentum hk'. Such states of 
definite k before and after interaction correspond to plane-wave states (Fig. 14.8). Let 
us suppose that the scattering experiment is performed in a large cubical box of volume 
L 3 . Normalized plane-wave states corresponding to k and k' are then given by 


(14.31) 


|k> = 


,ik • r 


L 3/2 


|k') = 


„ik' • r 


L 3/2 


To apply Fermi’s formula (13.64) for the rate of transition from the k to the k' 
state, caused by the perturbing potential V(r), 

(14.32) %=yi)(£,) l<k|K|k'>| 2 


1 For the case u> = 0, the factor 2 is deleted in (13.53). 


621 
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FIGURE 14.8 In the Born approxima¬ 
tion, incident and scattered particles are 
in plane-wave states. 


we must know the density of final states g(E k ). Having prescribed that the scattering 
experiment is performed in a large box of volume L 3 , we may employ the expression 
for g(E) as obtained in Problem 2.42. Written in terms of final momentum hk', this 
expression becomes for nonspinning particles 1 

, . mL 3 k' 

(14.33) g{E k ) = 2^2 

Now we wish to use the rate formula (14.32) to obtain an expression for the differential 
scattering cross section da. This parameter was defined by (14.1) according to which 
the number of particles scattered into dSl per second is J inc da. To relate the transition 
rate w kk . to da, we note that the incident plane wave |k> given in (14.31) corresponds 
to an incident current 

(14.34) J inc = -73 


In that g(E k ) as given by (14.33) is isotropic in k', it represents the density of final k' 
states in all 47 t solid angle. To select those scattered states that lie in the direction dll 
about k', we multiply g by the ratio d£l/4n. With g{E k .) so augmented, w kk . then 
represents the rate at which particles of the incident flux (14.34) are scattered into 
dll in the direction of k'. This rate is by definition the product J inc da. Thus we obtain 
the desired relation 


„ d£2_ 

Jinc da = — W kk . 


1 The g factor in Problem 2.42 represents density of states per unit volume. 
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Inserting previous expressions, we obtain 


(14.35) 


da 

m 



j\<K\V\k}\ 2 


Since particles suffer no loss in energy in the scattering process, we may equate 

k = k‘ 


The Scattering Amplitude 

Recalling (14.6), which relates da to the scattering amplitude f(9), and inserting the 
explicit forms (14.31) for incident and scattered states into (14.35), allows the identi¬ 
fication (with a conventional minus sign) 

(14.36) m = - 2^2 JF(i-y r -< k - k > di 

This formula for the scattering amplitude may be further simplified through the 
substitution 

K = k - k 

As is evident in Fig. 14.9a, owing to the equal magnitudes of k and k', we may set 

K = 2k sin 

where 9 is the angle of scatter. With the differential volume of integration dr in (14.36) 
written in spherical coordinates and the polar axis taken to be coincident with K 
(Fig. 14.9b), we obtain 

m f 2 " — f” - - f“ 

f(9) = — 2^2 J d<p J dd sin 6 J dr r 2 K(r)e iKrcosfl 

m f°° C l 

= --fi J drr 2 V(r) J drj e ,Kr " 

Integrating over rj = cos 9 gives 



(14.37) 


m = 


2m 

h 2 K 


f* QO 

dr rV(r ) si 
Jo 


sin Kr 


This expression for the scattering amplitude is called the standard form of the Born 
approximation . 
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k 



(a) 



(b) 


FIGURE 14.9 (a) Transformation K = k — k'. 

(b) Spherical coordinate frame with K aligned with the 
polar axis. 


In applying this formula for the scattering amplitude, one should keep in mind 
that it is derived on the basis of perturbation theory according to which the scattering 
potential should be small compared to the free-particle (unperturbed) Hamiltonian. 
This will be the case for sufficiently large incident energies or sufficiently weak 
strengths of potential. 


The Shielded Coulomb Potential 

Let us apply (14.37) to calculate the cross section for the shielded Coulomb potential, 1 

, Ze 2 exp { — r/a) 

V{r) =- 


The exponential factor for r > a acts to shield the bare Coulomb potential Ze 2 /r 
between two particles with respective charges Ze and e. Thus beyond the range a, 
the potential is exponentially small. Within the range, r < a, the potential is es¬ 
sentially Coulombic. Substituting the shielded Coulomb potential into (14.37) gives 


m = 


ItriZe 2 

~h 2 kT 



Kr dr 


2mZe 2 1 

K 2 + (1 Jdf' 


K — 2k sin 



1 This potential is also called the Yukawa potential. In 1935, H. Yukawa proposed the existence of an exchange particle, 
the meson, to account for the strong binding between a neutron and a proton in a nucleus. In his analysis the shielded 
Coulomb potential emerged as the potential of the new particle. 
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The corresponding scattering cross section is obtained from (14.6). 1 


(14.38) 


da (2mZe 2 /h 2 ) 2 
dn ~ IK 2 + (1/a) 2 ] 2 


In the limit of large incident energies K 2 > a~ 2 , the predominant contribution to da 
is due to the bare Coulomb potential The resulting cross section, employed previously 
in Problem 14.1, appears as 

Ze 2 

A{h 2 k 2 !lm) sin 2 (6/2) 



(14.39) 


da 

dn 




f Ze 2 \ 2 1 h 2 k 2 

,4 El sin 4 (6/2)’ 2m 


This is the precise expression for the Rutherford cross section for the scattering of a 
charged particle with charge e and mass m from a fixed charge Ze . Furthermore, the 
classical evaluation of the Rutherford cross section also gives (14,39), with E = p 2 /2m. 


PROBLEMS 


14.6 Using the Bom approximation, evaluate the differential scattering cross section for 
scattering of particles of mass m and incident energy E by the repulsive spherical well with potential 


V(r) = 



0 < r < a 
r > a 


Exhibit explicit E and 0 dependence. 


Answer 

^{^) 2(smKa ~ KacosKa)2 

hK — 2yj2mE sin {0/2) 

14.7 Using the Bom approximation, obtain an integral expression for the total cross section 
for scattering of particles of mass m from the attractive Gaussian potential 



1 With m replaced by the reduced mass n, (14.38) represents the cross section in the center-of-mass frame. 
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14.8 An important parameter in scattering theory is the scattering length a. This length is 
defined as the negative of the limiting value of the scattering amplitude as the energy of the 
incident particle goes to zero. 

a = - lim f(0) 

k-*0 

(a) For low-energy scattering and relatively small phase shift, show that 

r 

a = — lim — 

* 

(b) For the same conditions as in part (a), show that 

c — $na 2 

(c) What is the scattering length for point particles scattering from a rigid sphere of 
arbitrary radius al 
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APPENDIXES 


APPENDIX A 

ADDITIONAL REMARKS ON THE * AND p 

REPRESENTATIONS 


Let | x'> represent an eigenstate of £. Then 

(A,l) *|x'> = x'|x'> 

These eigenstates obey the orthonormality condition 

(A.2) <x'|x> = <5(x - x') 

The matrix elements of St are then given by 

(A.3) <x|*|x'> = x'<x|x'> = x'(5(x - x') 

This is a continuous matrix with nonzero entries only on the diagonal x = x'. 

As remarked in the text, summations over continuous matrices are replaced by 
integrations. For example, the multiplication of the matrix £ by the column state 
vector | iA(x)> gives 

Jdx'|<Kx')Xx'|*|x> = x jdx' |tKx')> S(x' - x) = x|<A(x)> 

In the x representation, Si operating on a state has the effect of multiplying the state by 
the scalar x. 

The projection of | «^> onto the basis vector |x'> is the coordinate representation 
of|^>. 

(A.4) <x' | (/f> = J <x' | x> <x 11 !>ydx = tfr(x') 

Here we have employed the spectral resolution of unity, 

(A. 5 ) I — J*|x> dx<x| 

Note in particular that the coordinate representation of |x> is the delta function, 
S(x - x'), as given by (A.2). This identification permits one to write the eigenvalue 
equation for £ in the form (3.26). 



634 APPENDIX A 


If |p> represents an eigenstate of p, then 
(A.6) p\p'} = p'|p'> 

The matrix of p in the coordinate representation is given by 
( A - 7 ) <x\P\x'} =-ih~5(x-x’) 

OX 

This relation allows us to obtain an explicit form for the transfer matrix <x|p>. 
( A - 8 ) P<* I P> = <x | P | p> = J dx\x | P | x')<x' | p> 

= -ih jdx'^5(x - x')<x'|p> 


= -i^<x!p> 


The solution to this differential equation is 


(A.9) <x| p> = J. e ipx,h 

y/2nh 

The normalization ensures the unitarity of the continuous matrix <x|p>. To see this, 
we first recall the condition for unitarity, 

( A1 °) f <x|p>Xp|x')dp = 6(x - x') 

^ — oo 

With the representation (A.9) for <x|p> and using the property <x|p>t = <x|p>, 
we find that 


(A. 11) LHS(A.10) = f <x|p><p|x')dp = — f e ip*i* e -‘p* m 

J -oo 2nfiJ_ 00 


Setting p/ti = y reduces the right-hand side of the latter equation to 


(A.12) 


1 

2 n 



e iy(x-x') 


dy = 5{x — x') 


which establishes the unitarity of <x|p>. Note that the projection (A.9) gives either 

the coordinate representation of the eigenstates of p or the momentum representation 

of the eigenstates of x. 

Let us see how the form (A.9) allows one to reconstruct the matrix for P as 
given by (A.7). In the p representation, we have 


(A.!3) <p|plp'> = p'<5(p-p') 
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Using (A.9) together with the last equation gives 

(A.14) <x|/)|x'> f dp dp' p' S(p - py^e-^i* 


= a_l r g>p<*-*)/» dp 

J - 00 


dx 2nh 


= — ih — S(x — x') 
ox 


which agrees with (A.7). We may use this relation to calculate the coordinate repre¬ 
sentation of P |<A>. 

(A. 15) 

<x| pm = J°° dx\x\p\x'Xx'm = - ih |°° dx’ ^ Six - xW) = ~ ih ^ 

This has the same effect as simply operating on the state ip with the differential operator 
— ih d/dx. 

As a simple example of these concepts, 1 consider the problem of finding the matrix 
of (xp - px) in the x representation. Let us first examine the term 


00 

<x|*£|x'> = jjjdx" dp' dp(x\X\x"Xx”\p'Xp'\P\p><P\x'> 

- oo 

oo 

= _L JJ dx" dp x" <5(x - x")pe i « x "-*' )li 

- 00 



= - ihxi-S(x-x f ) 

OX 


1 For further development of these topics, see W. Louisell, Radiation and Noise in Quantum Electronics , McGraw-Hill, 
New York, 1964. 
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In like manner we find that 


-<x|£S|x'> = ihx'^-d(x - 

ex 


X') 


Combining these results gives 

( A16 ) (x\$P - p*\x'> = - ih(x - x') ~ <5(x - x') 

ox 

= + ih S(x — x') 

In concluding this discussion we note the following. Suppose that a complete set 
of commuting observables are diagonalized by the ket vectors | £>. Then the coordinate 
and momentum representations of these states are <x|0 and <p|£>, respectively. 
For example, consider the eigenvectors |n> that simultaneously diagonalize the 
number operator ft = and the Hamiltonian ft = ha> 0 (ft + j), appropriate to 
the harmonic oscillator (Section 7.2). 

/ A17) #|«> = hco 0 (n + |)|n> 

1V|«> = n|n> 

No information is revealed by these equations other than the fact that | n> is an eigen¬ 
vector of ft and ft with respective eigenvalues as shown. If, for example, one wishes 
the coordinate representation of these states, one must form the projections <x|n>. 
These are the weighted Hermite polynomials (7.58). 

In a similar vein the coordinate representations of the eigenvectors |/m> of the 
operators L 2 and L z are the projections (9(p | Im) [i.e., the spherical harmonics 
Yi m (0, 4>)l 



APPENDIX B 
SPIN AND STATISTICS 


In this appendix we wish to offer a brief elementary outline of the argument connecting 
spin and the exclusion principle. As described in Chapter 12, particles with integral 
spin do not obey the exclusion principle, whereas those with half-integral spin do obey 
the exclusion principle. 

The particle quality of a field may be described in second quantization, wherein, 
in accord with Problems 13.37 and 13.38, the state of the system is written | n u n 2 ,.. •>. 
In this notation n f represents the number of particles in the ith state. 

There are two prescriptions for the quantization of a field. The first is given by 
the Jordan-Wigner anticommutation rules (Problem 7.32), 

U = {a n t,^t }= 0 

The second is given by the Bose commutation rules, 

J = K,W] = o 

1 IA,<U] = <5„ m 


As established in Problem 7.32, particles such as electrons, which obey the 
Jordan-Wigner anticommutation rules (B.l), exist in accordance with the exclusion 
principle. Number eigenvalues n, are either zero or 1 (w f 2 = n f ). Particles, such as 
photons, which obey the Bose commutation rules (B.2) do not adhere to the exclusion 
principle. 

In his argument relating spin and exclusion, Pauli 1 imposed the following re¬ 
quirements on physical systems. 

1. Let A be an observable pertaining to the space-time point r u t x , and let B 
be an observable at r 2 , t 2 - Consequently, if |rj - r 2 |/Ui — r 2 l > c, then A 
and B commute. The rationale behind this stipulation is as follows. In that 
these space-time points are separated by speeds greater than that of light, 
relativity (or causality ) specifies that measurement of A can in no way inter¬ 
fere with measurement of B. Equivalently, we may say that A and B commute. 


1 W. Pauli, Phys. Rev . 58, 716 (1940). See also R. Streater and A. S. Wightman, PCT, Spin and Statistics, and AU That , 
W. A. Benjamin, New York, 1964. 
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2 . The total (relativistic) energy of the system is greater than or equal to zero. 
What Pauli then showed is that: 

(a) Quantization of integral spin fields according to Jordan-Wigner anti¬ 
commutation rules (B.l), corresponding to exclusion, violates the first 
postulate. 

(fi) Quantization of half-integral spin fields according to Bose commutation 
quantization rules (B.2) violates the second postulate. 

The distinction between half-integral spin fields and integral spin fields enters 
the argument through the manner in which these fields transform under a Lorentz 
transformation. The Lorentz transformation relates observation of properties (fields, 
mass, length, etc.) in one inertial frame to observation in another inertial frame of 
these same properties. The corresponding matrix is orthogonal (see Table 11.1) and 
represents a rotation in four-dimensional space. A somewhat similar distinction 
between integral and half-integral spin states evidenced under ordinary rotation of axes 
in 3-space, such as described in the discussion on the rotation operator in Section 11 . 5 , 
is found to persist under Lorentz transformation of spin fields. 1 

Statistics 

The property that particles have of either obeying or not obeying the exclusion 
principle has direct consequence in the distributions in energy that aggregates of 
particles have in equilibrium at a temperature T. Thus fermions (particles with half¬ 
integral spin) satisfy Fermi-Dirac statistics. A collection of such noninteracting 
particles at the temperature T has the energy distribution 

•^ FD = e (E,-E F )/k B T _j_ | 

This expression gives the average number of particles per state at the energy £,. 
The parameter E F denotes the Fermi energy. At zero degrees Kelvin, no states of 
energy greater than E F are occupied (see Fig. 2.5). 

Bosons (particles with integral spin) satisfy Bose-Einstein statistics. A col¬ 
lection of noninteracting bosons at the temperature T has the energy distribution 

f 1 

• /BE e (Ei~lt)/k B T _ ^ 

Here again, / represents the average number of particles per state at the energy £, 
and n is written for the chemical potential. This distribution appears in the Planck 
radiation formula (2.3) relevant to a photon gas in equilibrium at the temperature T, 
for which case n = 0. 

1 For further discussion of the distinction between integral spin and half-integral spin fields, see H. Yilmaz, The Theory 

of Relativity and the Principles of Modern Physics , Blaisdell, New York, 1965. 
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REPRESENTATIONS OF THE 
DELTA FUNCTION 1 


Cartesian Coordinates 

(C.1) 

(C.2) 

(C.3) 2 

(C-4) 2 

(C.5) 

(C.6) 

(C.7) 

(C-8) 


2icS(x - x') = f* e ikix - x ) dk 

J - 00 

nS(x — x') = cos k(x — x') dk 

Jo 

00 

2 nS(x — x') = £ ex P [* w ( x — x )] 


- oo 


2n5(x — x') = 1 + L 2 cos n(x — x') 

i 

sin ti(x — x') 

7t<5(x — x) — lim 


rf~*O0 


<5(x — x' ) = lim 


X — X 


,-(x-x')2/f2 


r -*>0 7 C 


,, „ 1 - cos ti(x-x') 

7id(x — x ) = lim 


'\2 


tt~* oo 


f?(x - x') 




'\2 


(C.9) 


nS(x — x') = lim 


oo 

€ 


*?(x - X') 


- lim Im 


1 


“0 (x - x') 2 + e 2 “o (x - x') - ie 
Let Jf „(x) be the nth-order Hermite polynomial. Then 


(C.10) 


<5(x - x ) = L 


00 1 /x 2 + x' 2> 


=o s Jn2"n\ 


exp — 


t^,,(x)Jf B (x') 


1 Additional properties of the delta function may be found in Problem 3.6. 

2 Domain of validity: x* — n < x < x' + n. 
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All the above representations obey the normalization 

1*00 

d(x - x') dx' = 1 

J - 00 

In three dimensions, with r = (x, y, z\ one has 


00 




(C.11) 


— 00 


JJJ <5(r - r') dx’ dy dz' = 1 


- 00 


Spherical Coordinates 

Let Pj(ju) be the /th-order Legendre polynomial. Then 


(C.12) 


00 21 + \ 

S(n X — 2~ Pi(m)PM 


1 = 0 


f SQt - n') dn' = 1 


The delta function over solid angle may be written in terms of the Y™(0 , <t>) spherical 
harmonics. 

(€•13) 6 (ft - ft') = 6 — e ^l ~ * } = 1 Z LY, m (e, WYKff, V) 

Sin v / = 0 m=~l 

The directional coordinates of SI are 0 and <t> . Normalizations are given by 

f <5(0 - 0') d& = 1, - </>’) d<t> ' = 1, f S(Sl - ft') dSl = 1 

Jo Jo J^n 

dft = sin 8 dO d<j> 

In three dimensions one obtains the representation 

(C.14) <5(r - r') = 8(Sl - ft') 

r 

= ~ZZ CTO MYYnd', </>') r j,(krMkr')k 2 dk 

n I m Jo 
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where j t (kr) is the /th-order spherical Bessel function. 

(C.15) £ j[(kr)j[(k,r')k 2 dk = ^8(r- r'), J S(r - r') dr' 


= 1 


We note also the differential relations 


(C.16) 


e ikr „„ . cos kr 


(V 2 + k 2 ) — = (V 2 -f k 2 ) 

r r 


= - 47Tc5(r) 


Cylindrical Coordinates 

Let JJx) be the mth integral-order Bessel function. Then 

Hp - P') = 

'o 


(C.17) 


= f Jjkp)J m (kp')kdk 
Jo 


I* oo 

S(fi-p’ 

Jo 


)dp = 1 


With kjp Q denoting the zeros of J 0 (x), that is, 

Jo(kjPo) = 0 

one has the representation 


00 


xpU(p) = £ 


Jo(kjP) 


(C-18) 


i [ii(fejPo)] 2 

rpo 

In S(p)p dp = 1 
Jo 

Three other important normalizations of J m (x) are: 

(C.19) k r J Jkp) dp = 1 

Jo 

(C.20) f 

Jo 


J -^-dp^~ (m > 0 ) 
0 P ™ 


J 'PO 

Jo(Jtj P)JoO^i p) dp ~ I Po 2 J 1 2 (kj p 0 )Sji 

0 


(C.21) 



APPENDIX D 

PHYSICAL CONSTANTS AND 
EQUIVALENCE ( = ) RELATIONS 


Atomic mass unit 

amu 

1.661 x 10 -24 g 
- mass of C 12 x ^ 

= 931.5 MeV 

Avogadro’s number 

N 0 

6.022 x 10 23 mole -1 

Bohr magneton 

fx b = eh/lmc 

9.274 x 10 -21 erg/gauss 

Bohr radius 

a 0 = h 2 /me 2 

5.292 x 10" 9 cm 

Boltzmann’s constant 

k B 

1.381 x 10" 16 erg/K 

Compton wavelength 

u 

II 

u 

2.426 x 10- 10 cm 


l c = h/mc 

3.862 x 10“ 11 cm 

Electron charge 

e 

4.803 x 10“ 10 esu 

1.602 x 10“ 19 coulomb 

Electron classical radius 

r 0 = e 2 /mc 2 

2.818 x 10“ 13 cm 

Electron magnetic moment 

He 

1.001/4 

Electron rest mass 

m 

9.11 x 10 -28 g 
= 0.511 MeV 

Fine-structure constant 

ot = e 2 /hc 

7.297 x 10- 3 = 1/137.04 

Gravitational constant 

G 

6.672 x 10" 8 dyne-cm 2 /g 

Lyman alpha 

Molar volume of ideal 
gas at STP 


1215.7 A 

(273.15 K, 1 atm) 

V 0 

22.4 x 10 3 cm 3 /mole 

Neutron rest mass 

M n 

1.675 x 10 - 24 g 
= 939.6 MeV 

Nuclear magneton 

Hn = he/2M p c 

0.505 x 10“ 23 erg/gauss 

Planck’s constant 

h 

6.626 x 10 -27 erg-s 


h = h/2n 

1.055 x 10 -27 erg-s 

Proton magnetic moment 

H P = 2.793 ^ 

1.411 x 10 -23 erg/gauss 

Proton rest mass 

M P 

1.673 x 10" 24 g 
= 938.3 MeV 


1 For further refinement of data, see E. R. Cohen and B. N. Taylor, J. Phys. Chem. Data 2(4), 663 (1973). 
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Rydberg 

Speed of light in vacuum 
Stefan-Boltzmann constant 
Wien’s displacement law 
constant 


R = me*/2h 2 
= e 2 /2a 0 - a. 2 mc 2 /2 
c 

a = (?r 2 /60) • (k B */ti 3 c 2 ) 


13.61 eV 
= 109,737 cm -1 
2.998 x 10 10 cm/s 
0.567 x 10“ 4 erg/s-cm 2 -K 4 

0.290 cm K 


1 eV = 10" 6 MeV = 1.602 x 10" 12 erg = 3.829 x 10' 20 Cal 
= 1.783 x 10" 33 g = 11,605 K 
1 Cal = 4.184 J = 4.184 x 10 7 ergs 
1 g = 5.610 x 10 26 MeV = 8.987 x 10 20 ergs 
1 cm -1 = 1.986 x 10~ 16 erg = 1.240 x 10“ 4 eV 


MKS-CGS Electrical Equivalents (c = 2.998 x 10 10 ) 

1 C = 0.1 abcoulomb = (c/10) statcoulomb, 1 emu = l esu/c 
1 A = 0.1 abamp = (c/10) statamp 
1 V = 10® abvolts = (10 8 /c) statvolt 
1 tesla = 10 4 gauss 
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Bose-Einstein distribution, 591p, 638 
Boson, 511, 535 

Boundary conditions, 204, 390, 419 
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energy representation for, 430 
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one-dimensional, 86ff., 555p 
three-dimensional (table), 393 
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Bragg reflection, 277ff. 
Brillouin, L., 232 
Broken symmetries, 167 


Calcium energy levels, 530 
Calcium P states, 527 
Canonical distribution, 487p 
Canonical transformation, 440p 
Canonical variables, 17, 440p 
Cauchy-Schwartz inequality, 106p 
Cauchy sequence, 95, 106p 
Causality, 637 
Center of mass, 384, 391p 
Center-of-mass frame, 617, 62lp 
Central field approximation, 514 
Central potential, 384 
Charge density, 405, 570p 
Chopped wave, 149 
Circulation, quantum, 548 
Classical trajectory, 174p 
Clauser, J., 58 

Clebsch-Gordon coefficients, 349, 352p, 
499 

Coherent photons, 589 
Cold emission, 247p 
Column-vector representation, 420 
Commutator relations, 124ff., 140p 
and uncertainty principle, 134ff., 136p, 
141p 

Compatible operators, 52, 440p 
Complementary variables, 52, 68 
Complete sequence, 106p, 425p 
Complete set of commuting operators, 
137ff., 202, 424 
Complete space, 106p 
Complex variables, 26p 
Compton effect, 49p 
and wavelength, 50p 
Conduction in solids, 291ff. 

Conservation principle 
of angular momentum, 166 
of energy, 164 
of momentum, 165 
of parity, 167 


Constants, physical, 642 
Constants of the motion, 11, 160, 163 
Contact potential, 36 
Continuity conditions, 73, 390, 614 
Continuity equation, 206 
Cooper, L. N., 541 
Cooper pairs, 541 
Coordinate representation, 70, 633 
Coordinates 
canonical, 5, 17 
cyclic, 12 
generalized, 3 
good, 3 

Correspondence principle, 91, 156, 254p 
angular momentum, 378p 
harmonic oscillator, 192ff. 
hydrogen atom, 408p 
radiation law, 588 
rigid-sphere scattering, 616 
WKB method, 232ff. 

Coulomb interaction energy, 526 
Coulomb potential, shielded, 624 
Coupled representation, 347, 351, 437, 478 
Covalent bond, 534 
Creation operator, 183ff., 438 
Cross section 
differential, 607 
total, 607 

Current density, 206ff., 210p, 368p 
divergence of, 376p 
Cyclotron frequency, 381 


Davisson-Germer experiment, 45 
de Broglie hypothesis, 44 
de Broglie wavelength, 44, 46 
de Broglie wavelength, electron, 48p 
de Broglie wavelength, proton, 48p 
de Broglie wavelength, and WKB 
method, 232 

Degeneracy, 13Iff., 139, 590 
accidental, 298, 300p 
exchange, 294 

of hydrogen energies, 399, 408p 
quantum, 547p 
symmetry, 298, 302 

Degenerate perturbation theory, 560, 565 
Degrees of freedom, 5 
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Delta function (see Dirac delta function) 
Density of states, 60p, 62p, 59 lp 
Density operator, 482 
and equation of motion, 483, 604p 
Determinism, 51 

Deuterium molecule, 344p, 535, 538p, 
539p 

nuclear component wavefunction for. 
537 

rotational modes of, 535 
Deuteron, 265p, 392p 
DeWitt, B., 70 
Diagonalization, 421, 44lp 
of submatrix, 561 
Diagonal matrices, 422, 434p 
Diamond, 292 
Dicke, R. H., 486 
Diffraction, 304p 
Dipole radiation, 412 
Dirac delta function, 70fF., 155 
in Cartesian coordinates, 639 
in cylindrical coordinates, 641 
in spherical coordinates, 640 
Dirac equation, 156 
Dirac notation, 93fF. 

Distribution function, 541 
Doppler shift, 547p 
Drift velocity (see Velocity, drift) 
Dumbbell, rigid (see Rotator, rigid) 


Effective mass, 271 
Effective potential, 387, 388 
Ehrenfest’s principle, 58, 166 
Einstein, photoelectric theory of, 34 
Einstein A and B coefficients, 586 
Einstein-Podolsky-Rosen paradox, 489p 
Electronic distributions in atoms, table of, 
516 

Energy bands, 275, 283p, 520p, 574, 575p 
Energy gaps, 274flf., 547 
Energy operator, 67, 103, 436 
Ensemble, 109 
average, 109, 483 
Entropy, 61p, 540 
Equipartition hypothesis, 59p 
Estle, T., 517 
Exchange binding, 532 
Exchange energy, 526 


Exchange operator, 476, 510, 514p 
Exchange symmetry, 510 
Excitations in liquid helium, 545 
Exclusion principle, 35, 204, 512, 

517, 523, 539 
Expectation value, 73 
time development of, 159ff. 

Fermi, E., 584 

Fermi-Dirac distribution, 638 
Fermi energy, 35, 62p, 293 
of copper, 63p 
of sodium, 63p 
Fermion, 511 
Fermi sea, 36 

Fermi’s golden rule (see Golden rule) 

Feshbach, H., 575 

Feynman, R., 77, 461, 545 

Fine structure (see Hydrogen atom) 

Fine-structure constant, 41p, 51p, 501 

Fleischmann, H. H., 369 

Fock, V., 596 

Forbidden domain, 24flf. 

central potential of, 388, 389 
Fraga, S., 518 
Frauenfelder, H., 167 
Freedman, S., 58 
Free particle 

in Cartesian coordinates, 359flf. 
in spherical coordinates, 365flf. 
Free-particle propagator, 152, 157p 
Frohlich, H., 542 
Function space, 95 
complete, 95, 106p 
linear, 95 

Gasiorowicz, S., 532 
Gaussian distribution, 75 
Gaussian wave packet, 151, 158p 
Germanium, 292 
Goertzel, G., 271, 375 
Goffman, C., 96 
Golden rule, 583 
and Bom approximation, 621 
Goldstein, H., 17 

Good quantum numbers, 138, 440p, 
479p 

Goodstein, D. L., 545 
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Good variables, 138 
Gordon, J. R, 589 
Gottfried, K., 70, 330 
Gradshteyn, I. S., 398 
Gravitation, 36p, 400p 
Green’s theorem, 370p 
Group property, 429p 


Halogens, 518, 548p 
Hamiltonian 
classical, 12ff., 16, 49p 
quantum, 67, 380, 383, 466 
perturbation, 550 

Hamilton’s equations, 11, 12, 17, 22p 
Harmonic oscillator, 179ff., 415p 
in electric field, 60lp 
in energy representation, 437ff. 
excited states of, 189 
ground state of, 188 
matrices of, 437fF. 
in momentum space, 199ff. 
representation of radiation field, 592p 
spectrum of, 186 
two-dimensional, 3Q06\, 564 
Harmonic perturbation, 579 
and Bom approximation, 621 
Harris, E. G., 410 
Heat capacity of liquid helium, 543 
Heavy hydrogen (see also Deuterium mol¬ 
ecule), 406p 

Heisenberg’s uncertainty relation, 5Iff., 
136p 

for energy-time, 581 
for temperature-space, 540, 546p 
Helium, 523ff. 
ionization energy of, 527 
isotope of, 545 
singly ionized, 406p 
Helium II, 543, 548p 
Henley, E., 167 

Hermite polynomials, 189, 195p, 382 
Hermite’s equation, 189, 198p 
Hermitian adjoint, 101, 427 
Hermitian operators, 100, 104ff. 

Hidden variables, 57 
High-frequency limit, 582 


Hilbert space, 94ff., 334, 341p 
superposition principle and, 113ff. 
Hole, 293, 548p 
Huang, K., 487 
Hund’s rules, 520 
Hydrogen atom, 8, 394ff., 60lp 
eigenstates of, 400 
eigenenergies of, 40, 400 
fine-structure, 501 
ground-state, 401 
radial wavefunction of, 394, 403 
Hydrogen chloride 

rotational modes of, 325p 
vibrational modes of, 185, 325p 
Hydrogen chloride molecule 
rotational modes of, 325p 
vibrational modes of, 325p 
Hydrogenic atoms, 394 
Hydrogen molecule, 532ff. 
nuclear component wavefunction of, 
537 

potential of, 534 
rotational modes of, 539p 


Ideal gas, 61 p 
Impact parameter, 612 
Index of refraction, 305p, 306p 
Indistinguishable particles, 508 
Inelastic scattering, 611 
Infrared radiation, 31 
Ingoing wave, 375 

Initial-value problem, 81, 84p, 129p, 143 
Intensity ratios for H 2 and D 2 , 537 
Interference, 43 
Invariance 
of determinant, 434p 
of eigenvalues, 432 
of trace, 434p 

Inverse of an operator, 69, 426 
Ionization energies, table of, 516 
Ionic bond, 535 
Isotropic scattering, 607 


Jackiw, R. W., 58 
Jackson, J. D., 412, 414 
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Jeffries, B., 240 
Jeffries, H., 240 
j’j coupling, 492 
Jordan, T., 96 

Jordan-Wigner anticommutation rules, 
203, 637 
Judge, D., 341 

Kapitza, P. L., 542 
Karwowski, K., 518 
Kemble, E., 70 

Kinetic energy operator, 370p, 407p 
Kittel, C., 284 
Kramers, H., 232 

Kronig-Penny eigenenergies, 274, 283p 
Kronig-Penny Hamiltonian, 268 
Kronig-Penny potential, 267, 574 
Kronig-Penny spreading of bound states, 
279 

Lab frame, 617 
Ladder operators, 318ff. 

Laguerre polynomials, 397 
relation of, to other notations (table), 
398 

Landau, L., 253, 271, 543, 610 
and critical velocity, 545 
Landau theory of superfluidity, 543 
Lande g factor, 469, 506p 
Lane, N., 517 
Laplacian operator 
in Cartesian coordinates, 360 
in cylindrical coordinates, 379p 
in spherical coordinates, 368 
Larmor frequency, 466 
precessional, 469 
Larmor rotation, 382p, 474p 
Laser, 589 

and electric field, 591 p 
Lattice constant, 270 
Lee, D. M., 545 
Legendre polynomials, 330, 336 
associated, 331 
and polar plots, 336 
tables of properties of, 333, 334, 335 
Lengyel, B. L., 589 
Liboff, R. L., 369, 540 
Lifshitz, E., 253, 271, 543, 610 
Linearly independent functions, 127ff. 


Linear operator, 69p 
Liquid helium, 545 
Logorithmic derivative, 390 
Lorentz transformation, 638 
Louisell, W., 341, 635 
Low-energy scattering (see S -wave scat¬ 
tering) 

L-S coupling, 492ff., 506p 
Lyman series, 40 

McCullen, J. D., 489 
Magnetic field, 380, 585p, 600p 
dipole, 458 

and orbital motion, 498 
Magnetic moment, 457 
of electron, 464p, 488p, 498 
of neutron, .473 
of proton, 473 
Magnetic resonance, 469 
Maser, 589 
Matthews, P. T., 425 
Mathieu equation, 575 
Mathieu functions, 575 
Matrix mechanics, 418ff. 

Matrix properties, 426 
Matrix representation of operator, 420 
Measurement, 70ff., 114, 120, 138 
on free.particle, 373, 374 
of L % and L 2 , 375 
Meissner effect, 540, 546p 
Melia, T. B., 589 
Merzbacher, E., 201, 331 
Meson, 406p, 512, 624 
Mesonium, 406p 
Messiah, A., 156 
Metastable state, 590, 591 
Microwaves, 31, 383p, 474p 
Mixed states,, 483 
Mobility, 293p 

Momentum operator, 65, 103, 434 
Momentum representation, 200, 203p, 424, 
634 

Morrison, M., 517 
Morse, P. M., 575 
Multiplet separation, 525 

Near-classical domain, 235 
Nearly free electron model, 571 
Nebenzahl, I., 369 
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Neutron, lifetime of, 137p 

Neutron star, 547 

Noble elements, 518 

Norm of a function, 95, 334 

Nuclear magnetic resonance, 469ff., 474p 

Number operator, 440 


Observables, 64ff. 

Onnes, K. H., 540 
Optical pumping, 590 
Optical theorem, 611 
Orbital quantum number, 398 
Orthohelium, 529 
Ortho states of D 2 , 536 
Ortho states of H 2 , 536 
OsherofF, D. D., 545 
Outgoing wave, 375, 608, 609 


Parahelium, 529 
Parallelogram law, 106p 
Para states of D 2 , 536 
Parity, 21, 167, 171p, 172p, 173p, 195p, 
266p, 287, 417p 
and exchange operator, 514 
and spherical harmonics, 357 
Park, D., 333 
Partial waves, 605 
phase shift of, 609 
Pauli, W., 490, 637 
Pauling, L., 398 
Pauli principle, 508, 512 
Pauli spin matrices, 453 
Pedrick, G., 96 
Periodic lattice, 267ff. 

Periodic table, 514ff., 519 
Perturbation theory 

degenerate (,see Degenerate perturbation 
theory) 

time-dependent, 576, 599 
time-independent, 549, 560 
Phase factor, 42, 89 
Phase space, 243 
Phonons, 544, 546p 
Photoelectric effect, 29, 34ff. 

Photon, 30ff., 34, 61p 

Planck radiation law, 31, 58p, 585, 587 


Plane waves, 361, 375, 377p 

Plasma frequency, 157p 

Poisson bracket, 22p 

Population inversion, 590 

Position operator, 70, 437 

Positron, 488p, 53lp 

Positronium, 406p, 53lp 

Postulates of quantum mechanics, 65ff. 

Potassium P states, 502 

Potential barrier, 211 

Potential well 

finite, bound states of, 256ff., 264 
finite, scattering from, 224ff., 614 
infinite, bound states of, 86ff. 
two-dimensional, 567p 
Precession in magnetic field, 465ff. 
Pressure, 61p 
Primeval fireball, 34p, 62p 
Principal quantum number, 399 
Probability, 53, 84p 
Projection operator, 172p 
Projection representation, 485 
Propagator 
free-particle, 152 

and particle in a potential field, 174p 
Pure states, 481 


Quantum defect, 504p 
Quantum numbers, good, 21 
Quantum statistics (see Statistical 
mechanics, quantum) 

Quantum vs. classical physics, 19 (see 
also Correspondence principle) 
Quasi-momentum, 270ff. 


Radial equation 
for central potential, 387 
free-particle, 370 
for hydrogen atom, 394 
Radial momentum, 366ff., 368p 
Radial probability, 389 
nondimensional, 403, 405, 407p, 408p 
Radial wavefunction 
for central potential, 387 
continuity condition of, 390 
free-particle, 370ff. 
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Radiation 

elementary theory of, 410 
power formula for, 413 
Radiation field, number-operator rep¬ 
resentation of, 592p 
Radio waves, 31 
Ramsauer effect, 224ff., 615 
Random phases, 484 

Rayleigh-Jeans formula, 30, 31p, 61p, 588 
Rectangular potential barrier, scattering 
from, 217ff. 

Rectangular potential well, scattering 
from, 224ff. 

Reflection coefficient, 208ff., 223p, 226 
two-dimensional, 304p 
Reif, F., 587 

Relativistic corrections, 497, 502 
Relativity, 48p, 49p, 638 
Representations, 20, 199ff., 418ff., 634 
Repulsive sphere, scattering from, 615 
Resonances in transmission, 228 (see also 
Ramsauer effect) 

Resonant absorption, 580 
Richardson, R. C., 545 
Robertson-Schrodinger relation, 135 
Rodrigues formula, 331, 398 
Rojansky, V., 281 

Rotational modes (see Deuterium mole¬ 
cule; Hydrogen chloride; Hydrogen 
molecule) 

Rotator, rigid, 4, 323 
in collision, 416p 
Rotons, 545 

Runge-Lenz vector, 415p 
Russell-Saunders coupling (see L-S 
coupling) 

Rutherford atom, 29 
Rutherford cross section, 625 
Rydberg constant, 39, 41p, 395 
Ryzhik, I. M., 398 

Saxena, K., 518 
Saxon, D., 231 
Scattering 

one-dimensional, 21 Iff. 
three-dimensional, 605ff. 

Scattering amplitude, 607 
Bom approximation of, 623 
Scattering length, 626p 


Schawlow, A. L., 589 
Schlipp, P., 57 
Schrieffer, J. R., 541 
Schrodinger equation 
general properties of, 176 
time-dependent, 77, 81 
time-independent, 67 
Scully, M. O., 489 
Second quantization, 204p 
Secular equation, 563 
Selection rules, 413, 4l4p, 592 
Semiconductor 
extrinsic, 293 
intrinsic, 293 
Shea, R., 489 

Short-time approximation, 583 
Slater determinant, 520 
Snell’s law, 305p 
Solid angle, 328 
Sommerfeld model, 35 
Source-free wavefunction, 368p 
Spectral resolution of unity, 425p 
Spectrum, of excitations, 545 
Spherical Bessel equation, 393 
Spherical Bessel functions, 371 
equation of, 371, 379p 
plots of, 372 
table of, 373 

Spherical energy operator, 407p 
Spherical harmonics, 328, 358p 
addition theorem and, 348, 377p 
Spin, addition of, 474 
for three electrons, 478 
Spin angular momentum, 316, 318 
eigenstates of, 451 
matrix representation of, 452 
operators of, 450ff. 
vs. orbital, 316, 318 
Spinor, 454p 
Spin-orbit coupling, 496 
Spin-statistics relation, 512, 539, 637 
Spin wavefunction 
free-particle, 455ff. 
superposition, 463 
for two electrons, 475, 478 
Square waveform, 115 
Square well (see Potential well) 
Standing waves, 144 
at band edges, 284ff., 574 
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Stark effect, 568ff. 

State 

classical, 19 
quantum, 21 
Stationary phase, 231 
Stationary state, 83 
Statistical mechanics, quantum, 140p, 
482, 539ff., 638 

Stefan-Boltzmann constant, 33p 
Stefan s law, 61p 
Stegun, I., 240 
Stehle, P., 331 

Step potential, scattering from, 21 Iff. 
Stern-Gerlach analyzer, 464p, 585p 
Stern-Gerlach experiment, 461ff. 
Stimulated emission, 580, 589 
Streater, R., 637 
Spring constant, 179 
Sudden perturbation, 598 
Superconductivity, 540 
Superfluidity, 540 
Superposition principle, lOOff. 

and uncertainty principle, 118ff. 
Superposition state, 486p 
Surface waves, 157p 
5-wave resonances, 615 
5-wave scattering, 6Off. 

Symmetric operator, 427 
Symmetric state, 296 
attraction of particles in, 299p 
Symmetrization requirements on 
wavefunction, 296, 508, 538 

Temperature, kinetic definition of, 540 
Term diagram 
for calcium, 530 
for helium, 529 
for rigid rotator, 324 
Term notation, 325, 399, 494 
Thermal speed, 157p 
Thermodynamics 

and adiabatic process, 62p 
first law of, 61p, 62p 
second law of, 33p, 6lp 
temperature relation, 540 
Thomas factor, 498 
Thomson’s watermelon model, 606 


Threshold frequency, 36, 37p 
Tight-binding approximation, 283p 
Time development of wavefunction (see 
Initial-value problem) 

Tin 

conductivity of, 546p 
resistance curve of, 542 
Tomanaga, S., 398 
Torque, 9 

Townes, C. H., 589 

Trace, 427 

Tralli, N., 371, 375 

Transformation of basis, 430 

Transformation of state vector, 430 

Transition probabilities, 599 

Transmission coefficient, 208ff., 233p, 

226 

two-dimensional, 304p 
WKB estimate and, 245ff. 

Transpose of operator, 427 
Triangle inequality, 106p 
Tritium, 600p 
Tunneling, 62, 217ff. 

Turning points, 25, 177, 180 
Two-particle problem, 383ff. 

Ultraviolet spectrum, 29, 31 
Unbound states, 204ff. 

Uncertainty relation (see Heisenberg’s un¬ 
certainty relation; Robertson- 
Schrodinger relation) 

Uncoupled representation, 347, 352, 437, 
475 

Unitary operator, 427, 432p, 435p 
Unitary-similarity transformation, 431 

Vacuum state, 204p 
Variational principle, 107p 
Vector potential, 380 
Vector space, 96 
complete, normed, linear, 96 
Velocity 
drift, 293 
group, 80 
phase, 148 
wave, 79 

Vibrational modes 
of carbon monoxide molecule, 186p 
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of deuterium molecule, 535, 538p 
of radiation field, 59p 
Virial theorem, 407p 
Viscosity, 542 
Visible spectrum, 31 


Watson, G. N., 575 

Wavefunction properties (see Continuity 
conditions) 

Waveguide, 157p 

Wave packet, 80, 140p, 147, 161p, 2lip 
minimum uncertainty, 250p 
scattering of, 230ff. 

Wentzel, G., 232 
Whittaker, E. T., 575 
Wien’s displacement law, 33p 
Wien’s law, 30, 33p 
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